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OPTIMIZATION

op·ti·mi·za·tion
/ˌäptəməˈzāSHən,ˌäptəˌmīˈzāSHən/
noun
noun: optimization; plural noun: optimizations; noun: optimisation; plural noun: optimisations
1.

the action of making the best or most effective use of a situation or resource.

google dictionary
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Mathematical optimization
Discipline

Description
Mathematical optimization or mathematical programming is the selection of a best element from
some set of available alternatives. Wikipedia

wikipedia
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OPTIMIZATION
Mathematical optimization (alternatively spelled optimisation) or
mathematical programming is the selection of a best element (with
regard to some criterion) from some set of available alternatives.[1]
Optimization problems of sorts arise in all quantitative disciplines from
computer science and engineering to operations research and
economics, and the development of solution methods has been of
interest in mathematics for centuries.[2]
wikipedia

1. "The Nature of Mathematical Programming Archived 2014-03-05 at the Wayback Machine," Mathematical Programming
Glossary, INFORMS Computing Society.
2. ^ Du, D. Z.; Pardalos, P. M.; Wu, W. (2008). "History of Optimization". In Floudas, C.; Pardalos, P. (eds.). Encyclopedia
of Optimization. Boston: Springer. pp. 1538–1542.
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Figure 4: Data and results of the analyses of an image separation problem. a) The MNIST digits data
(20 examples shown) used to generate the mixture data. b) The mixture data consists of 4000 images
(e) Linearly constrained Bayesian matrix factorization
of two mixed digits (20 examples shown). c) Sources computed using independent component
analysis (color indicate sign). d) Sources computed using non-negative matrix factorization. e)
Figure 4: Data and results of the analyses of an image
separation
problem.
The MNIST
digits Bayesian
data
Sources
computed
usinga)linearly
constrained
matrix factorization (details explained in the
(20 examples shown) used to generate the mixture text).
data. b) The mixture data consists of 4000 images
of two mixed digits (20 examples shown). c) Sources computed using independent component
analysis (color indicate sign). d) Sources computed using non-negative matrix factorization. e)
edges.matrix
Two sources
stand (details
out: Oneexplained
is a blackinblob
Sources computed using linearly constrained Bayesian
factorization
the of approximately the same size as the digits, and
another is an all white feature, which are useful for adjusting the brightness.
text).

xn

...

Conclusionsthe same size as the digits, and
edges. Two sources stand out: One is a black blob5of approximately
another is an all white feature, which are useful for adjusting the brightness.
We presented a linearly constrained Bayesian matrix factorization method as well as an inference
procedure for this model. On an unsupervised image separation problem, we have demonstrated that
5 Conclusions
the method finds sources that have a clear an interpretable meaning. As opposed to ICA and NMF,
our method finds sources that visually resemble handwritten digits.
We presented a linearly constrained Bayesian matrix
factorization
well as an
inference
We formulated
themethod
model as
in general
terms,
which allows specific prior information to be incorpoprocedure for this model. On an unsupervised image
separation
problem,
we
have
demonstrated
that the sources can be used if knowledge is available
rated in the factorization. The Gaussian priors over
the method finds sources that have a clear an interpretable
opposedoftothe
ICA
and NMF,
about themeaning.
covarianceAsstructure
sources,
e.g., if the sources are known to be smooth. The conour method finds sources that visually resemble handwritten
straints we digits.
used in our experiments were separate for A and B, but the framework allows bilinearly
dependent
constraints
be specified,
which
can be used for example to specify constraints in the
We formulated the model in general terms, which allows specific prior to
information
to be
incorpoi.e.,be
onused
the product
AB. is available
rated in the factorization. The Gaussian priors overdata
the domain,
sources can
if knowledge
about the covariance structure of the sources, e.g.,As
if the
sourcesframework
are knownfor
to be
smooth. The
con- matrix factorization, the proposed method has
a general
constrained
Bayesian
straints we used in our experiments were separate applications
for A and B,inbut
the
framework
allows
bilinearly
many other areas than blind source separation. Interesting applications include blind
dependent constraints to be specified, which can deconvolution,
be used for example
specify constraints
the
music to
transcription,
spectral in
unmixing,
and collaborative filtering. The method can
data domain, i.e., on the product AB.
also be used in a supervised source separation setting, where the distributions over sources and
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scent (4). Startingat any randomlychosen r(s = 0), the solution r(s) as s -->

locates the requisiteminimum.The dotted lines in Fig. 1 outline the regions
containingall points that map onto the
same interior minimum. Notice from
Fig. 1 that boundariesseparatingneighboring regions pass through saddle
points2onRthe (I hypersurface.
f (x)
Having introducedthis division of the
3000
configurationspace, a primarygoal will
2000 be to describe motion within and transitions between the regions and how that
1000
motion depends on temperature.

potentialenergyper atom, 4, varies with
time during a 3.1-picosecond interval,
along the classical dynamicaltrajectory
executed by this 150-atomsystem in its
450-dimensional configuration space.
The thermalmotion of the atoms in this
solid deposit consists primarilyof harmonic motion; but more than that is
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The complicatedtopographyof the FI
surface (Fig. 1) profoundly influences
experimentalmeasurementsfor the substance under consideration. But such
measurementshave very limited capacity to determine the topography and to
follow details of the system's dynamical
motion across the "eI-scape." Digital
computer simulationoffers an insightful
alternative, at least for small (and one
hopes representative)collections of 102
to 103atoms. Our own work in this area
has relied on a computerto solve classical Newtonian equationsof motion, subject to suitableinitialand boundaryconditions, with analytical potential functions that have been selected to represent specific materialsof interest. As the
classical dynamical trajectory is being
generated the computer is required to
carry out in parallel and frequently another set of tasks, namely to identifythe
I minimum onto which the instantaneous dynamical configuration would

amorphouspackings of the given set of
atoms.
If the temperatureis increasedfor the
nickel plus phosphorussystem to which
Figs. 2 and 3 refer, the transition rate
between regions surrounding distinct
minima increases dramatically. This
rate can be anatemperature-dependent
lyzed with an Arrheniusplot (logarithm
of rate versus 1/7) to estimate the mean
barrier,height. For the few cases that
have been carefullyexamined this way,
the mean barrierheight for liquids turns
out only to be about half of that which
emergesfroma correspondingArrhenius
plot for self-diffusionrates. The implication is that many transitions "get nowhere," that is, either involve motion
into and out of culs-de-sac in the configuration space or must dynamically be
followed by a surmountingof higherbottleneck barriersfor diffusionto occur.
Certainly,computermodelingof bulk

Fitness landscape

matter involving only 102 to 103 atoms

requires care in interpretation.Nevertheless, the modest kinds of mapping-tominima calculationsjust illustrated apparentlyproduce several results of genthe
of
1.
Schematic
potenrepresentation
Fig.
eral validity. Included among them are
tial energy surface for an N-atom system.
Minimaare shown as filled circles and saddle the following:
1) Transitions are localized. The
pointsas crosses. Potentialenergyis constant
alongthe continuouscurves. Regionsbelong- atomicarrangementsfor two successiveing to different minima are indicated by ly visited packings (such as those indidashed curves.
cated in Fig. 3) normallydiffer only by
rearrangementof a small set of atoms
that form a compact groupingin three-5.35
dimensionalspace. Most of the material
present stays put, or at most responds
elastically to the local rearrangement.
Evidently, overall restructuringrequires
-5.40
a sequenceof manylocalizedtransitions.
2) The transitionrate is an extensive

Potential energy
landscape
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LANDSCAPES ARE METAPHORS
“The price of metaphor is eternal vigilance."
Norbert Wiener

La condition humaine, René Magritte
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FITNESS LANDSCAPES
Exploring protein fitness landscapes
by directed evolution
Philip A. Romero and Frances H. Arnold

Abstract | Directed evolution circumvents our profound ignorance of how a
protein’s sequence encodes its function by using iterative rounds of random
mutation and artificial selection to discover new and useful proteins. Proteins can
be tuned to adapt to new functions or environments by simple adaptive walks
involving small numbers of mutations. Directed evolution studies have shown how rapidly
some proteins can evolve under strong selection pressures and, because the entire ‘fossil
record’ of evolutionary intermediates is available for detailed study, they have provided new
insight into the relationship between sequence and function. Directed evolution has also
shown how mutations that are functionally neutral can set the stage for further adaptation.

REVIEWS

Millions of years of life’s struggle for survival in different
environments have resulted in proteins providing
a diverse, creative and efficient solutions to a wide range of
problems, from extracting energy from the environment
Fitness
to repairing and replicating their own code. Good solutions to biological problems can also be good solutions
to human problems — proteins are widely used in the
Sequence
Directed evolution
food,
chemicals, consumer products and medical fields.
The application of iterative
Not content with nature’s protein repertoire, however,
rounds of mutation and
protein engineers are working to extend known protein
artificial selection or screening
function to new environments or tasks1–4 and to create
to alter the properties of
b new functions altogether5–7.
biological molecules and
systems
Despite major advances, a molecular-level understanding of why one protein performs a certain task
better than another remains elusive. This is perhaps
not surprising when we remember that a protein often
undergoes conformational changes during function
and exists as a dynamic ensemble of conformers that
are only slightly more stable than their unfolded and
non-functional states and that might themselves be
functionally diverse8. Mutations far away from active
sites can influence protein function 9,10. Engineering
enzymatic activity is particularly difficult because very
small changes in structure or chemical properties can
c
have big effects on catalysis.
Thus, predicting the amino
Division of Chemistry and
acid
sequence,
or
changes
to
an amino acid sequence,
Chemical Engineering,
that would generate a specific behaviour remains a
210-41, California Institute
of Technology, Pasadena,
challenge, particularly for applications requiring high
California, 91125, USA.
performance (such as an industrial enzyme or a therae-mails:
peutic protein). Unfortunately, where function is confrances@cheme.caltech.edu;
cerned, details matter, and we just don’t understand
promero@caltech.edu
doi:10.1038/nrm2805
the details.
Evolvability

A measure of the ability of a
protein to adapt in response
to mutation and selective
pressure; for example, the
frequency of beneficial
mutations.

Evolution, however, had no difficulty generating these
impressive molecules. Despite their complexity and finely
(in which all possible mutations are deleterious) might
tuned nature, proteins are remarkably evolvable: they can
bechanging
rare, unless
adapt under the pressure of selection by
their stability has been compromised and few
new
mutations
behaviour, function and even fold . Protein
engineers
have can be accepted. For example, the introlearned to exploit this evolvability usingduction
directed evolution
of stabilizing mutations can increase a protein’s
— the application of iterative rounds mutational
of mutation and
robustness, opening new routes for further
artificial selection or screening — to generate
new
pro28,29
adaptation .
teins. Hundreds of directed evolution experiments have
The vast size of sequence space makes it impossible
revealed the ease with which proteins adapt to new chalto
characterize
11
lenges . Notable recent examples include a recombinase (or even model) more than a minute
of this fitness surface. Despite this, several
evolved to remove proviral HIV from fraction
the host genome
(providing a new strategy for treatingimportant
retroviral infecfeatures have emerged from accumulated
tions)12, a cytochrome P450 fatty acid experimental
hydroxylase thatstudies. The first is the low overall density
was converted into a highly efficient propane
hydroxylasesequences: the vast majority do not code
of functional
(thereby proving that a cytochrome P450 is fully capable of
for anypropanefunctional protein, much less the desired prohydroxylating small alkanes, even though most
30–32
tein
. Another important feature is the uneven
using organisms use structurally and mechanistically
13
distribution
of functional sequences. Although repreunrelated enzymes) , a more than 40 C increase in the
thermostability of lipase A (extending senting
its application
in small fraction of all possible sequences,
a very
14
biocatalysis to a whole new set of environments)
a
functionaland
sequences
are often next to other functional
variant of green fluorescent protein thatsequences
tolerates having
33–35
. Maynard Smith recognized that this feaall its leucine residues replaced with a non-natural amino
ture was a requirement for evolution by point mutation
acid, trifluoroleucine15. Roger Tsien won the Nobel Prize
to be successful.
last year for his work on the fluorescent proteins
that have Evolution can step one mutation at a
time
only if
there
transformed biological imaging 16. Directed
evolution
had
a is a continuous network of functional
key role by improving many features of fluorescent
proteins,proteins,
otherwise mutation would always lead to lower
including emission and excitation properties,
fitness quantum
and evolution would stop23. Proteins are in fact
4,17
yield, multimerization state and maturation
rate
robust to .mutation — a significant fraction of possible
Directed evolution has become a common laboratory
mutants retain their fold and function36,37.
tool for altering and optimizing protein function (as
Whereasand
natural evolution can discover new prowell as the function of other biological molecules

tein functions along circuitous paths that involve many

Figure 1 | Protein fitness landscapes. Directed protein evolution traverses a fitness
neutral or even slightly deleterious mutations, directed
Nature
| Molecular
Cell Biology
landscape
ofReviews
how well
a given protein
866 | DECEMBER 2009 | VOLUME
10 in sequence space. This fitness is the measure
www.nature.com/reviews/molcellbio
evolution does not have that luxury. Because the possiperforms a target function. a | The plot of fitness against sequence creates the landscape
ble evolutionary paths grow exponentially as mutations
for evolution. The transition through black–red–orange–yellow represents increasing
accumulate and there are too many ways to take neutral
fitness. Although the details of this landscape are unknown, it is believed that most
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computational protein engineering is ﬁnding models that accurately
Knowing how protein sequence maps to function (the “ﬁtness landscape”) is critical for understanding protein evolution as well as for
describe the mapping from sequence to function (10).
engineering proteins with new and useful properties. We demonHere, we introduce a class of models for protein function that
strate that the protein ﬁtness landscape can be inferred from experinfer the ﬁtness landscape directly from experimental data, using
imental data, using Gaussian processes, a Bayesian learning
Gaussian process regression, a technique that has gained recent
technique. Gaussian process landscapes can model various protein
popularity in machine learning, where it falls into the broader class
sequence properties, including functional status, thermostability,
of kernel methods (11, 12). The kernel function can describe the
enzyme activity, and ligand binding afﬁnity. Trained on experimencovariance structure of the ﬁtness landscape by specifying how the
tal data, these models achieve unrivaled quantitative accuracy. Furproperties of pairs of sequences are expected to covary. We chose
thermore, the explicit representation of model uncertainty allows
a structure-based kernel function inspired by the simple principle
In general, kernel functions represent a notion of
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function space. In general, kernel functions represent a notion of
similarity between inputs, which allows them to describe many types
of complex relationships. Given examples of the target function, its
posterior probability distribution can be inferred using Bayes’
theorem. Intuitively, given a sample of points from a surface (i.e.,
points on the ﬁtness landscape), we can draw conclusions about
unobserved locations on the basis of their distance from the
sampled points.
To model the protein ﬁtness landscape with Gaussian processes,
we must deﬁne a kernel function that accurately captures the notion of distance between pairs of sequences. Although the Hamming distance is a natural metric, the properties of proteins depend
on the sequence only through their structure. We therefore chose
a sequence- and structure-based distance metric, which assumes
a ﬁxed structure within a protein family, deﬁned by all contacting
amino acid residues (the residue–residue contact map) (Fig. 1A).
Whereas the Hamming distance between any two sequences is the
number of aligned residues that differ, the structural distance
between two proteins in the same family is the number of contacting residue pairs that differ (Fig. 1B). This structural distance is
similar to the Hamming distance, but also includes structural information and thus provides a more accurate description of how
mutations affect protein function. For example, the properties of
sequences that differ by a surface mutation, with few structural
contacts, are expected to be more similar than those of sequences
that differ by a core mutation. Importantly, this structural distance,
like the Hamming distance, can be represented as an inner product
and therefore satisﬁes the requirements to be a valid kernel
function for Gaussian process learning (12).
Given experimental examples of how protein sequence maps
to function, Gaussian processes can be used to infer the full
protein ﬁtness landscape. The expected value of the landscape f
at sequence s is given by
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function space. In general, kernel functions represent a notion of
similarity between inputs, which allows them to describe many types
of complex relationships. Given examples of the target function, its
posterior probability distribution can be inferred using Bayes’
theorem. Intuitively, given a sample of points from a surface (i.e.,
points on the ﬁtness landscape), we can draw conclusions about
unobserved locations on the basis of their distance from the
sampled points.
To model the protein ﬁtness landscape with Gaussian processes,
we must deﬁne a kernel function that accurately captures the notion of distance between pairs of sequences. Although the Hamming distance is a natural metric, the properties of proteins depend
on the sequence only through their structure. We therefore chose
a sequence- and structure-based distance metric, which assumes
a ﬁxed structure within a protein family, deﬁned by all contacting
amino acid residues (the residue–residue contact map) (Fig. 1A).
Whereas the Hamming distance between any two sequences is the
number of aligned residues that differ, the structural distance
between two proteins in the same family is the number of contacting residue pairs that differ (Fig. 1B). This structural distance is
similar to the Hamming distance, but also includes structural information and thus provides a more accurate description of how
mutations affect protein function. For example, the properties of
sequences that differ by a surface mutation, with few structural
contacts, are expected to be more similar than those of sequences
that differ by a core mutation. Importantly, this structural distance,
like the Hamming distance, can be represented as an inner product
and therefore satisﬁes the requirements to be a valid kernel
function for Gaussian process learning (12).
Given experimental examples of how protein sequence maps
to function, Gaussian processes can be used to infer the full
protein ﬁtness landscape. The expected value of the landscape f
at sequence s is given by
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Fig. 1. Gaussian process landscapes. (A) The structure of a protein family
can be represented by a residue–residue contact map. Shown is the cytochrome P450 heme domain with lines drawn between residue pairs that
contain any atom within 4.5 Å. (B) The structure-based kernel function
provides a notion of distance between sequences that adopt the same fold
(residue–residue contact map). Structural distance (d) is the number of
structural contacts that differ. This metric is similar to the Hamming distance,
but also accounts for the structural context of mutations. For example, the
effect of a core mutation (red) with many contacts is expected to be larger
than that of a surface mutation (blue). (C) An example of a Gaussian process
landscape, shown in one dimension to simplify the representation. Red
points represent experimental data, and the Gaussian process model’s mean
E194 | www.pnas.org/cgi/doi/10.1073/pnas.1215251110
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•

The optimization process is based on a population of individuals.

•

Key operations are mutation and selection.

The entire field of evolutionary computation, a subfield of
continuous optimization, is based on this idea
(>100k publications).
Keywords: Genetic algorithms, genetic programs, Evolution
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Fig. I. Schematic representation of the potential energy surface for an N-atom system.
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along the continuous curves. Regions belonging to different minima are indicated by
dashed curves.
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ENERGY LANDSCAPES AND
OPTIMIZATION
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The transition process from gas
to liquid to solid can be seen as
optimization process

SCIENCE

Optimization by
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We describe a global optimization technique using “basin-hopping” in which the potential energy surface is
transformed into a collection of interpenetrating staircases. This method has been designed to exploit the
features that recent work suggests must be present in an energy landscape for efficient relaxation to the
global minimum. The transformation associates any point in configuration space with the local minimum
obtained by a geometry optimization started from that point, effectively removing transition state regions
from the problem. However, unlike other methods based upon hypersurface deformation, this transformation
does not change the global minimum. The lowest known structures are located for all Lennard-Jones clusters
up to 110 atoms, including a number that have never been found before in unbiased searches.

I. Introduction
Global optimization is a subject of intense current interest.1
Improved global optimization methods could be of great
economic importance, since improved solutions to traveling
salesman-type problems, the routing of circuitry in a chip, the
active structure of a biomolecule, etc., equate to reduced costs
or improved performance. In chemical physics the interest in
efficient global optimization methods stems from the common
problem of finding the lowest energy configuration of a (macro)molecular system. For example, it seems likely that the native
structure of a protein is structurally related to the global
minimum of its potential energy surface (PES). If this global
minimum could be found reliably from the primary amino acid
sequence, this knowledge would provide new insight into the
nature of protein folding and save biochemists many hours in
the laboratory. Unfortunately, this goal is far from being
realized. Instead the development of global optimization
methods has usually concentrated on much simpler systems.
Lennard-Jones (LJ) clusters represent one such test system.
Here the potential is
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where ✏ and 21/6Û are the pair equilibrium well depth and
separation, respectively. We will employ reduced units, i.e., ✏
) Û ) 1 throughout. Much of the initial interest in LJ clusters
was motivated by a desire to calculate nucleation rates for noble
gases. However, as a result of the wealth of data generated,

Figure 1. Nonicosahedral Lennard-Jones global minima.

Previous studies have revealed that the Mackay icosahedron19
provides the dominant structural motif for LJ clusters in the
size range of 10-150 atoms. Complete icosahedra are possible
at N ) 13, 55, 147, ... At most intermediate sizes the global
minimum consists of a Mackay icosahedron at the core covered
by a low-energy overlayer. As a consequence of the phase
behavior of LJ clusters, finding these global minima is relatively
easy. Studies have shown that in the region of the solid-liquid
transition the cluster is observed to change back and forth
between a liquid-like form and icosahedral structures.20 As a
result of this “dynamic coexistence,” a method as crude as
molecular dynamics within the melting region coupled with
systematic minimization of configurations generated by the
trajectory is often sufficient to locate the global minimum.21
However, there are a number of sizes at which the global
minimum is not based on an icosahedral structure. These
clusters are illustrated in Figure 1. For LJ the lowest energy
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features that recent work suggests must be present in an energy landscape for efficient relaxation to the
global minimum. The transformation associates any point in configuration space with the local minimum
obtained by a geometry optimization started from that point, effectively removing transition state regions
from the problem. However, unlike other methods based upon hypersurface deformation, this transformation
does not change the global minimum. The lowest known structures are located for all Lennard-Jones clusters
up to 110 atoms, including a number that have never been found before in unbiased searches.
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However, there are a number of sizes at which the global
minimum is not based on an icosahedral structure. These
clusters are illustrated in Figure 1. For LJ the lowest energy

20

ENERGY LANDSCAPES - BASIN
HOPPING

J. Phys. Chem. A 1997, 101, 5111-5116

5111

Global Optimization by Basin-Hopping and the Lowest Energy Structures of Lennard-Jones
Clusters Containing up to 110 Atoms

Ingredients:

David J. Wales*

•

UniVersity Chemical Laboratories, Lensfield Road, Cambridge CB2 1EW, U.K.

A procedure to explore local
configurations as best as possible
5114 J. Phys. Chem. A, Vol. 101, No. 28, 1997
(e.g., a gradient descent)
Jonathan P. K. Doye

FOM Institute for Atomic and Molecular Physics, Kruislaan 407, 1098 SJ Amsterdam, The Netherlands
ReceiVed: March 19, 1997; In Final Form: April 29, 1997X

•

We describe a global optimization technique using “basin-hopping” in which the potential energy surface is
transformed into a collection of interpenetrating staircases. This method has been designed to exploit the
features that recent work suggests must be present in an energy landscape for efficient relaxation to the
global minimum. The transformation associates any point in configuration space with the local minimum
obtained by a geometry optimization started from that point, effectively removing transition state regions
from the problem. However, unlike other methods based upon hypersurface deformation, this transformation
does not change the global minimum. The lowest known structures are located for all Lennard-Jones clusters
up to 110 atoms, including a number that have never been found before in unbiased searches.

Simulated annealing

If the highe
pair energy
in question
an acceptan
converged t
consisted o
Previous studies have revealed that the Mackay icosahedron
provides the dominant structural motif for LJ clusters in the
nates
for th
size range of 10-150 atoms. Complete icosahedra
are possible
at N ) 13, 55, 147, ... At most intermediate sizes the global
minimum consists of a Mackay icosahedronmass
at the core covered
and re
Figure 2. A schematic diagram illustrating the effects of
energy
by aour
low-energy
overlayer. As a consequence of the phase
behavior of LJ clusters, finding these global minima is relatively
transformation for a one-dimensional example. The solid
is shown
thethat in the regioncluster.
easy. line
Studies have
of the solid-liquid
Û
Û
transition the cluster is observed to change back and forth
4✏∑ dashed
energy of the original surface andE )the
transformed
a liquid-like form and icosahedral structures. As a
[(r ) - (r ) ] line is thebetween
The two
result of this “dynamic coexistence,” a method as crude as
energy Ẽ.
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Energy Landscapes and Motions
of

Proteins

HANS FRAUENFELDER, STEPHEN G. SLIGAR, PETER G. WOLYNES

Our second goal is important because progress is of
Recent experiments, advances in theory, and analogies to good use of analogies. Proteins and glasses share many
other complex systems such as glasses and spin glasses Because glasses are simpler, they can serve as guides to
yield insight into protein dynamics. The basis of the lation of concepts and theories. Two important feat
understanding is the observation that the energy land- from the comparison of proteins and glasses: (i) Al
scape is complex: Proteins can assume a large number of customary to describe the time dependence of protein r
nearly isoenergetic conformations (conformational sub- motions by simple exponentials and their temperature
states). The concepts that emerge from studies of the by the Arrhenius (transition state) expression, neither of
conformational substates and the motions between them is adequate. Glasses suggest what to substitute. (ii) At th
permit a quantitative discussion of one simple reaction, level many properties of the motions of glasses and pro
the binding of small ligands such as carbon monoxide to discussed in terms of the features of rugged energy
which thus provide a unifying language.
myoglobin.
The third goal, the exploration of the relation of
function, is the most difficult one to reach. We sketch
which a semiquantitative description of the role of
PROTEINS ARE DYNAMIC AND NOT STATIC SYSTEMS (1). IN- function exists, namely, the binding of small ligands to
deed, Weber has characterized proteins as "screaming and
kicking" (2). Our purpose in this article is not to prove again
that proteins move. Excellent reviews of the experimental evidence Conformation and Energy Landscape
exist (3), and results from molecular dynamics computations have
been elegantly exposed (4). Rather, we want to show that (i) the
Even a monomeric protein as small as Mb can exe
is
not
but
the
and
that
number
of motions, and not all will be coupled
incomprehensible
kicking"
"screaming
motions can be characterized and classified, (ii) studies from other Functionally important motions can be studied only if
"complex" systems such as glasses yield information on how to selected. In addition, the various motions must be
describe the motions, and (iii) the relation between motions and resolved. Originally, experiments at physiological tempe
function is beginning to be understood in some simple situations, gested that the reaction of Mb + 02 MbO2 was a sim
such as the binding of small ligands to myoglobin (Mb). Studies of process (5). Low-temperature flash photolysis of MbCO
biomolecular dynamics today are in some sense where atomic showed that the rebinding of the ligand to the heme
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in showing that various taxa recover to different extents and that some do not recover over
the duration of the study. The antibiotic effect
is greater than the routine temporal variability
of community composition (51, 52, 54). Some

microbiota of generally healthy adults is largely,
but not entirely, resilient to short courses of antibiotic therapy, whereas clinical evidence indicates that extended or repeated courses are more
likely to result in serious complications such as

COMMUNITY STATE LANDSCAPES
AND ECOSYSTEMS

with a quantitative understanding of key environmental risk factors and their interactions with
our human and microbial genomes. To complete
this picture, it is important to move beyond largely DNA sequencing–based association studies
toward a mechanistic understanding of how
members of the gut microbiota, either in isolation or through mutualistic interactions with each
other, can transform each compound. This will
require multiple complementary top-down and
bottom-up approaches, including detailed in vitro
analyses of culturable microbes; studies in germfree and intentionally colonized animal models;
metagenomic surveys of patients before, during,
and after treatment; and large-scale clinical trials.
These types of studies will likely lead to new
microbial therapeutic targets, noninvasive biomarkers for drug toxicity or efficacy, and a broader

understanding of the short- and long-term impact
of xenobiotics on host and microbial physiology.
Furthermore, the detailed study of pharmaceutically active compounds may be a tractable first
step toward understanding the fundamental rules
that govern the immense phylogenetic and metabolic diversity of our microbial partners and how
they influence our predisposition to and recovery
from disease.
References and Notes

1. L. S. Goodman, L. L. Brunton, B. Chabner, B. C. Knollmann,
Goodman & Gilman's Pharmacological Basis of
Therapeutics (McGraw-Hill, New York, ed. 12, 2011).
2. Q. Ma, A. Y. Lu, Pharmacol. Rev. 63, 437 (2011).
3. T. Sousa et al., Int. J. Pharm. 363, 1 (2008).
4. S. P. Claus et al., mBio 2, e00271-10 (2011).
5. T. A. Clayton, D. Baker, J. C. Lindon, J. R. Everett,
J. K. Nicholson, Proc. Natl. Acad. Sci. U.S.A. 106, 14728
(2009).

REVIEW

Elizabeth K. Costello,1 Keaton Stagaman,2 Les Dethlefsen,1,3
Brendan J. M. Bohannan,2 David A. Relman1,3,4*

Community state

Diet intervention,

The human-microbial ecosystem plays a variety of important roles in human health and disease.
Each person can be viewed as an island-like “patch” of habitat occupied by microbial assemblages
formed by the fundamental processes of community ecology: dispersal, local diversification,
environmental selection, and ecological drift. Community assembly theory, and metacommunity
theory in particular, provides a framework for understanding the ecological dynamics of the human
microbiome, such as compositional variability within and between hosts. We explore three core
scenarios of human microbiome assembly: development in infants, representing assembly in
previously unoccupied habitats; recovery from antibiotics, representing assembly after disturbance;
and invasion by pathogens, representing assembly in the context of invasive species. Judicious
application of ecological theory may lead to improved strategies for restoring and maintaining the
microbiota and the crucial health-associated ecosystem services that it provides.

6. C. Jernberg,
Microbiology
7. L. Dethlefsen
108, 4554 (
8. M. Blaser, Na
9. L. C. Antunes
1494 (2011)
10. I. Sekirov et
(2008).
11. J. Y. Chang e
12. J. F. Dobkin,
J. Lindenbau
13. Z. Wang et a
14. B. D. Wallace

Acknowledgment
fellowship from th
Research (MFE-11
from the NIH (P50

10.1126/science.1

spatial pattern
how communi
understand the
its role in heal

Ecological Pr
The essential
sembly theory
create and sha
dispersal, dive
and ecological
provides anoth
human-microb
review we foc
level of individ
Dispersal,
across space, i
diversity accu
munities. The
and early 20th
erywhere, but
powerful imp
assembly (8),
microbial disp

26

require colonizat
an
process that wou
pro
require a longer
nit
via the filtering
me
host. In addition,
dis
vu
dis
blo
ses
co
AB Shift in environmental
“state” variables
alters
the
community
directly
“parameters” alters the community indirectly
Antibiotics,
of
res
oral hygiene
eff
an
Diet intervention,
mi
Community state
res
immunosuppressive drug
landscape
tim
fre
bio
tur
hig
nit
pa
com
vis
to
for
oc
tha
ba
ma
of
Alternative state 1
mu
co
us
are
an
ho
pro
res
nit
The Application of Ecological Theory
dis
Toward an Understanding of the
me
Alternative state 2
Su
Human Microbiome
dis
pa
dis
co
Fig. 2. Disturbance can be illustrated using a stability landscape schematic. The ball represents the community; the ses
in environmental
alters the
indirectly state. The depth of a basin indicates the
B Shift
changing
horizontal
position of“parameters”
the ball represents
the community
changing community
of
As
likelihood of a community remaining in that basin despite frequent “buffeting” by minor disturbance (45) and hence eff
Mi
the relative stability of the community state. Disturbance
can
alter
the
community
directly
(A)
by
changing
its
Diet intervention,
of
Community state

in showing that various taxa recover to different extents and that some do not recover over
the duration of the study. The antibiotic effect
is greater than the routine temporal variability
of community composition (51,
52, 54).
Some
Alternative
state
2

microbiota of generally healthy adults is largely,
but not entirely, resilient to short courses of antibiotic therapy, whereas clinical evidence indicates that extended or repeated courses are more
likely to result in serious complications such as

COMMUNITY STATE LANDSCAPES
AND ECOSYSTEMS

with a quantitative understanding of key environmental risk factors and their interactions with
our human and microbial genomes. To complete
this picture, it is important to move beyond largely DNA sequencing–based association studies
toward a mechanistic understanding of how
members of the gut microbiota, either in isolation or through mutualistic interactions with each
other, can transform each compound. This will
require multiple complementary top-down and
bottom-up approaches, including detailed in vitro
analyses of culturable microbes; studies in germfree and intentionally colonized animal models;
metagenomic surveys of patients before, during,
and after treatment; and large-scale clinical trials.
These types of studies will likely lead to new
microbial therapeutic targets, noninvasive biomarkers for drug toxicity or efficacy, and a broader

understanding of the short- and long-term impact
of xenobiotics on host and microbial physiology.
Furthermore, the detailed study of pharmaceutically active compounds may be a tractable first
step toward understanding the fundamental rules
that govern the immense phylogenetic and metabolic diversity of our microbial partners and how
they influence our predisposition to and recovery
from disease.
References and Notes

1. L. S. Goodman, L. L. Brunton, B. Chabner, B. C. Knollmann,
Goodman & Gilman's Pharmacological Basis of
Therapeutics (McGraw-Hill, New York, ed. 12, 2011).
2. Q. Ma, A. Y. Lu, Pharmacol. Rev. 63, 437 (2011).
3. T. Sousa et al., Int. J. Pharm. 363, 1 (2008).
4. S. P. Claus et al., mBio 2, e00271-10 (2011).
5. T. A. Clayton, D. Baker, J. C. Lindon, J. R. Everett,
J. K. Nicholson, Proc. Natl. Acad. Sci. U.S.A. 106, 14728
(2009).

REVIEW

Elizabeth K. Costello,1 Keaton Stagaman,2 Les Dethlefsen,1,3
Brendan J. M. Bohannan,2 David A. Relman1,3,4*

The human-microbial ecosystem plays a variety of important roles in human health and disease.
Each person can be viewed as an island-like “patch” of habitat occupied by microbial assemblages
formed by the fundamental processes of community ecology: dispersal, local diversification,
environmental selection, and ecological drift. Community assembly theory, and metacommunity
theory in particular, provides a framework for understanding the ecological dynamics of the human
microbiome, such as compositional variability within and between hosts. We explore three core
scenarios of human microbiome assembly: development in infants, representing assembly in
previously unoccupied habitats; recovery from antibiotics, representing assembly after disturbance;
and invasion by pathogens, representing assembly in the context of invasive species. Judicious
application of ecological theory may lead to improved strategies for restoring and maintaining the
microbiota and the crucial health-associated ecosystem services that it provides.

6. C. Jernberg,
Microbiology
7. L. Dethlefsen
108, 4554 (
8. M. Blaser, Na
9. L. C. Antunes
1494 (2011)
10. I. Sekirov et
(2008).
11. J. Y. Chang e
12. J. F. Dobkin,
J. Lindenbau
13. Z. Wang et a
14. B. D. Wallace

Acknowledgment
fellowship from th
Research (MFE-11
from the NIH (P50

10.1126/science.1

spatial pattern
how communi
understand the
its role in heal

Ecological Pr
The essential
sembly theory
create and sha
dispersal, dive
and ecological
provides anoth
human-microb
review we foc
level of individ
Dispersal,
across space, i
diversity accu
munities. The
and early 20th
erywhere, but
powerful imp
assembly (8),
microbial disp

26

WANT TO KNOW MORE?

Diss. ETH No. 19438

2010

Black-box Landscapes:
Characterization, Optimization, Sampling, and
Application to Geometric Configuration
Problems

Christian L. Müller

27

FROM LANDSCAPES TO
MATHEMATICAL OPTIMIZATION
Input
x2S

Output

f (x) 2 R

<latexit sha1_base64="Z3ijbfzsjKEm5lgaxB1HbRqHz18=">AAACCnicZZDLSsNAFIYn9VbrLepON8FuKpSSiOC2qKALkaq9gSllMj2tQ+cSMhNNCQUfwOdwq7gTt75E38ZE46Ltv/r5/nPOML/nM6q0bU+M3MLi0vJKfrWwtr6xuWVu7zSVDAMCDSKZDNoeVsCogIammkHbDwBzj0HLG56leesRAkWlqOuRDx2OB4L2KcE6QV1zz9UQaa8fR2PLpcJyOdYPBLP4btw1i3bF/pU1b5zMFFGmWtecuD1JQg5CE4aVundsX3diHGhKGIwLbqjAx2SIBxBjrtKX5qAacW8apmPKBzJNo1BQInszVyOmIx3gBCrQHFPRl0LHdcpBWdfwZN1KjsV/mpxN49I5HVCtyldJI6J8EQAMD+dWki6c2Z/Pm+ZRxUn8zXGxepq1kkf76ACVkINOUBVdohpqIIKe0St6Q+/Gi/FhfBpff6M5I9vZRVMyvn8ACIWcSQ==</latexit>

x1
x2
xi
xn

...

Black box

...

28

FROM LANDSCAPES TO
MATHEMATICAL OPTIMIZATION
Input
x2S

Output

f (x) 2 R

<latexit sha1_base64="Z3ijbfzsjKEm5lgaxB1HbRqHz18=">AAACCnicZZDLSsNAFIYn9VbrLepON8FuKpSSiOC2qKALkaq9gSllMj2tQ+cSMhNNCQUfwOdwq7gTt75E38ZE46Ltv/r5/nPOML/nM6q0bU+M3MLi0vJKfrWwtr6xuWVu7zSVDAMCDSKZDNoeVsCogIammkHbDwBzj0HLG56leesRAkWlqOuRDx2OB4L2KcE6QV1zz9UQaa8fR2PLpcJyOdYPBLP4btw1i3bF/pU1b5zMFFGmWtecuD1JQg5CE4aVundsX3diHGhKGIwLbqjAx2SIBxBjrtKX5qAacW8apmPKBzJNo1BQInszVyOmIx3gBCrQHFPRl0LHdcpBWdfwZN1KjsV/mpxN49I5HVCtyldJI6J8EQAMD+dWki6c2Z/Pm+ZRxUn8zXGxepq1kkf76ACVkINOUBVdohpqIIKe0St6Q+/Gi/FhfBpff6M5I9vZRVMyvn8ACIWcSQ==</latexit>

x1
x2

...

xi
xn
•
•
•
•

...

Variables
Parameters
Configuration
Factors

Black box
• Cost
• Criterion
• Objective
• Energy
• Fitness

28

OPENING UP THE BLACK-BOX:
CONTINUOUS OPTIMIZATION PROBLEM
x1

x2

xi
xn

.
.

wikipedia

29

OPENING UP THE BLACK BOX
x1

x2
•

What do you know about x 2 S ?

xi

<latexit sha1_base64="Z3ijbfzsjKEm5lgaxB1HbRqHz18=">AAACCnicZZDLSsNAFIYn9VbrLepON8FuKpSSiOC2qKALkaq9gSllMj2tQ+cSMhNNCQUfwOdwq7gTt75E38ZE46Ltv/r5/nPOML/nM6q0bU+M3MLi0vJKfrWwtr6xuWVu7zSVDAMCDSKZDNoeVsCogIammkHbDwBzj0HLG56leesRAkWlqOuRDx2OB4L2KcE6QV1zz9UQaa8fR2PLpcJyOdYPBLP4btw1i3bF/pU1b5zMFFGmWtecuD1JQg5CE4aVundsX3diHGhKGIwLbqjAx2SIBxBjrtKX5qAacW8apmPKBzJNo1BQInszVyOmIx3gBCrQHFPRl0LHdcpBWdfwZN1KjsV/mpxN49I5HVCtyldJI6J8EQAMD+dWki6c2Z/Pm+ZRxUn8zXGxepq1kkf76ACVkINOUBVdohpqIIKe0St6Q+/Gi/FhfBpff6M5I9vZRVMyvn8ACIWcSQ==</latexit>

xn

.
.

•

What is the dimensionality of the problem?

•

2 R special properties? What are good properties?
Does the function f (x) have

•

Can you evaluate gradients or higher-order information of the function?

30

OPENING UP THE BLACK BOX
x1

x2
•

What do you know about x 2 S ?

xi

<latexit sha1_base64="Z3ijbfzsjKEm5lgaxB1HbRqHz18=">AAACCnicZZDLSsNAFIYn9VbrLepON8FuKpSSiOC2qKALkaq9gSllMj2tQ+cSMhNNCQUfwOdwq7gTt75E38ZE46Ltv/r5/nPOML/nM6q0bU+M3MLi0vJKfrWwtr6xuWVu7zSVDAMCDSKZDNoeVsCogIammkHbDwBzj0HLG56leesRAkWlqOuRDx2OB4L2KcE6QV1zz9UQaa8fR2PLpcJyOdYPBLP4btw1i3bF/pU1b5zMFFGmWtecuD1JQg5CE4aVundsX3diHGhKGIwLbqjAx2SIBxBjrtKX5qAacW8apmPKBzJNo1BQInszVyOmIx3gBCrQHFPRl0LHdcpBWdfwZN1KjsV/mpxN49I5HVCtyldJI6J8EQAMD+dWki6c2Z/Pm+ZRxUn8zXGxepq1kkf76ACVkINOUBVdohpqIIKe0St6Q+/Gi/FhfBpff6M5I9vZRVMyvn8ACIWcSQ==</latexit>

xn

.
.

•

What is the dimensionality of the problem?

•

2 R special properties? What are good properties?
Does the function f (x) have

•

Can you evaluate gradients or higher-order information of the function?

•

How much does it cost (in computation time/experimental time) to evaluate
the function? How often can you evaluate it?

•

Is the function value deterministic? Is it stochastic?

•

How accurate does the solution need to be?

•

…

30

PURE RANDOM SEARCH
Rastrigin, L.A. (1963). "The convergence of the random search
method in the extremal control of a many parameter system".
Automation and Remote Control. 24 (10): 1337–1342.

31

PURE RANDOM SEARCH
Rastrigin, L.A. (1963). "The convergence of the random search
method in the extremal control of a many parameter system".
Automation and Remote Control. 24 (10): 1337–1342.

•
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Useful when your input domain is simple, e.g., a hyper-cube

•

Only requires function evaluations, no other information needed

•

Better coverage than grid search
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Grid search and manual search are the most widely used strategies for hyper-parameter optimization. This paper shows empirically and theoretically that randomly chosen trials are more efficient
for hyper-parameter optimization than trials on a grid. Empirical evidence comes from a comparison with a large previous study that used grid search and manual search to configure neural networks and deep belief networks. Compared with neural networks configured by a pure grid search,
we find that random search over the same domain is able to find models that are as good or better

d and random search of nine trials for optimizing a function f (x, y) = g(x) + h(y) ≈
) with low effective dimensionality. Above each square g(x) is shown in green, and
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DERIVATIVE-FREE OPTIMIZATION
AND EVOLUTION STRATEGIES
•

Use it when you know very little about the function and the function is
not costly, i.e., you can evaluate O(n2) points

•

Input domain is simple, e.g. a hyper-cube, not too high-dimensional

•

Typically used in simulation-based optimization where only
function evaluations are available

•

Popular method: Nelder-Mead Simplex method (not recommended),
Pattern search, Covariance Matrix Adaptation ES

CMA-ES resources
http://www.cmap.polytechnique.fr/~nikolaus.hansen/
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A NOTE ON DESIGN PRINCIPLES
FOR OPTIMIZATION HEURISTICS

•

Use invariance (symmetry) principles as much as possible

•

CMA-ES is invariant to affine transformations of the domain

•

CMA-ES is invariant to monotone transformations of the objective function
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BAYESIAN OPTIMIZATION
•

Bayesian optimization is a type of sequential design scheme

•

An acquisition function guides the generation of a new
function evaluation that balances exploration and
exploitation

•

Builds a surrogate model of the function (often with
Gaussian Processes) (see Directed Evolution example)

•

Use it when you know very little about the function and the
function is costly and low-dimensional

•

Input domain is simple, e.g. a hyper-cube
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GRADIENT-BASED OPTIMIZATION
f(x,y) = −(cos2x + cos2y)2

wikipedia

gradient field
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GRADIENT-BASED OPTIMIZATION

h functions
•

The gradient of the function f is available

f(x,y) = −(cos2x + cos2y)2

t too curved”

• The
nition

function can be high-dimensional

f : Rd ! R be convex and di↵erentiable. f is called smooth (with parameter
•
0) if The function is smooth with Lipschitz constant L:
>

f (y)  f (x) + rf (x) (y

L
x) + kx
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nition does not require convexity (useful later)
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Get near
to a minimum
x? /later)
close to the optimal value f (x? )?
nition• does
not
require
convexity
(useful
Gradient descent:d
?

(Assumptions: f : R ! R convex, di↵erentiable, has a global minimum x )

Goal: Find x 2

Rd

wikipedia

such that
f (x)

f (x? )  ".

Note that there can be several minima x?1 6= x?2 with f (x?1 ) = f (x?2 ).

Learning and Optimization Laboratory

10/18

gradient field

Iterative Algorithm:
xt+1 := xt
for timesteps t = 0, 1, . . . , and stepsize

EPFL Machine Learning and Optimization Laboratory

rf (xt ),
0.
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•

When the function is VERY high-dimensional, only stochastic
gradients are computable (see Elad’s talk)

•

Adaptive gradient descent (ADAGRAD) or Nesterov acceleration is a
standard workhorse in large-scale optimization in (online) machine
learning

•

Stochastic, batch, mini-batch gradient descent (with adaptive step
sizes), such as ADAM, is the standard optimizer for Deep NN
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Abstract

A BSTRACT

980v9 [cs.LG] 30 Jan 2017
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University of California, Berkeley
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We introduce Adam, an algorithm for first-order gradient-based optimization of
stochastic objective functions, based on adaptive estimates of lower-order moments. The method is straightforward to implement, is computationally efficient,
has little memory requirements, is invariant to diagonal rescaling of the gradients,
and is well suited for problems that are large in terms of data and/or parameters.
The method is also appropriate for non-stationary objectives and problems with
very noisy and/or sparse gradients. The hyper-parameters have intuitive interpretations and typically require little tuning. Some connections to related algorithms,
on which Adam was inspired, are discussed. We also analyze the theoretical convergence properties of the algorithm and provide a regret bound on the convergence rate that is comparable to the best known results under the online convex
optimization framework. Empirical results demonstrate that Adam works well in
practice and compares favorably to other stochastic optimization methods. Finally,
we discuss AdaMax, a variant of Adam based on the infinity norm.

1

I NTRODUCTION

Stochastic gradient-based optimization is of core practical importance in many fields of science and
engineering. Many problems in these fields can be cast as the optimization of some scalar parameterized objective function requiring maximization or minimization with respect to its parameters. If the
function is differentiable w.r.t. its parameters, gradient descent is a relatively efficient optimization
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GRADIENT-BASED OPTIMIZATION
•

Extension: Nonlinear conjugate gradient descent

•

Use consecutive gradient directions to generate
better search directions (conjugate directions)

•
•

An Introduction to
the Conjugate Gradient Method
Without the Agonizing Pain
Edition 1 14
Jonathan Richard Shewchuk
August 4, 1994

Use line search along the new search directions
Keywords: Fletcher-Reeves, Polak–Ribière

School of Computer Science
Carnegie Mellon University
Pittsburgh, PA 15213

Abstract

The Conjugate Gradient Method is the most prominent iterative method for solving sparse system
Unfortunately, many textbook treatments of the topic are written with neither illustrations no
victims can be found to this day babbling senselessly in the corners of dusty libraries. For
geometric understanding of the method has been reserved for the elite brilliant few who have p
the mumblings of their forebears. Nevertheless, the Conjugate Gradient Method is a composite of
that almost anyone can understand. Of course, a reader as intelligent as yourself will learn them

The idea of quadratic forms is introduced and used to derive the methods of Steepest Descent, C
and Conjugate Gradients. Eigenvectors are explained and used to examine the convergence o
Steepest Descent, and Conjugate Gradients. Other topics include preconditioning and the nonline
Method. I have taken pains to make this article easy to read. Sixty-six illustrations are prov
avoided. Concepts are explained in several different ways. Most equations are coupled with an in

Supported in part by the Natural Sciences and Engineering Research Council of Canada under a 1967 S
Scholarship and by the National Science Foundation under Grant ASC-9318163. The views and concl
document are those of the author and should not be interpreted as representing the official policies, eithe
NSERC, NSF, or the U.S. Government.
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SECOND-ORDER OPTIMIZATION
•

The gradient and the Hessian of the function f is
available, i.e. local curvature information

•

The function is moderately high-dimensional

•

The function is smooth with Lipschitz constant L
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•

The gradient and the Hessian of the function f is
available, i.e. local curvature information

•

The function is moderately high-dimensional

•

The function is smooth with Lipschitz constant L

•

Newton’s method = adaptive gradient descent
Gradient descent:
General update scheme:
xt+1 = xt

H(xt )rf (xt ),

where H(x) 2 Rd⇥d is some matrix.
Newton’s method: H = r2 f (xt )

1.

Gradient descent: H = I.
Newton’s method: “adaptive gradient descent”, adaptation is w.r.t. the local geometry
of the function at xt .
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SECOND-ORDER OPTIMIZATION
AND APPROXIMATIONS
•

Second-order very useful when the dimension is not too high;
otherwise storage of the Hessian becomes prohibitive (O(n2))

•

When the function has many saddle-points, Newton’s method
needs to be modified

•

Variable-metric methods provide an efficient alternative, e.g., BFGS
(Broyden, Fletcher, Goldfarb, Shanno) and L-BFGS
SIAM J. OPTIMIZATION
Vol. 1, No. 1, pp. 1-17, February 1991

(C) 1991 Society for Industrial and Applied Mathematics
001

VARIABLE METRIC METHOD FOR MINIMIZATION*
WILLIAM C. DAVIDONf
Abstract. This is a method for determining numerically local minima of differentiable functions of
several variables. In the process of locating each minimum, a matrix which characterizes the behavior of
the function about the minimum is determined. For a region in which the function depends quadratically
on the variables, no more than N iterations are required, where N is the number of variables. By suitable
choice of starting values, and without modification of the procedure, linear constraints can be imposed
upon the variables.

Key words, variable metric algorithms, quasi-Newton, optimization
AMS(MOS) subject classifications, primary, 65K10; secondary, 49D37, 65K05, 90C30

A belated preface for ANL 5990. Enrico Fermi and Nicholas Metropolis used one
of the first digital computers, the Los Alamos Maniac, to determine which values of
certain theoretical parameters (phase shifts) best fit experimental data (scattering cross

46

PDE-CONSTRAINT OPTIMIZATION
Complicated!

Solution of a (parameterized) partial differential equation!
•

Arises in many optimal control problems

•

Extremely costly is moderately high-dimensional

•

Certain tricks allow efficient optimization (see Leslie’s talk)
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WHAT ARE GOOD FUNCTIONS?

Nice!!

Hard
but doable?!

Hopeless?

Deceiving

Stochastic Methods for Single Objective Global Optimization, Christian L. Müller, in: Computational Intelligence in Aerospace
Sciences - Fundamental Concepts and Methods (2015) https://doi.org/10.2514/5.9781624102714.0063.0112
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WHAT ARE GOOD FUNCTIONS?
CONVEX FUNCTIONS!
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WHAT ARE GOOD FUNCTIONS?
CONVEX FUNCTIONS!
“…in fact, the great watershed in optimization
isn't between linearity and nonlinearity, but
convexity and nonconvexity.”
- R. Tyrrell Rockafellar, in SIAM Review, 1993
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WHAT ARE GOOD FUNCTIONS?
CONVEX FUNCTIONS!
“…in fact, the great watershed in optimization
isn't between linearity and nonlinearity, but
convexity and nonconvexity.”
- R. Tyrrell Rockafellar, in SIAM Review, 1993

“if it’s not convex, it’s not science”
- attributed to Emmanuel Candes, undated
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CONVEX OPTIMIZATION
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CONVEX OPTIMIZATION

Convex set

Convex function
f (x)

x
x
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CONVEX OPTIMIZATION

Every local minimum is a global minimum!
Convex set

Convex function
f (x)

x
x
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CONVEX OPTIMIZATION WITH
CONVEX CONSTRAINTS
minn

f (x)

s.t.

Ax  b .

x2R
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minn

f (x)

s.t.

Ax  b .

x2R

s.t.

T

x Ax  1 .
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CONVEX OPTIMIZATION WITH
CONVEX CONSTRAINTS
minn

f (x)

s.t.

Ax  b .

x2R

T

s.t.

x Ax  1 .

s.t.

A0 + x1 A1 + . . . + xn An

0.
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CONVEX ANALYSIS/MODELING
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THE HIERARCHY OF CONVEX
PROGRAMS
•

Each category has a standard form and
associated generic solvers

•

Many engineering problems can be
formulated as one of these problems and
efficiently solved with theoretical guarantees

•

Convergence guarantees and rates can be
proven under certain conditions

•

Interior-point methods as fundamental
breakthrough

LP: linear program
QP: quadratic program
SOCP second-order cone program
SDP: semidefinite program
CP: cone program
GFP: graph form program
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THE HIERARCHY OF CONVEX
PROGRAMS
•

Each category has a standard form and
associated generic solvers

•

Many engineering problems can be
formulated as one of these problems and
efficiently solved with theoretical guarantees

•

Convergence guarantees and rates can be
proven under certain conditions

•

Interior-point methods as fundamental
breakthrough
BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 42, Number 1, Pages 39–56
S 0273-0979(04)01040-7
Article electronically published on September 21, 2004

THE INTERIOR-POINT REVOLUTION IN OPTIMIZATION:
HISTORY, RECENT DEVELOPMENTS,
AND LASTING CONSEQUENCES

LP: linear program
QP: quadratic program
SOCP second-order cone program
SDP: semidefinite program
CP: cone program
GFP: graph form program

MARGARET H. WRIGHT
Abstract. Interior methods are a pervasive feature of the optimization landscape today, but it was not always so. Although interior-point techniques,
primarily in the form of barrier methods, were widely used during the 1960s
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LINEAR PROGRAMS

•

Dantzig’s simplex algorithm popular in practice (but
exponential runtime in worst case)

•

Khachiyan's ellipsoidal algorithm and Karmarkar's
projective algorithm give polynomial-time guarantees
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PROPERTIES OF CONVEX
FUNCTIONS AND OPTIMIZATION
•

Choice, run time, and applicability of different methods depend on
the specific properties of the convex functions and the constraints

•

Keywords: Strongly convex, smooth, non-smooth, constrained,
unconstrained,…

•

Optimal convergence rates (in function value and iterates) can be
proven for many algorithms for specific classes of convex function
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RECENT NICE EXAMPLE
Gradient descent with adaptive step size

Revisiting the Polyak step size
Elad Hazan ∗†

iv:1905.00313v1 [math.OC] 1 May 2019

•

Abstract

Sham M. Kakade ∗‡
convex

β-smooth

β
This paper revisits the Polyak step size schedule for con√1
error
T
T
vex optimization problems, proving that a simple variant
1
√1
step size
β
T
of it simultaneously attains near optimal convergence rates
for the gradient descent algorithm, for all ranges of strong
convexity, smoothness, and Lipschitz parameters, without Table 1: Standard convergence
a-priory knowledge of these parameters.
in convex optimization problem
f (x⋆ ) of a first order methods a
ber of iterations. Step Size is th
1 Introduction
schedule used to obtain this rate.
Scaleable optimization for machine learning is based en- rameters, namely the Lipchitz co
tirely on first order gradient methods. Besides the age-old to the objective, is omitted.

method of stochastic approximation [7], three accelerated
methods have proved their practical and theoretical significance: Nesterov acceleration [5], variance reduction [8]
and adaptive learning-rate/regularization [4].
Adaptive choices of step sizes allow optimization algorithms to accelerate quickly according to the local curvature and smoothness of the optimization landscape. However, in theory, there are few parameter free algorithms,
and, in practice, there are many search heuristics utilized.
Let us examine this question of parameter free, adaptive learning rates for one of the most standard algorithms,
namely the gradient descent method:

from rapidly decaying at ηt =
caying at ηt = O( √1t ) to a const
more details).
This work: We show that a s
of a step size schedule gives, sim
convergence (among the class o
rithms) in all these regimes, with
eters in advance. Perhaps surpri
prescribed by [6], who argued tha
for the non-smooth, convex case
Table 1, see also [1]).
An important future direction
xt+1 = xt − ηt ∇f (xt ) .
(1)
of update rules (say to included
Although this class of algorithms is not optimal in all set- ods or stochastic update rules)
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− x) + ∥x − y∥2 .
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hroughout:

} - optimum

x⋆ ) - distance to optimal-
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of stochastic
approximation [7], three accelerated
Algorithm 1 GD with the method
Polyak
stepsize
methods have proved their practical and theoretical signif1: Input: time horizon T ,icance:
x0 Nesterov acceleration [5], variance reduction [8]
and adaptive learning-rate/regularization [4].
2: for t = 0, . . . , T − 1 do
Adaptive choices of step sizes allow optimization algoht
3:
Set ηt = ∥∇t ∥2
rithms to accelerate quickly according to the local curvaand smoothness of the optimization landscape. How4:
xt+1 = xt − ηt ∇t ture
ever, in theory, there are few parameter free algorithms,
5: end for
and, in practice, there are many search heuristics utilized.
us examine this question of parameter free, adap6: Return x̄ = argminxt {fLet
(x
t )} rates for one of the most standard algorithms,
tive learning

which leads to a decrease

from rapidly decaying at ηt =
caying at ηt = O( √1t ) to a const
more details).
This work: We show that a s
of a step size schedule gives, sim
convergence (among the class o
rithms) in all these regimes, with
eters in advance. Perhaps surpri
prescribed by [6], who argued tha
for the non-smooth, convex case
namely the gradient descent method:
Table 1, see also [1]).
An important future direction
xt+1 = xt − ηt ∇f (xt ) .
(1)
of update rules (say to included
2
of
d
by:
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Abstract The proximity operator of a convex function is a natural extension of the
notion of a projection operator onto a convex set. This tool, which plays a central
role in the analysis and the numerical solution of convex optimization problems, has
recently been introduced in the arena of inverse problems and, especially, in signal
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Abstract
It is widely observed that deep learning models with learned parameters generalize
well, even with much more model parameters than the number of training samples.
We systematically investigate the underlying reasons why deep neural networks
often generalize well, and reveal the difference between the minima (with the
same training error) that generalize well and those they don’t. We show that it
is the characteristics the landscape of the loss function that explains the good
generalization capability. For the landscape of loss function for deep networks, the
volume of basin of attraction of good minima dominates over that of poor minima,
which guarantees optimization methods with random initialization to converge
to good minima. We theoretically justify our findings through analyzing 2-layer
neural networks; and show that the low-complexity solutions have a small norm of
Hessian matrix with respect to model parameters. For deeper networks, extensive
numerical evidence helps to support our arguments.

1

Introduction

Recently, deep learning [13] has achieved remarkable success in various application areas. In spite
of its powerful modeling capability, we know little about why deep learning works so well from a
theoretical perspective. This is widely known as the “black-box” nature of deep learning.
One key observation is that, most of deep neural networks with learned parameters often generalize
very well empirically, even equipped with much more effective parameters than the number of training
samples, i.e. high-capacity. According to conventional statistical learning theory (including VC
dimension [16] and Rademacher complexity measure [3]), in such over-parameterized and non-convex
models, the system is easy to get stuck into local minima that generalize badly. Some regularizations
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One key observation is that, most of deep neural networks with learned parameters often generalize
very well empirically, even equipped with much more effective parameters than the number of training
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Abstract
There are many surprising and perhaps counter-intuitive properties of optimization
of deep neural networks. We propose and experimentally verify a unified phenomenological model of the loss landscape that incorporates many of them. High
dimensionality plays a key role in our model. Our core idea is to model the loss
landscape as a set of high dimensional wedges that together form a large-scale,
inter-connected structure and towards which optimization is drawn. We first show
that hyperparameter choices such as learning rate, network width and L2 regularization, affect the path optimizer takes through the landscape in a similar ways,
influencing the large scale curvature of the regions the optimizer explores. Finally,
we predict and demonstrate new counter-intuitive properties of the loss-landscape.
We show an existence of low loss subspaces connecting a set (not only a pair)
of solutions, and verify it experimentally. Finally, we analyze recently popular
ensembling techniques for deep networks in the light of our model.

1 Introduction
The optimization of deep neural networks is still relatively poorly understood. One intriguing property
is that despite their massive over-parametrization, their optimization dynamics is surprisingly simple
in many respects. For instance, Li et al. [2018a] show that in spite of the typically very high number
of trainable parameters, constraining optimization to a small number of randomly chosen directions
often suffices to reach a comparable accuracy. Fort and Scherlis [2018] extend this observation and
analyze its geometrically implications for the landscape; Goodfellow et al. [2014] show that there is a
smooth path connecting initialization and the final minima. Another work shows how it is possible to
train only a small percentage of weights, while reaching a good final test performance [Frankle and
Carbin, 2019].
Inspired by these and some other investigations we propose a phenomenological model for the loss
surface of deep networks. We model the loss surface as a union of n-dimensional (lower dimension
than the full space, although still very high) manifolds that we call n-wedges, see Figure 1. Our
model is capable of giving predictions that match previous experiments (such as low-dimensionality
of optimization), as well as give new predictions.
First, we show how common regularizers (learning rate, batch size, L2 regularization, dropout, and
network width) all influence the optimization trajectory in a similar way. We find that increasing
their regularization strength leads, up to some point, to a similar effect: increasing width of the radial
tunnel (see Figure 2 and Section 3.3 for discussion) the optimization travels. This presents a next step
⇤
†
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1 Introduction

OUTLOOK
Training neural networks requires minimizing a high-dimensional non-convex loss function – a

task that is hard in theory, but sometimes easy in practice. Despite the NP-hardness of training
general neural loss functions [3], simple gradient methods often find global minimizers (parameter
configurations with zero or near-zero training loss), even when data and labels are randomized before
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dependent on network architecture design choices, the choice of optimizer, variable initialization, and
a variety of other considerations. Unfortunately, the effect of each of these choices on the structure of
the underlying loss surface1 is unclear.
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Abstract
Neural network training relies on our ability to find “good” minimizers of highly
non-convex loss functions. It is well-known that certain network architecture
designs (e.g., skip connections) produce loss functions that train easier, and wellchosen training parameters (batch size, learning rate, optimizer) produce minimizers that generalize better. However, the reasons for these differences, and their
effect on the underlying loss landscape, are not well understood. In this paper, we
explore the structure of neural loss functions, and the effect of loss landscapes on
generalization, using a range of visualization methods. First, we introduce a simple
“filter normalization” method that helps us visualize loss function curvature and
make meaningful side-by-side comparisons between loss functions. Then, using
a variety of visualizations, we explore how network architecture affects the loss
landscape, and how training parameters affect the shape of minimizers.
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