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Fast algorithms for hierarchically compressible matrices
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What is a hierarchical matrix?

B - Full rank

| |-Low rank
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Exoplanet hunting using Gaussian Processes
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Exoplanet hunting using Gaussian Processes

Computational Task:

: e~ 7Y CTl@0)y Ct,0) = 5821 + K(2,1,0)

argmax,-Zy

det C(t; 0)"*

(t—1)>

K(t,1,0) = 6(0) + e 200?

00)=1,0(1) =3

10k /s uniformly distributed on [0,1]




Exoplanet hunting using Gaussian Processes

Computational Task:

argmaxoga X 1 e_%ch_l(t;a)y C(t, 0) — Ggl + K(t, t,; 0)

det C(t; 0)"*

K(t,t,0) = 0(0) + ¢~ 0DI=11

00)=1,0(1) =3

10k /s uniformly distributed on [0,1]




Exoplanet hunting using Gaussian Processes

Computational Task:

: e~ 7Y CTl@0)y Ct,0) = 5821 + K(2,1,0)

argmax,-Zy

det C(t; 0)"*

K(t,t',0) = 0(0) +

L+ (x(@) — x(j))?

00) =1

10k /s uniformly distributed on [0,1]




Suppose A € R™", and, v € R”

« Matrix vector product (matvec) A-v: O®m?)
e Inversion A~ l: 00>

e Determinants detA: O®n>)

For a given task, an algorithm is fast if it’s runtime beats the asymptotic complexity
The dream: O(nlog’ n)

Examples

« Sparse matrices, matvecs in O(kn), if well-conditioned, inverse in O(kn)

« FFT matrices, matvecs in O(n log n), inverse analytically known, and inverse
application in O(n log n)



Dense matrices # Data dense

Sk
Aj,k = 5j,k + COS(fj — 5) . 00 @ 0 S° 00 eese 8 e e o e o o
= 8,4 + cos(t;)cos(sy) + sin(z;)sin(s,) t]
« Matvec b=A-v: O®m>
Step 1: Step 2:
W, = Z cos(sp)v,, W, = Z sin(s;) vy bj =V + COS(Z‘J-)Wl + Sin(tj)Wz O(n)!
k=1 k=1
_cos(tl) sin(tl)_ _cos(sl) sin(sl)_
A—l+UVT. U= cos(t,) sin(z,) Ve cos(s,) sin(s,)
cos(z,) sin(z,) cos(s,) sin(s,)
« Inversion A~l: O®w’
Sherman Morrison Woodbury formula: A~! =7- U, + VIU)"'V! O(n)!
e Determinants detA: O®?)
Slyvester formula formula: detA = det (I, + VU) O(n)!



One level scheme - factorization

Assume: All off-diagonal blocks are rank r

B Full rank; [ | Low-rank; [\ Identity matrix; |Zero matrix;

Factorization tasks and costs: ) Fa%torization Cost:
n
Compute A, = U,V ,and Ay, = U,V': 2.0 -7 e
4

Compute Al_ll, and Az_zl 2 .—

8
S



One level scheme - Inversion

B Full rank; [ ] Low-rank; [\ [Identity matrix;

Zero matrix;

|

Ky I using Sherman Morrison
Woodbury formula in O (4nr2)

I,—U (L +VU)" VT




One level scheme - Inversion

B Full rank; [ ]| Low-rank; [\ [Identity matrix; |Zero matrix;

|

\—1

-1 -1
Ko K,
vieo|t Inversion Cost:
 2r n2
= 3
v n’ — —
2
........................... >
n
Factorization Cost:
3
n

4




Can we induct?

B Full rank; [ | Low-rank;

Identity matrix;

Zero matrix;




Can we induct?

B Full rank; [ | Low-rank;

Identity matrix;

Zero matrix;




Can we induct?

B Full rank; [ | Low-rank;

Identity matrix;

Zero matrix;




Algorithm and factorization costs

B Full rank; [ | Low-rank; [\ [Identity matrix; |Zero matrix;

1. Compute all low-rank factorizations of off-diagonal blocks at all levels O(nzr)
2. Compute inverses of n/p , p X p matrices at the finest level O(np?)

3. Loopoverlevelsj =k —1,...1
a. Update the inverses of the coarser diagonal blocks
b. Update the off-diagonal low rank factors using the computed
Inverses

O(nprlogn)

Factorization cost:  O(n’r+np? + nprlog® n)



Apply/Inversion/Determinant cost

Each matrix is of the form (I + UV?)
where rank of U,V is 2r

Cost of applying/inverting/computing
determinants

at each level: O(nr?)

Post factorization
Inversion cost: O(n)
Determinant cost: O(n)

B Full rank; [ ] Low-rank; "\ [Identity matrix; |Zero matrix;




Low rank factorizations of off-diagonal blocks

B Full rank; [ | Low-rank; [\ [Identity matrix; |Zero matrix;

Compute all low-rank factorizations of off-diagonal blocks at all levels o(n’r)
Options:
1. Analysis Need different expansions per kernel!

Compute analytical low rank decompositions of the kernel

r l, _ n
o= (=012 Z (t—c) h(s— )+ O(e)
- n!

2. Linear algebra |
Partial pivoted LU Can be unstable sometimes!

Adaptive Cross Approximation

. i Can be unstable sometimes - but
3. Usmg nested basis instabilities known!



Nested basis Q: Given Ul(z) , Uz(z), can we compute Ul(l)?

In general: No!

Ul.(j ) can be thought of as subset of
columns of original matrix




Nested basis Q: Given Ul(z) , Uz(z), can we compute Ul(l)?

In general: No!

Ul.(j ) can be thought of as subset of
columns of original matrix




Nested basis Q: Given Ul(z) , Uz(z), can we compute Ul(l)?

Yes, but factorization cost still O(n?)

Ul.(j ) can be thought of as subset of
columns of original matrix




Nested basis Q: Given U?, U'?, can we compute U2

Use proxy points! Factorization cost O(n)

Ul.(j ) can be thought of as subset of
columns of original matrix

HT

Proofs for kernels satisfying Green’s identity

P —

(1)
Heuristic works for larger family of kernels (e.g. Gaussians) l Ul




The need for order

Computational Task:

argmaxaga X 1 e_%yTC_l(t;a)y C(t, 0) — Ggl + K(t, t,; 0)

det C(t; 0)"*

K(t,t,0) =6(0) +

VO + (1= 1)?

00) =1,0(1) =0.01

10k /s uniformly distributed on [0,1]

Rank structure exists only
If points are sorted




The need for order

Computational Task:

: e~ 7Y CTl@0)y Ct,0) = 5821 + K(2,1,0)

argmax,-Zy

det C(t; 0)"*

K(t,t,0) =6(0) +

VO + (1= 1)?

00) =1,0(1) =0.01

10k /s uniformly distributed on [0,1]
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Fast direct solvers in action




The zoo of matrix factorizations

HODLR/HSS matrices FMM/9? matrices

Nested basis
No Yes
Strong HODLR HSS

Weak [

Low-rank structure

Butterfly/FFT matrices




Other applications - Neural networks

A multiscale neural network based on hierarchical nested bases

Using %7 in layers of locally connected networks
Yuwei Fan* Jordi Feliu-Fabal Lin Lin! Lexing Ying? Leonardo Zepeda-Nunez¥

A multiscale neural network based on hierarchical matrices ] i
Using # in layers of locally connected networks

Yuwei Fan* Lin Lin{ Lexing Ying? Leonardo Zepeda-Nufez?

(i—)s+w o«

Cc’,i:¢ Z ZWC’,c;i,jgc,j+bc’,i ) ’izl,...,Né, C’:l,,,,,a/

<um j=(i—1)s+1c

LCl-linear

‘ e (= G(WE +b)

pSum
>
Affords fewer number of parameters
) in Neural net representation and
—_— L fast application of the forward
éAdJacen} ? t=1L network
Reshape TRepIicate R ig i

LCR-linear

Replicate
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README.md

FLAM (Fast Linear Algebra in MATLAB)

‘This MATLAB library implements various fast algorithms for certain classes of matrices with hierarchical low-rank block
structure. Such matrices commonly arise in physical problems, including many classical integral and differential
equations, and have appeared in the literature under an assortment of related names (e.g., H-, H2-, FMM, HODLR, HSS,
HBS). Other application domains include multivariate statistics and uncertainty quantification (covariance matrices).

The primary purpose of this library is for personal prototyping, though it has been recognized that others may find it
useful as well. Consequently, the algorithms do not contain all the latest features, but they can be considered reasonably
complete; for example, most codes support full adaptivity.

Itis also worth noting that we mainly use the i i ion (ID) for low-rank i This is by no
means the only choice, but we find it especially convenient due to its Pl ing and numerical i
properties.

Currently implemented algorithms include:
« core routines:
© tree construction
© interpolative decomposition
o fast spectral norm estimation
« dense matrix routines:
© interpolative fast multipole method
o recursive skeletonization
» multiply
= sparse extension (solve, least squares)

100 R ;

@ Safari File Edit View History Bookmarks Window Help

Not Secure — hiib.org

Hierarchical Matrices: HLib...

Hierarchical Matrices

HLib Package
HLib What is HLib?
Literature
EAQs ) . — . I )
Patches HLib is a program library for hierarchical matrices and H*-matrices. It provides
Contact

* routines for the construction of hierarchical matrix structures (i.e., of cluster trees, block cluster trees, low-rank matrices and block matrices),
discretization functions that fill these structures by approximations of FEM or BEM operators,
arithmetic i that perform imative matrix ions like addition iplicati izations and inversion,

o conversion routines that turn sparse matrices and dense matrices into H-matrices and H-matrices or H>-matrices into H’-matrices and
service functions that display matrix structures, perform numerical quadrature or handle files.

Requirements

The library is written in the ¢ programming language and requires BLas and LAPACK to perform lower-level algebraic ions (like ing dense matrix-matrix multiplications or solving
cigenvaluc problems).

On Unix-type systems, we use Autoconf, Automake and Libtool in order to provide the user with a fully automatic build process.

If GTK+, OpenGL and GTKGLATea are installed, a visualization program for surface meshes and cluster trees is provided that can be quite uscful for debugging BEM applications. We are currently
working on a comprehensive GUI that will offer the more interesting functions of the library.

Licensing

Since urib was developed (at least partially) at the Max-Planck-Institut Leipzig, we cannot use an open source license and turn it into free software. But we can give it away for free to scientist
interested in doing research if they sign an appropriate license agreement.

Steffen Borm and Lars Grasedyck
Max-Planck-Institut fiir ik in den Natur
Inselstrasse 22-26, 04103 Leipzig, Germany

http://www.hlib.org
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Anil Damle. Adrianna Gillman Chenhanu/hmip: Failed to open page pftware Libraries S s:flanxivo sivaramambikasara.

Undated install.sh file 3 months ago

B README.md

HODLR1ib

~HODLRIib

fore sovs T v home]

HODLRIib is 2 flexible library for performing matrix operations like matrix-vector products, solving and determinant
computation in near-linear complexity(for matrices that resemble a HODLR structure). The solver has also been
extended to matrices not necessarily arising out of kernels and alsa to higher dimensions. Further, the solver has
been optimized and the running time of the solver is now massively (a few orders of magnitude) faster than the
running times reported in the original articles(1][2]. Low-rank approximation of the appropriate blocks are obtained
using the rook pivoting algorithm. The domain is sub-d

ided based on a KDTree. The solver is fairly general, works

pres Extract
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George —Geo...

# George
© Edit on GitHub

Docs » George

Note: This documentation has been moved to george.readthedocs.io.
g start

Tutorial: model fitting with correlated George

n

Tutorial: setting the hyperparam George is a fast and flexible Python library for Gaussian Process Regression. A full introduction to

The GP object the theory of Gaussian Processes is beyond the scope of this documentation but the best resource is
Kernels available for free online: Rasmussen & Williams (2006).

George is being actively developed in a public repository on GitHub so if you have any trouble, open
anissue there.

User Guide

Getting started
o Installation
o ASimple Example
Tutorial: model fitting with correlated noise
o ASimple Mean Model
o Simulated Dataset
o Assuming White Noise
o Modeling the Noise
o The Final Fit
Tutorial: setting the hyperparameters
o Optimization
o Sampling & Marginalization
The GP object
Kernels

! ww“

http://dfm.io/george/current/
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O Pull requests Issues Marketplace Explore

Learn Glt and GItHUb WithOUt any COde! victorminden / GPMLE ©Watch~ 1 Hrstar 1 YFork 4

forked from asdamle/GPMLE

Using the Hello World guide, you'll start a branch, write comments, and open a pull request.
¢ Code Pull requests o Projects o Wiki Insights.

Read the guid
Code il ing the in arXiv:’ g 7 for maximum likelihood estimation for parameter-fitting given observations

from a kernelized Gaussian process in two spatial dimensions.

® 4 commits 1 branch © 0 releases 222 contributors s MIT
danspielman / Laplacians.jl @watch~ 20  sStar 04 | YFork 17
Branch: master~  New pull request Createnewfile Uploadfiles = FindFile [MelUELIa IR
¢ Code SIS U, R UL S (EERE This branch is 1 commit behind asdamle:master. Pull request [?) Compare
e B . I " S torminden ¢ Latest commit 5629012 on Apr 19, 2016
Algorithms inspired by graph Laplacians: linear equation solvers, sparsification, clustering, optimization, etc. e atest commit ¢ S
- ex typo 3 years ago
® 583 commits 1 39 branches © 17 releases 22 8 contributors View license
™ kernels cleaned up 3 years ago
i opt_rskelf commit 3 years ago
Branch: master~  New pull request Createnew file ~ Upload files ~ Find file
i peel commit 3 years ago
danspielman version change to 1.1.1 {12 Latest commit 25c7581 on Aug 27 i verify_error commit 3 years ago
s buggy tests pass last year 9 LICENSE.md Update LICENSE.md 3 years ago
i build changes to some files and docs 4 years ago ) README.md commit 3 years ago
s compare Changing names last year B example.m commit 3 years ago
i devel Changing names last year E) startup.m commit 3 years ago
i docs docs for version 1.1.1 - minor 2 months ago
README.md
™ extern ran FemtoCleaner last year
i matlab fixed speed testing of lamg on sddm matrices 2 years ago
= notebooks updated docs last year README

MRl  RAE FTHOG I

https://github.com/danspielman/Laplacians.jl https://github.com/victorminden/GPMLE
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Anil Damle Adrianna Gil... ChenhanYu/.. Hierarchical... Software ps:/farxiv.. KIho/FLAM:... i Mark Tygert... fastalgorith...

Pullrequests Issues Marketplace Explore

Branch: master~  New pull request Createnewfile  Upload files  Find File
oneilm name change Latest commit 4455d51 on Feb 4 ChenhanYu / hmlp @watch~ | 8 | [ hstar | 6 | [ ¥rork | &
i bin added bin 3 months ago | —
Code Issues 19 Pull requests o Projects & wiki Insights
s doc cleaning up the repo 3 months ago
i include name change 3 months ago I d .
ntroduction to GOFMM
d tat its, and tat it 3 ith:
fsre removed more save statements, and prin statements months ago Chenhan D. Yu edited this page on Jul 20, 2017 - 7 revisions
i test initial commit 6 months ago
= tmp added tmp 8 months ago GOFMM stands for Geometry-Oblivious Fast Multipole Method, which is a novel method that + Pages @
E) LICENSE Add LICENSE 3 months ago creates a his low-rank il ion, or ion,” of an arbitrary dense
B vaketle ol et makefie 4 monthe ago symmetric positive denite (SPD) matrix. For many applications, GOFMM enables an approximate

matrix-vector multiplication (MATVEC) in O(NlogN) or even O(N) time, where N is the matrix

) ) ) H
README.md readme 3 months ago size. Compression requires N log N storage and work. In general, our scheme belongs to the ome

family of hierarchical matrix approximation methods. In particular, it generalizes the fast Introduction to GKMX
multipole method (FMM) to a purely algebraic setting by only requiring the ability to sample
README.md d matrix entries. Neither geometric information (i.e., point coordinates) nor knowledge of how the

size.txt editined 3 months ago
Introduction to GOFMM
matrix entries have been generated is required, thus the term “geometry-oblivious.” Introduction to GSKNN
Introduction to GSKS

Interpolative Decomposition Library Compress (Constructing an H-Matrix) Introduction to STRASSEN

Introduction to TREE

This is a fork of the ID library Evaluate (Matrix-Vector Multiplication) §
Microkernels
« P. Martinsson, V. Rokhlin, Y. Shkolnisky, M. Tygert, ID: a software package for low-rank approximation of matrices RUNTIME and
; . . - an
via interpol http://tyger _html Factorize (H-Matrix Factorization for Fast Solvers) COMMUNICATOR

Original distribution readme ) . Use Strassen
9 Solve (Solve a Shifted Linear System)

Please see the documentation in subdirectory doc of this id_dist directory. Clone this wiki locally
At the minimum, please read Subsection 2.1 and Section 3 in the documentation, and beware that the .B.'s in the S htps://github. con/Chenha | [
source code comments highlight important information about the routines -- N.B. stands for nota_bene (Latin for "note

well”).

MRA00EEl"  REE T=OG T

pres Extract ﬁﬁ ' ‘ = 7‘ q @ E):-\*‘[ %

https://github.com/ChenhanYu/hmlp/wiki/

https://github.com/fastalgorithms/libid Introduction-to-GOFMM



* Video lectures by Gunnar - https://www.youtube.com/playlist?
list=PLPDZ9rclfxyOrlpcu_D1PRcyK-o2iofwW

« Excellent review article on randomized methods for low rank approximations -
Finding structure with randomness: Probabilistic algorithms for constructing
approximate matrix decompositions: https://arxiv.org/pdf/0909.4061.pdf

« Some of the illustrations courtesy: Sivaram Ambikasaran, Dan Foreman Mackey,

David Hogg, Mike O’Neil, Per-Gunnar Martinsson, Ken Ho, Lesliie Greengard, Lexing
Ying, Adrianna Gillman


https://arxiv.org/pdf/0909.4061.pdf
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Ambikasaran, S., Foreman-Mackey, D., Greengard, L., Hogg, D. W., & O’Neil, M. (2016). Fast direct methods for Gaussian processes. IEEE transactions on
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Greengard, L., & Rokhlin, V. (1991). On the numerical solution of two—-point boundary value problems. Communications on Pure and Applied Mathematics, 44(4),
419-452.

Fan, Y, Lin, L., Ying, L., & Zepeda-Nunez, L. (2018). A multiscale neural network based on hierarchical matrices. arXiv preprint arXiv:1807.01883.

Minden, V., Damle, A., Ho, K. L., & Ying, L. (2017). Fast spatial gaussian process maximum likelihood estimation via skeletonization factorizations. Multiscale
Modeling & Simulation, 15(4), 1584-1611.

Martinsson, P. G., Rokhlin, V., Shkolnisky, Y., & Tygert, M. (2008). ID: A software package for low-rank approximation of matrices via interpolative decompositions,
Version 0.2.

Corona, E., Martinsson, P. G., & Zorin, D. (2015). An O (N) direct solver for integral equations on the plane. Applied and Computational Harmonic Analysis, 38(2),
284-317.

Gimbutas, Z., & Rokhlin, V. (2003). A generalized fast multipole method for nonoscillatory kernels. SIAM Journal on Scientific Computing, 24(3), 796-817.

Not an exhaustive list

Thank you!

Questions?




