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What is a hierarchical matrix?
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:
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where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.
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Figure 16. Kepler-31 phase curves, in the style of figure 3. For
the small inner candidate KOI-952.05, the phase is with respect to
a linear ephemeris, the data in that panel are binned together in
phase. The vertical scale of that panel is 20% of the other panels.

KIC 9347893, 9.4 arcsec to the west. Moreover, the cen-
troid information has all transits coincident within 1σ
of the target. The transits cannot be hosted by a back-
ground star further than Rc = (0.3, 0.5, 0.8) arcsec in
the case of Kepler-31b, Kepler-31c, KOI-935.03 respec-
tively. For KOI-935.04, the transits are too shallow for a
constraining centroid analysis.
Again pursuing probability calculations as above, the

chance of a star unassociated with the target being the
actual host is only ∼ 3 × 10−4. The probability of a
physical companion hosting the planets is ∼ 0.04.

3.2.4. Kepler-32

A J-band image from UKIRT shows the nearest star to
be KID 9787232, ∼ 6.6” to the west, resulting in rather
low contamination.
The centroids during transit for Kepler-32b and

Kepler-32c differ from those out-of-transit by only ∼ 2σ,
roughly consistent with measurement uncertainties. The
∼ 3σ radii of confusion Rc are 0.5” for Kepler-32b and
0.8” for Kepler-32c. For KOI-952.03, .04, and .05, the
transits are too shallow for a constraining centroid anal-
ysis.
The host star is an M-dwarf and therefore of special in-

terest. The Kepler Follow-up Program has obtained two
spectra of Kepler-32: one spectrum from McDonald Ob-
servatory and one from Keck Observatory. Both spectra
are weak due to the faintness of the star (Kp=15.8). The
cross correlation function between the observed spectra
and available models is maximized for temperatures of
∼ 3900 K and ∼ 3600 K, respectively. However, the
atmospheric parameters are not well determined, as the
star is cooler than the library of atmosphere models avail-
able. Both spectra are consistent with the KIC clas-
sification as a cool dwarf (Teff = 3911, log g = 4.64,
[M/H]=0.172). We conservatively adopt these values of
Teff and log g with uncertainties of 200K and 0.3 dex and
a [M/H] of 0± 0.4 based on the KIC (Brown et al. 2011).
By comparing to the Yonsei-Yale isochrones, we derive
values for the stellar mass (0.58 ± 0.05M⊙) and radius
(0.53± 0.04R⊙) that are slightly larger than those from
the KIC. We estimate a luminosity of 0.06 ± 0.02 L⊙

and an age of ≤ 9Gyr.
Muirhead et al. (2011) have also obtained high-

resolution IR spectrum of Kepler-32=KOI-952, finding
a stellar Teff = 3726+73

−67, [Fe/H]= 0.04+0.08
−0.10. Interpret-

ing their data via Padova models (Girardi et al. 2002),
they inferred a considerably less massive and smaller star.
We encourage further detailed analyses of the host star
properties, as these have considerable uncertainties that
directly affect the sizes and masses for the planets.
The probability of a star unassociated with the target

being the actual host is only ∼ 3 × 10−3. The probabil-
ity of a physical companion hosting the planets is ∼ 0.34.
This latter number is relatively large in this case because
all the transit depths are small, so they could in principle
be much larger planets hosted by a star which is dramat-
ically diluted. This opens up the possibilities for a very
large range of companions (down to masses as low as
∼ 0.1M⊙) that could host one or more of these objects,
as long as transits near apocenter are invoked to match
the durations (fig. 1).

4. PLANETARY MASS LIMITS

4.1. Dynamical Stability Analysis

Many of the systems in this paper and its compan-
ions (Papers II and III) are not completely solvable
with present data; e.g., the gravitational interactions
of the component planets do not yield unique solutions
for their masses. Rather, there exists degeneracy be-
tween the masses and eccentricities, as was the case for
Kepler-9 before radial velocity constraints were applied
(Holman et al. 2010). However, we constrain them to
be in the planetary regime because the pairs of plan-
ets all have small period ratios. In two-planet systems,
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(Marchal & Bozis 1982) and orbits that are allowed to
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Figure 16. Kepler-31 phase curves, in the style of figure 3. For
the small inner candidate KOI-952.05, the phase is with respect to
a linear ephemeris, the data in that panel are binned together in
phase. The vertical scale of that panel is 20% of the other panels.

KIC 9347893, 9.4 arcsec to the west. Moreover, the cen-
troid information has all transits coincident within 1σ
of the target. The transits cannot be hosted by a back-
ground star further than Rc = (0.3, 0.5, 0.8) arcsec in
the case of Kepler-31b, Kepler-31c, KOI-935.03 respec-
tively. For KOI-935.04, the transits are too shallow for a
constraining centroid analysis.
Again pursuing probability calculations as above, the

chance of a star unassociated with the target being the
actual host is only ∼ 3 × 10−4. The probability of a
physical companion hosting the planets is ∼ 0.04.

3.2.4. Kepler-32

A J-band image from UKIRT shows the nearest star to
be KID 9787232, ∼ 6.6” to the west, resulting in rather
low contamination.
The centroids during transit for Kepler-32b and

Kepler-32c differ from those out-of-transit by only ∼ 2σ,
roughly consistent with measurement uncertainties. The
∼ 3σ radii of confusion Rc are 0.5” for Kepler-32b and
0.8” for Kepler-32c. For KOI-952.03, .04, and .05, the
transits are too shallow for a constraining centroid anal-
ysis.
The host star is an M-dwarf and therefore of special in-

terest. The Kepler Follow-up Program has obtained two
spectra of Kepler-32: one spectrum from McDonald Ob-
servatory and one from Keck Observatory. Both spectra
are weak due to the faintness of the star (Kp=15.8). The
cross correlation function between the observed spectra
and available models is maximized for temperatures of
∼ 3900 K and ∼ 3600 K, respectively. However, the
atmospheric parameters are not well determined, as the
star is cooler than the library of atmosphere models avail-
able. Both spectra are consistent with the KIC clas-
sification as a cool dwarf (Teff = 3911, log g = 4.64,
[M/H]=0.172). We conservatively adopt these values of
Teff and log g with uncertainties of 200K and 0.3 dex and
a [M/H] of 0± 0.4 based on the KIC (Brown et al. 2011).
By comparing to the Yonsei-Yale isochrones, we derive
values for the stellar mass (0.58 ± 0.05M⊙) and radius
(0.53± 0.04R⊙) that are slightly larger than those from
the KIC. We estimate a luminosity of 0.06 ± 0.02 L⊙

and an age of ≤ 9Gyr.
Muirhead et al. (2011) have also obtained high-

resolution IR spectrum of Kepler-32=KOI-952, finding
a stellar Teff = 3726+73

−67, [Fe/H]= 0.04+0.08
−0.10. Interpret-

ing their data via Padova models (Girardi et al. 2002),
they inferred a considerably less massive and smaller star.
We encourage further detailed analyses of the host star
properties, as these have considerable uncertainties that
directly affect the sizes and masses for the planets.
The probability of a star unassociated with the target

being the actual host is only ∼ 3 × 10−3. The probabil-
ity of a physical companion hosting the planets is ∼ 0.34.
This latter number is relatively large in this case because
all the transit depths are small, so they could in principle
be much larger planets hosted by a star which is dramat-
ically diluted. This opens up the possibilities for a very
large range of companions (down to masses as low as
∼ 0.1M⊙) that could host one or more of these objects,
as long as transits near apocenter are invoked to match
the durations (fig. 1).
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Many of the systems in this paper and its compan-
ions (Papers II and III) are not completely solvable
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for their masses. Rather, there exists degeneracy be-
tween the masses and eccentricities, as was the case for
Kepler-9 before radial velocity constraints were applied
(Holman et al. 2010). However, we constrain them to
be in the planetary regime because the pairs of plan-
ets all have small period ratios. In two-planet systems,
a sharp boundary exists between provably stable orbits
(Marchal & Bozis 1982) and orbits that are allowed to
cross, according to energy and angular momentum con-
servation. This boundary is when the separation of the
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Figure 16. Kepler-31 phase curves, in the style of figure 3. For
the small inner candidate KOI-952.05, the phase is with respect to
a linear ephemeris, the data in that panel are binned together in
phase. The vertical scale of that panel is 20% of the other panels.

KIC 9347893, 9.4 arcsec to the west. Moreover, the cen-
troid information has all transits coincident within 1σ
of the target. The transits cannot be hosted by a back-
ground star further than Rc = (0.3, 0.5, 0.8) arcsec in
the case of Kepler-31b, Kepler-31c, KOI-935.03 respec-
tively. For KOI-935.04, the transits are too shallow for a
constraining centroid analysis.
Again pursuing probability calculations as above, the

chance of a star unassociated with the target being the
actual host is only ∼ 3 × 10−4. The probability of a
physical companion hosting the planets is ∼ 0.04.

3.2.4. Kepler-32

A J-band image from UKIRT shows the nearest star to
be KID 9787232, ∼ 6.6” to the west, resulting in rather
low contamination.
The centroids during transit for Kepler-32b and

Kepler-32c differ from those out-of-transit by only ∼ 2σ,
roughly consistent with measurement uncertainties. The
∼ 3σ radii of confusion Rc are 0.5” for Kepler-32b and
0.8” for Kepler-32c. For KOI-952.03, .04, and .05, the
transits are too shallow for a constraining centroid anal-
ysis.
The host star is an M-dwarf and therefore of special in-

terest. The Kepler Follow-up Program has obtained two
spectra of Kepler-32: one spectrum from McDonald Ob-
servatory and one from Keck Observatory. Both spectra
are weak due to the faintness of the star (Kp=15.8). The
cross correlation function between the observed spectra
and available models is maximized for temperatures of
∼ 3900 K and ∼ 3600 K, respectively. However, the
atmospheric parameters are not well determined, as the
star is cooler than the library of atmosphere models avail-
able. Both spectra are consistent with the KIC clas-
sification as a cool dwarf (Teff = 3911, log g = 4.64,
[M/H]=0.172). We conservatively adopt these values of
Teff and log g with uncertainties of 200K and 0.3 dex and
a [M/H] of 0± 0.4 based on the KIC (Brown et al. 2011).
By comparing to the Yonsei-Yale isochrones, we derive
values for the stellar mass (0.58 ± 0.05M⊙) and radius
(0.53± 0.04R⊙) that are slightly larger than those from
the KIC. We estimate a luminosity of 0.06 ± 0.02 L⊙

and an age of ≤ 9Gyr.
Muirhead et al. (2011) have also obtained high-

resolution IR spectrum of Kepler-32=KOI-952, finding
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−67, [Fe/H]= 0.04+0.08
−0.10. Interpret-

ing their data via Padova models (Girardi et al. 2002),
they inferred a considerably less massive and smaller star.
We encourage further detailed analyses of the host star
properties, as these have considerable uncertainties that
directly affect the sizes and masses for the planets.
The probability of a star unassociated with the target

being the actual host is only ∼ 3 × 10−3. The probabil-
ity of a physical companion hosting the planets is ∼ 0.34.
This latter number is relatively large in this case because
all the transit depths are small, so they could in principle
be much larger planets hosted by a star which is dramat-
ically diluted. This opens up the possibilities for a very
large range of companions (down to masses as low as
∼ 0.1M⊙) that could host one or more of these objects,
as long as transits near apocenter are invoked to match
the durations (fig. 1).
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Many of the systems in this paper and its compan-
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with present data; e.g., the gravitational interactions
of the component planets do not yield unique solutions
for their masses. Rather, there exists degeneracy be-
tween the masses and eccentricities, as was the case for
Kepler-9 before radial velocity constraints were applied
(Holman et al. 2010). However, we constrain them to
be in the planetary regime because the pairs of plan-
ets all have small period ratios. In two-planet systems,
a sharp boundary exists between provably stable orbits
(Marchal & Bozis 1982) and orbits that are allowed to
cross, according to energy and angular momentum con-
servation. This boundary is when the separation of the
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Figure 16. Kepler-31 phase curves, in the style of figure 3. For
the small inner candidate KOI-952.05, the phase is with respect to
a linear ephemeris, the data in that panel are binned together in
phase. The vertical scale of that panel is 20% of the other panels.

KIC 9347893, 9.4 arcsec to the west. Moreover, the cen-
troid information has all transits coincident within 1σ
of the target. The transits cannot be hosted by a back-
ground star further than Rc = (0.3, 0.5, 0.8) arcsec in
the case of Kepler-31b, Kepler-31c, KOI-935.03 respec-
tively. For KOI-935.04, the transits are too shallow for a
constraining centroid analysis.
Again pursuing probability calculations as above, the

chance of a star unassociated with the target being the
actual host is only ∼ 3 × 10−4. The probability of a
physical companion hosting the planets is ∼ 0.04.

3.2.4. Kepler-32

A J-band image from UKIRT shows the nearest star to
be KID 9787232, ∼ 6.6” to the west, resulting in rather
low contamination.
The centroids during transit for Kepler-32b and

Kepler-32c differ from those out-of-transit by only ∼ 2σ,
roughly consistent with measurement uncertainties. The
∼ 3σ radii of confusion Rc are 0.5” for Kepler-32b and
0.8” for Kepler-32c. For KOI-952.03, .04, and .05, the
transits are too shallow for a constraining centroid anal-
ysis.
The host star is an M-dwarf and therefore of special in-

terest. The Kepler Follow-up Program has obtained two
spectra of Kepler-32: one spectrum from McDonald Ob-
servatory and one from Keck Observatory. Both spectra
are weak due to the faintness of the star (Kp=15.8). The
cross correlation function between the observed spectra
and available models is maximized for temperatures of
∼ 3900 K and ∼ 3600 K, respectively. However, the
atmospheric parameters are not well determined, as the
star is cooler than the library of atmosphere models avail-
able. Both spectra are consistent with the KIC clas-
sification as a cool dwarf (Teff = 3911, log g = 4.64,
[M/H]=0.172). We conservatively adopt these values of
Teff and log g with uncertainties of 200K and 0.3 dex and
a [M/H] of 0± 0.4 based on the KIC (Brown et al. 2011).
By comparing to the Yonsei-Yale isochrones, we derive
values for the stellar mass (0.58 ± 0.05M⊙) and radius
(0.53± 0.04R⊙) that are slightly larger than those from
the KIC. We estimate a luminosity of 0.06 ± 0.02 L⊙

and an age of ≤ 9Gyr.
Muirhead et al. (2011) have also obtained high-

resolution IR spectrum of Kepler-32=KOI-952, finding
a stellar Teff = 3726+73

−67, [Fe/H]= 0.04+0.08
−0.10. Interpret-

ing their data via Padova models (Girardi et al. 2002),
they inferred a considerably less massive and smaller star.
We encourage further detailed analyses of the host star
properties, as these have considerable uncertainties that
directly affect the sizes and masses for the planets.
The probability of a star unassociated with the target

being the actual host is only ∼ 3 × 10−3. The probabil-
ity of a physical companion hosting the planets is ∼ 0.34.
This latter number is relatively large in this case because
all the transit depths are small, so they could in principle
be much larger planets hosted by a star which is dramat-
ically diluted. This opens up the possibilities for a very
large range of companions (down to masses as low as
∼ 0.1M⊙) that could host one or more of these objects,
as long as transits near apocenter are invoked to match
the durations (fig. 1).
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4.1. Dynamical Stability Analysis

Many of the systems in this paper and its compan-
ions (Papers II and III) are not completely solvable
with present data; e.g., the gravitational interactions
of the component planets do not yield unique solutions
for their masses. Rather, there exists degeneracy be-
tween the masses and eccentricities, as was the case for
Kepler-9 before radial velocity constraints were applied
(Holman et al. 2010). However, we constrain them to
be in the planetary regime because the pairs of plan-
ets all have small period ratios. In two-planet systems,
a sharp boundary exists between provably stable orbits
(Marchal & Bozis 1982) and orbits that are allowed to
cross, according to energy and angular momentum con-
servation. This boundary is when the separation of the
planetary semi-major axes, aout − ain, exceeds a certain
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:
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(j)
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⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
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approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES
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arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:

K =

"
K

(1)
1 U

(1)
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with the diagonal blocks given as
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where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:

K =

"
K
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with the diagonal blocks given as

K
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where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.

One level scheme - factorization
Assume: All off-diagonal blocks are rank r
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:

K =
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with the diagonal blocks given as
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where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
2
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where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.

K
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Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.
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is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update

A−1
11 U1VT

2

A−1
22 U2VT

1

7

to the identity matrix. The first factor K is formed from dense
block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m

for some integer m. For example, a two-level HODLR matrix
described in equations (13) and (14) can be factorized as:
2
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(19)

where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the

factorization of a level 3 HODLR matrix.

K
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Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV

T

V U
T

A22

�
, (20)

where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:

K =


A11 0
0 A22

� 
In/2 A

�1
11 UV

T

A
�1
22 V U

T
In/2.

�
. (21)

We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:

A1 =

"
A11 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 A22

#

A2 =

"
A33 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 A44

# (23)

This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of

A
�1
1 , A

�1
2 is expensive, and will scale as O(n3

/8). However,
these matrices are of the form:


A UV

T

V U
T

B

�
=


A 0
0 B

�
+


U 0
0 V

� 
0 V

T

U
T 0

�
. (24)

If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
�1

� A
�1

L
�
S

�1 + RA
�1

L
��1

RA
�1

.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the
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to the identity matrix. The first factor K is formed from dense
block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m

for some integer m. For example, a two-level HODLR matrix
described in equations (13) and (14) can be factorized as:
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where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the

factorization of a level 3 HODLR matrix.
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Fig. 3. Factorization of a three level HODLR matrix.

In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV

T

V U
T

A22

�
, (20)

where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:

K =


A11 0
0 A22

� 
In/2 A

�1
11 UV

T

A
�1
22 V U

T
In/2.

�
. (21)

We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:

A1 =

"
A11 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 A22

#

A2 =

"
A33 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 A44

# (23)

This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of

A
�1
1 , A

�1
2 is expensive, and will scale as O(n3

/8). However,
these matrices are of the form:


A UV

T

V U
T

B

�
=


A 0
0 B

�
+


U 0
0 V

� 
0 V
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U
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�
. (24)

If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
�1

� A
�1

L
�
S

�1 + RA
�1

L
��1

RA
�1

.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:

K =

"
K

(1)
1 U

(1)
1 V

(1)T

1

V
(1)
1 U

(1)T

1 K
(1)
2

#
, (13)

with the diagonal blocks given as

K
(1)
1 =

"
K

(2)
1 U

(2)
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(2)T

1

V
(2)
1 U

(2)T

1 K
(2)
2

#
,

K
(1)
2 =

"
K

(2)
3 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 K
(2)
4

#
,

(14)

where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
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where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.
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Fig. 3. Factorization of a three level HODLR matrix.

It should be noted that a matrix of the form:


In U1V
T
2

U2V
T
1 In

�
= I2n +


U1 0
0 U2

� 
0 V

T
2

V
T
1 0

�
(20)

is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:

K =
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with the diagonal blocks given as
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where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
2
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where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.

K
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=
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⇥
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Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

It should be noted that a matrix of the form:
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is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
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where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.
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Fig. 3. Factorization of a three level HODLR matrix.
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is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update
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to the identity matrix. The first factor K is formed from dense
block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m

for some integer m. For example, a two-level HODLR matrix
described in equations (13) and (14) can be factorized as:
2

6664

K
(2)
1 0 0 0

0 K
(2)
2 0 0

0 0 K
(2)
3 0

0 0 0 K
(2)
4

3

7775

2

6664

In/4 K̃
(2)
12 0 0

K̃
(2)
21 In/4 0 0

0 0 In/4 K̃
(2)
34

0 0 K̃
(2)
43 In/4

3

7775

"
In/2 K̃

(1)
12

K̃
(1)
21 In/2

#
,

(19)

where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the

factorization of a level 3 HODLR matrix.

K
(3)

=

K3

⇥

K2

⇥

K1

⇥

K0

Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV

T

V U
T

A22

�
, (20)

where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:

K =


A11 0
0 A22

� 
In/2 A

�1
11 UV

T

A
�1
22 V U

T
In/2.

�
. (21)

We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:

A1 =

"
A11 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 A22

#

A2 =

"
A33 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 A44

# (23)

This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of

A
�1
1 , A

�1
2 is expensive, and will scale as O(n3

/8). However,
these matrices are of the form:


A UV

T

V U
T

B

�
=


A 0
0 B

�
+


U 0
0 V

� 
0 V

T

U
T 0

�
. (24)

If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
�1

� A
�1

L
�
S

�1 + RA
�1

L
��1

RA
�1

.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:

K =

"
K

(1)
1 U

(1)
1 V

(1)T

1

V
(1)
1 U

(1)T

1 K
(1)
2

#
, (13)

with the diagonal blocks given as

K
(1)
1 =

"
K

(2)
1 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 K
(2)
2

#
,

K
(1)
2 =

"
K

(2)
3 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 K
(2)
4

#
,

(14)

where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.

A11

A22

6

=
I

x x
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
2

6664

K
(2)
1 0 0 0

0 K
(2)
2 0 0

0 0 K
(2)
3 0

0 0 0 K
(2)
4

3

7775

2

6664

In/4 K̃
(2)
12 0 0

K̃
(2)
21 In/4 0 0

0 0 In/4 K̃
(2)
34

0 0 K̃
(2)
43 In/4

3

7775

"
In/2 K̃

(1)
12

K̃
(1)
21 In/2

#
,

(19)

where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.

K
(3)

=

K3

⇥

K2

⇥

K1

⇥

K0

Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

It should be noted that a matrix of the form:


In U1V
T
2

U2V
T
1 In

�
= I2n +


U1 0
0 U2

� 
0 V

T
2

V
T
1 0

�
(20)

is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update

A−1
11 U1VT

2

A−1
22 U2VT

1
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:

K =

"
K

(1)
1 U

(1)
1 V

(1)T

1

V
(1)
1 U

(1)T

1 K
(1)
2

#
, (13)

with the diagonal blocks given as

K
(1)
1 =

"
K

(2)
1 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 K
(2)
2

#
,

K
(1)
2 =

"
K

(2)
3 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 K
(2)
4

#
,

(14)

where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
2
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where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.
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Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

It should be noted that a matrix of the form:

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is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
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where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.
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Fig. 3. Factorization of a three level HODLR matrix.

It should be noted that a matrix of the form:
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is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:
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with the diagonal blocks given as
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where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.

Can we induct?
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
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where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.

K
(3)

=

K3

⇥

K2

⇥

K1

⇥

K0

Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

It should be noted that a matrix of the form:


In U1V
T
2

U2V
T
1 In

�
= I2n +


U1 0
0 U2

� 
0 V

T
2

V
T
1 0

�
(20)

is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update
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to the identity matrix. The first factor K is formed from dense
block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m

for some integer m. For example, a two-level HODLR matrix
described in equations (13) and (14) can be factorized as:
2
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where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the

factorization of a level 3 HODLR matrix.

K
(3)

=

K3

⇥

K2

⇥

K1

⇥

K0

Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV

T

V U
T

A22

�
, (20)

where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:

K =


A11 0
0 A22

� 
In/2 A

�1
11 UV

T

A
�1
22 V U

T
In/2.

�
. (21)

We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:

A1 =

"
A11 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 A22

#

A2 =

"
A33 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 A44

# (23)

This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of

A
�1
1 , A

�1
2 is expensive, and will scale as O(n3

/8). However,
these matrices are of the form:


A UV

T

V U
T

B

�
=


A 0
0 B

�
+


U 0
0 V

� 
0 V

T

U
T 0

�
. (24)

If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
�1

� A
�1

L
�
S

�1 + RA
�1

L
��1

RA
�1

.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:

K =

"
K

(1)
1 U

(1)
1 V

(1)T

1

V
(1)
1 U

(1)T

1 K
(1)
2

#
, (13)

with the diagonal blocks given as

K
(1)
1 =

"
K

(2)
1 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 K
(2)
2

#
,

K
(1)
2 =

"
K

(2)
3 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 K
(2)
4

#
,

(14)

where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.



Can we induct?
6

=
I

x x

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. XX, NO. XX, XX 2014 7

can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
2
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where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.
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Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

It should be noted that a matrix of the form:


In U1V
T
2

U2V
T
1 In

�
= I2n +


U1 0
0 U2

� 
0 V

T
2

V
T
1 0

�
(20)

is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update
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to the identity matrix. The first factor K is formed from dense
block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m

for some integer m. For example, a two-level HODLR matrix
described in equations (13) and (14) can be factorized as:
2

6664

K
(2)
1 0 0 0

0 K
(2)
2 0 0

0 0 K
(2)
3 0

0 0 0 K
(2)
4

3

7775

2

6664

In/4 K̃
(2)
12 0 0

K̃
(2)
21 In/4 0 0

0 0 In/4 K̃
(2)
34

0 0 K̃
(2)
43 In/4

3

7775

"
In/2 K̃

(1)
12

K̃
(1)
21 In/2

#
,

(19)

where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the

factorization of a level 3 HODLR matrix.

K
(3)

=

K3

⇥

K2

⇥

K1

⇥

K0

Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV

T

V U
T

A22

�
, (20)

where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:

K =


A11 0
0 A22

� 
In/2 A

�1
11 UV

T

A
�1
22 V U

T
In/2.

�
. (21)

We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:

A1 =

"
A11 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 A22

#

A2 =

"
A33 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 A44

# (23)

This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of

A
�1
1 , A

�1
2 is expensive, and will scale as O(n3

/8). However,
these matrices are of the form:


A UV

T

V U
T

B

�
=


A 0
0 B

�
+


U 0
0 V

� 
0 V

T

U
T 0

�
. (24)

If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
�1

� A
�1

L
�
S

�1 + RA
�1

L
��1

RA
�1

.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:

K =

"
K

(1)
1 U

(1)
1 V

(1)T

1

V
(1)
1 U

(1)T

1 K
(1)
2

#
, (13)

with the diagonal blocks given as

K
(1)
1 =

"
K

(2)
1 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 K
(2)
2

#
,

K
(1)
2 =

"
K

(2)
3 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 K
(2)
4

#
,

(14)

where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
2

6664

K
(2)
1 0 0 0

0 K
(2)
2 0 0

0 0 K
(2)
3 0

0 0 0 K
(2)
4

3

7775

2

6664

In/4 K̃
(2)
12 0 0

K̃
(2)
21 In/4 0 0

0 0 In/4 K̃
(2)
34

0 0 K̃
(2)
43 In/4

3

7775

"
In/2 K̃

(1)
12

K̃
(1)
21 In/2

#
,

(19)

where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.

K
(3)

=

K3

⇥

K2

⇥

K1

⇥

K0

Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

It should be noted that a matrix of the form:


In U1V
T
2

U2V
T
1 In

�
= I2n +


U1 0
0 U2

� 
0 V

T
2

V
T
1 0

�
(20)

is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update



Can we induct?
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to the identity matrix. The first factor K is formed from dense
block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m

for some integer m. For example, a two-level HODLR matrix
described in equations (13) and (14) can be factorized as:
2

6664

K
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1 0 0 0

0 K
(2)
2 0 0

0 0 K
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3 0

0 0 0 K
(2)
4
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7775
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(2)
12 0 0

K̃
(2)
21 In/4 0 0

0 0 In/4 K̃
(2)
34

0 0 K̃
(2)
43 In/4

3

7775

"
In/2 K̃

(1)
12

K̃
(1)
21 In/2

#
,
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where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the

factorization of a level 3 HODLR matrix.

K
(3)

=

K3

⇥

K2

⇥

K1

⇥

K0

Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV

T

V U
T

A22

�
, (20)

where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:

K =


A11 0
0 A22

� 
In/2 A

�1
11 UV

T

A
�1
22 V U

T
In/2.

�
. (21)

We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:

A1 =

"
A11 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 A22

#

A2 =

"
A33 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 A44

# (23)

This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of

A
�1
1 , A

�1
2 is expensive, and will scale as O(n3

/8). However,
these matrices are of the form:


A UV

T

V U
T

B

�
=


A 0
0 B

�
+


U 0
0 V

� 
0 V

T

U
T 0

�
. (24)

If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
�1

� A
�1

L
�
S

�1 + RA
�1

L
��1

RA
�1

.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
2
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where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.

K
(3)

=

K3

⇥

K2

⇥

K1

⇥

K0

Full rank; Low-rank; Identity matrix; Zero matrix;

Fig. 3. Factorization of a three level HODLR matrix.

It should be noted that a matrix of the form:


In U1V
T
2

U2V
T
1 In

�
= I2n +


U1 0
0 U2

� 
0 V

T
2

V
T
1 0

�
(20)

is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update
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can be obtained via spectral analysis of the interpolating
Chebyshev polynomial, and the approximation can be
computed in O(r2 max m, n) time.

On the other hand, if there is no a-priori information of
the matrix, then linear-algebraic methods provide an at-
tractive way of computing fast low-rank decompositions.
These include techniques like pseudo-skeletal approxi-
mations [23], interpolatory decomposition [17], random-
ized algorithms [19], [36], [52], rank-revealing LU [39],
[42], adaptive cross approximation [?], [44] (ACA) (which
is a minor variant of partial pivoted LU), and rank-
revealing QR [28]. Though purely analytic techniques can
be faster since many operations can be pre-computed,
algebraic techniques are attractive for constructing black-
box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial piv-
oted LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal
blocks via a partial-pivoted LU decomposition which
executes in O(r2

n) time. Heuristically, this factorization
constructs a series of rank-one matrices whose sum
approximates the original matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and
rows of A.

The linear complexity is achieved by checking the
resulting approximation against only a sub-sampling of
the original matrix. If the underlying matrix (covariance
kernel) is sufficiently smooth, then this sub-sampling
error estimation will result in an approximation which
is accurate to near machine precision. For more matrices
or covariance kernels which are highly oscillatory or
contain small-scale stucture, this method will not scale
and will likely yield a less-accurate approximation. We
omit a pseudo-code description of this algorithm, as it is
a well-know linear algebra procedure, and instead refer
to Section 2.2, Algorithm 6 of [44].

The next section presents the fast matrix factorization
of the entire covariance matrix once the low-rank de-
composition of the off-diagonal blocks has been obtained
using one of the above mentioned techniques. We offer to
concise, but complete description of the factorization in
order to make the exposition self-contained. For a longer
and more detailed discussion of the material, see [4].

3.2 HODLR matrix factorization

NONUNIFORM DATA
The overall idea behind the O(n log2

n) factorization
of an n ⇥ n, -level (where  ⇠ log n) HODLR matrix
described in [4] is to factor it as a product of  + 1 block
diagonal matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where Kk 2 Rn⇥n is a block diagonal matrix with
2k diagonal blocks, each of size 2�k

n ⇥ 2�k
n. More

importantly, each of these diagonal blocks is a low-rank
update to the identity matrix. This factorization relies
on the Sherman-Morrison-Woodbury formula [32], [46],
[51]. For example, a two-level HODLR matrix described
in equations (13) and (14) can be factorized as:
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where Im is the m⇥m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts

the factorization of a level 3 HODLR matrix.
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Fig. 3. Factorization of a three level HODLR matrix.

It should be noted that a matrix of the form:


In U1V
T
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U2V
T
1 In
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= I2n +


U1 0
0 U2
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is just a low-rank update to the identity matrix. We refer
the readers to [4] for more details on the factorization.
The following section contains pseudo-code describing
the procedure by which the HODLR factorization is
computed.

3.3 Pseudo-code
Insert pseudo-code here.

Algorithm 3.1: A TWO-LEVEL FACTORIZATION(✏)

procedure ASSEMBLY(c)
f  9c/5 + 32

return (U (n)
ij , V

(n)
ij )

procedure INVERSION(all U
(n)
ij , V

(n)
ij )

f  9c/5 + 32
return (f)

main
inversionx lower

while x � upper

do
�

output (x, CELSIUSTOFAHRENHEIT(x))
x x + 1

Fig. 2. A two-level factorization of an HODLR matrix.

The above is merely a description of the structure of
matrices which meet the HODLR requirements, but not a de-
scription of how to actually construct the factorization. There
are two aspects which need to be discussed: (i) constructing
the low-rank approximations of all the off-diagonal blocks, and
(ii) using these low-rank approximations to recursively build a
factorization of the form shown in Figure 2. We now describe
several methods for constructing the low-rank approximations
in the next section.

A. Fast low-rank approximation of off-diagonal blocks
The first key step is to have a computationally efficient

way of obtaining the low-rank factorization of the off-diagonal
blocks. Given any matrix A 2 Rm⇥n, the optimal low-rank
approximation (in the least-squares sense) is obtained using
the singular value decomposition (SVD) [25]. The downside
of using the SVD is that the computational cost of direct
factorizations scales as O(mnr), where r is the numerical rank
of the matrix. In practice, r is obtained on-the-fly such that the
factorization is accurate to some specified precision ✏. For our
algorithm to be computationally tractable, we need a fast low-
rank factorization. More precisely, we need algorithms that
scales at most as O(r2

n) to obtain a rank r factorization of a
n ⇥ n matrix. Thankfully, there has recently been tremendous
progress in obtaining fast low-rank factorizations of matrices.
These techniques can be broadly classified as either analytic
or linear-algebraic techniques.

If the matrix entries are obtained as evaluations from a
smooth function, as is the case for most of the covariance
matrices in Gaussian processes, we can rely on approximation
theory based analytic techniques like interpolation, multipole
expansion, eigenfunction expansion, Taylor series expansions,
etc. to obtain a low-rank decomposition. In particular, if the
matrix elements are given in terms of a smooth function f , as
in the Gaussian process case,

Aij = f(xi, xj), (15)

then polynomial interpolation methods can be used to effi-
ciently approximate the matrix A with near spectral accuracy.
Barycentric interpolation formulae such as those recently
discussed by Townsend and Trefethen and others [58], [59]
serve to effectively factorize A into

A ⇡ EÃP, (16)

where Ã is a matrix obtained by sampling the function f at
suitable chosen nodes, e.g. Chebyshev interpolation nodes.
The matrices E, P are then obtained via straightforward
interpolation formulas. The accuracy of the approximation can

be estimated from spectral analysis of the interpolating Cheby-
shev polynomial, and the approximation can be computed in
O(r max (m, n)) time.

On the other hand, if there is no a-priori information of the
matrix, then linear-algebraic methods provide an attractive way
of computing fast low-rank decompositions. These include
techniques like pseudo-skeletal approximations [26], interpo-
latory decomposition [21], randomized algorithms [23], [41],
[62], rank-revealing LU [44], [48], adaptive cross approxima-
tion [50], [66] (which is a minor variant of partial-pivoted
LU ), and rank-revealing QR [32]. Though purely analytic
techniques can be faster since many operations can be pre-
computed, algebraic techniques are attractive for constructing
black-box low-rank factorizations. The algorithm of this paper
relies on an implementation of approximate partial-pivoted
LU , which we will now discuss.

Briefly, we construct factorizations of off-diagonal blocks
via a partial-pivoted LU decomposition which executes in
O(rn) time. Heuristically, this factorization constructs a series
of rank-one matrices whose sum approximates the original
matrix, i.e. we wish to write

A ⇡

rX

k=1

↵kukvT
k . (17)

The vectors uk, vk are computed from the columns and rows
of A.

The linear complexity is achieved by checking the resulting
approximation against only a sub-sampling of the original ma-
trix. If the underlying matrix (covariance kernel) is sufficiently
smooth, then this sub-sampling error estimation will result in
an approximation which is accurate to near machine precision.
For other matrices or covariance kernels which are highly
oscillatory or contain small-scale structure, this method will
not scale and will likely yield a less-accurate approximation. In
this case, analytic methods are preferable as they will be more
efficient and provide suitable high-accuracy approximations.
We omit a pseudo-code description of this algorithm, as it
is a well-know linear algebra procedure, and instead refer to
Section 2.2, Algorithm 6 of [50].

The next section presents the fast matrix factorization of
the entire covariance matrix once the low-rank decomposition
of the off-diagonal blocks has been obtained using one of the
above mentioned techniques. We offer a concise, but complete
description of the factorization in order to make the exposition
self-contained. For a longer and more detailed discussion of
the material, see [4].

B. HODLR matrix factorization
The overall idea behind the O(n log2

n) factorization of an
n⇥n, -level (where  ⇠ log n) HODLR matrix as described
in [4] is to factor it as a product of  + 1 block diagonal
matrices,

K = K K�1 K�2 · · · K1 K0, (18)

where, except for K, Kk 2 Rn⇥n is a block diagonal matrix
with 2k diagonal blocks, each of size n/2k

⇥ n/2k. More
importantly, each of these diagonal blocks is a low-rank update
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to the identity matrix. The first factor K is formed from dense
block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m

for some integer m. For example, a two-level HODLR matrix
described in equations (13) and (14) can be factorized as:
2
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where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the

factorization of a level 3 HODLR matrix.
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Fig. 3. Factorization of a three level HODLR matrix.

In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV

T

V U
T

A22

�
, (20)

where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:

K =


A11 0
0 A22

� 
In/2 A

�1
11 UV

T

A
�1
22 V U

T
In/2.

�
. (21)

We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:

A1 =

"
A11 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 A22

#

A2 =

"
A33 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 A44

# (23)

This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of

A
�1
1 , A

�1
2 is expensive, and will scale as O(n3

/8). However,
these matrices are of the form:


A UV

T

V U
T

B

�
=


A 0
0 B

�
+


U 0
0 V

� 
0 V

T

U
T 0

�
. (24)

If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
�1

� A
�1

L
�
S

�1 + RA
�1

L
��1

RA
�1

.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the
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to the identity matrix. The first factor K is formed from dense
block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m

for some integer m. For example, a two-level HODLR matrix
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where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the

factorization of a level 3 HODLR matrix.
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In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV

T

V U
T

A22

�
, (20)

where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:

K =


A11 0
0 A22
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11 UV

T
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�1
22 V U

T
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. (21)

We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:

A1 =

"
A11 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 A22

#

A2 =

"
A33 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 A44

# (23)

This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of

A
�1
1 , A

�1
2 is expensive, and will scale as O(n3

/8). However,
these matrices are of the form:


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B
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=
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A 0
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If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
�1

� A
�1

L
�
S

�1 + RA
�1

L
��1

RA
�1

.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the
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Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m
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where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the

factorization of a level 3 HODLR matrix.
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In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV

T

V U
T

A22

�
, (20)

where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:
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We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:
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This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of

A
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2 is expensive, and will scale as O(n3

/8). However,
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If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
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L
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S

�1 + RA
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.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the
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to the identity matrix. The first factor K is formed from dense
block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m

for some integer m. For example, a two-level HODLR matrix
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where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the
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In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV

T

V U
T

A22

�
, (20)

where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:

K =
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We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:
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This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of
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If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
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If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the
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block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m
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where Im is the m ⇥ m identity matrix, and the matrices
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In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV
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V U
T
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where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:
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We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
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This factorization is an indication of how to construct the
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sions required are of n/2
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If the inverses of A, B are known (and they are in this case,
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If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.
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Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
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level (this is a user-defined parameter). Ignoring the diagonal
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where Im is the m ⇥ m identity matrix, and the matrices
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In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:

K =


A11 UV
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where we assume that U , V have been computed using one of
the algorithms of the previous section. Then the only step in
the decomposition is to factor out the terms A11, A22, giving:
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We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:

A1 =

"
A11 U

(2)
1 V

(2)T

1

V
(2)
1 U

(2)T

1 A22

#

A2 =

"
A33 U

(2)
2 V

(2)T

2

V
(2)
2 U

(2)T

2 A44

# (23)

This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of

A
�1
1 , A

�1
2 is expensive, and will scale as O(n3

/8). However,
these matrices are of the form:


A UV

T

V U
T

B

�
=


A 0
0 B

�
+


U 0
0 V

� 
0 V

T

U
T 0

�
. (24)

If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
�1

� A
�1

L
�
S

�1 + RA
�1

L
��1

RA
�1

.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
cross approximation requires O(rn/2j) flops, where r is the

Each matrix is of the form !  
where rank  of U,V is !

(I + UVT)
2r

Cost of applying/inverting/computing 
determinants 
at each level: !  O(nr2)

O(np2)
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to the identity matrix. The first factor K is formed from dense
block diagonal sub-matrices of the original matrix, K. Aside
from straightforward block-matrix algebra, the main tool used
in constructing this factorization is the Sherman-Morrison-
Woodbury formula [36], [53], [61]. To simplify the notation
assume for a moment that K is an n⇥n matrix, where n = 2m

for some integer m. For example, a two-level HODLR matrix
described in equations (13) and (14) can be factorized as:
2
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where Im is the m ⇥ m identity matrix, and the matrices
K̃

(k)
ij are low-rank. Similarly, Figure 3 graphically depicts the

factorization of a level 3 HODLR matrix.
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Fig. 3. Factorization of a three level HODLR matrix.

In the case of a one-level factorization, we can easily write
down the computation. Let the matrix K be:
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the decomposition is to factor out the terms A11, A22, giving:
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We see that the computation involved was to merely apply the
inverse of the dense block diagonal factor to the corresponding
rows in the remaining factor. Furthermore, since the matrix
UV

T was low-rank, so is A
�1
11 UV

T . Unfortunately, a one-
level factorization such as this is still quite expensive: it
required the direct inversion of A11, A22, each of which are
n/2 ⇥ n/2 matrices. The procedure must be done recursively
across log n levels in order to achieve a nearly optimal
algorithm.

Before describing the general scheme, we give the full
two-level factorization using the notation of equations (13)
and (14). The full factorization in this two-level scheme
is given in equation (22) (spanning two columns on the
proceeding page). The matrices A1 and A2 appearing in the
off-diagonal expressions are given by:
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This factorization is an indication of how to construct the
ultimate -level factorization as it only required the direct
construction of the inverse of dense matrices of size n/4⇥n/4.
If this procedure is repeated recursively, the only dense inver-
sions required are of n/2

⇥ n/2 matrices.
At first glance, it may look as though the computation of
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If the inverses of A, B are known (and they are in this case,
they were computed on a finer level), and U , V are low-rank
matrices, then the inverse of the full matrix can be computed
rapidly using the Sherman-Morrison-Woodbury formula:

(A + LSR)�1 = A
�1

� A
�1

L
�
S

�1 + RA
�1

L
��1

RA
�1

.

If S is of small rank, then the inner inverse can be computed
very rapidly.

To summarize, see Figure 4 for rough pseudo-code describ-
ing how to construct a general -level HODLR factorization.
We avoid too much index notation, please see [4] for a full
detailed algorithm.

This pseudo-code computes a factorization of the original
matrix K. We have not yet computed the inverse K

�1. The
inverse can be computed by directly applying the Sherman-
Morrison-Woodbury formula to each term in the factorization

K = K K�1 · · · K1 K0. (25)

Since each term is block diagonal or a block diagonal low-
rank update to the identity matrix, the inverse factorization can
be computed in O(n log n) time.

Before moving on we would like to point out that in the case
where the data points at which the kernel is to be evaluated at
are not approximately uniformly distributed, the performance
of the factorization may suffer, but only slightly. A higher level
of compression could be obtained in the off-diagonal blocks if
the hierarchical tree structure is constructed based on spatial
considerations instead of point count, as is the case with some
kd-tree implementations.

The next section gives a brief estimate of the computational
complexity of constructing a HODLR-type factorization.

C. Computational complexity

Constructing a HODLR-type factorization can be split into
two main steps: (i) computing the low-rank factorization of
all off-diagonal blocks, and (ii) using these low-rank approxi-
mations to recursively factor the matrix into roughly O(log n)
pieces.

For an n⇥n matrix which admits the HODLR structure, as
shown in, Figure 1, there are approximately  ⇡ log2 n/p,
where p is the size of the diagonal block on the finest
level (this is a user-defined parameter). Ignoring the diagonal
blocks, this means there are two blocks of size n/2 ⇥ n/2,
four blocks of size n/4 ⇥ n/4, etc. Finding the low-rank
approximation of an n/2j

⇥ n/2j off-diagonal block using
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.

Full rank; Low rank;

Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:

K =

"
K

(1)
1 U

(1)
1 V

(1)T

1

V
(1)
1 U

(1)T

1 K
(1)
2

#
, (13)

with the diagonal blocks given as
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where the U
(j)
i , V

(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
U

(j)
i , V

(j)
i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.
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environments. Sparsity may also be introduced by the inclu-
sion of data-generating latent variables (related to the state-
space interpretation of Gaussian processes), similar to hidden
Markov models [12], [38], [51].

It should be noted that all of the previous methods for
accelerating Gaussian process calculations involve some sort
of approximation. Depending on the method, either the re-
sulting covariance matrix is approximated (using a low-rank
factorization) or the actual covariance kernel is approximated
(using a low-rank representation, or by approximating the
actual Gaussian process by a finite-rank chain, as in the
case of the state-space models). In each case, the analysis of
the approximating Gaussian process is different because the
approximation take place at different levels in the mathematics.
Our accelerated direct method, which is described in the next
section, makes an approximation at the level of the covariance
matrix. This is akin to viewing the covariance matrix as a
continuous linear operator, and not an arbitrary data matrix.
Often this approximation is negligible as it is near to machine
precision in finite digit arithmetic.

Lastly, the evaluation of determinants is a somewhat dif-
ferent matter. Most of the previously described accelerated
approximations in this section are unable to evaluate the
determinant in less than O(n3) time since this is equiva-
lent to constructing some matrix factorization or all of the
eigenvalues. Taylor series approximations [47] and Monte
Carlo methods have been suggested [9], as well as conjugate
gradient-type methods combined with trace estimators [17].
For additional approximation methods, see the text [49]. In
general, however, it is difficult to obtain accurate values for
the determinant in a robust and reliable manner. Thus, the
development of a fast, accurate, and direct method is critical
in making large-scale Gaussian process modeling useful for
for exact inference problems.

III. HIERARCHICAL MATRICES

A large class of dense matrices, for example, matrices
arising out of boundary integral equations [65], radial basis
function interpolation [4], kernel density estimation in machine
learning, and covariance matrices in statistics and Bayesian
inversion [5], [6], can be efficiently represented as data-sparse
hierarchical matrices. After a suitable ordering of columns and
rows, these matrices can be recursively sub-divided and certain
sub-matrices at each level can be well-represented by low-rank
matrices.

We refer the readers to [2], [10], [14], [15], [27], [33]–
[35] for more details on this approach. Depending on the
subdivision structure and low-rank approximation technique,
different hierarchical decompositions exist. For instance, the
fast multipole method [31] accelerates the calculation of long-
range gravitational forces for n-body problems by hierarchi-
cally compressing the associated matrix operator using low-
rank considerations. The algorithm of this paper makes use
of sorting data points according to a kd-tree, which has the
same formalism in arbitrary dimension. The data is sorted
recursively, one dimension at a time, yielding a data structure
which can be searched in at most O(n) time, and often much

faster. Once the sorting is completed, the data points can be
globally re-ordered according to, for example, a Z-order or
Z-curve. It is this ordering which generates a correspondence
between individual data points and matrix columns and rows.
Based on the particular covariance kernel and the data structure
used (an adaptive versus a uniform sorting), the resulting
algorithm will perform slightly differently, but with the same
asymptotic scaling.

In this article, we will be working with the class of hier-
archical matrices known as Hierarchical Off-Diagonal Low-
Rank (HODLR) matrices [4], though the ideas extend for
other classes of hierarchical matrices as well. As the name
suggests, this class of matrices has off-diagonal blocks that
are efficiently represented in a recursive fashion. A graphical
representation of this class of matrices is shown in Figure 1.
Each block represents the same matrix, but viewed on different
hierarchical scales to show the particular rank structure.
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Fig. 1. The same HODLR matrix at different levels.

We first give an example of a simple two-level decom-
position for real symmetric matrices, and then describe the
arbitrary-level case in more detail. In a slight abuse of notation,
in order to be consistent with previous sources describing
HODLR matrices, we will refer to the decomposition of a
matrix K, which is not necessarily the same K as previ-
ously mentioned in the covariance matrix case, namely in
C = I + K.

Algebraically, a real symmetric matrix K 2 Rn⇥n is termed
a two-level HODLR matrix, if it can be written as:
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where the U
(j)
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(j)
i matrices are n/2j

⇥ r matrices and
r ⌧ n. In practice, the rank of the U , V matrices will fluctuate
slightly based on the desired accuracy of the approximation. In
general, all off diagonal blocks of all factors on all levels can
be well-represented by a low-rank matrix, i.e., on each level,
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i are tall and thin matrices. It is easy to show that

the matrix structure given in equations (13) and (14) can be
manipulated to provide a factorization of the original matrix as
a product of matrices, one of which is block-diagonally dense,
and the rest of which are block-diagonal low-rank updates to
the identity matrix. This is shown in Figure 2.
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(2)
i , V

(2)
j are low-rank matrices.

– Full-rank; – Low-rank

Fig. 2.2. The figure shows the FMM matrix based on a binary tree, where the points lie on an interval with the natural

ordering in 1D. Left: Level 2; Middle: Level 3; Right: Level 4. The figures do not reveal the nested low-rank structure. The

row and column basis of the low-rank matrices at a level in the tree can be constructed from the row and column basis of the

low-rank matrices of its children.

term sparse matrix in the conventional sense; i.e., a matrix primarily populated with zeros. This
should not be confused with data-sparsity, i.e., a matrix with low-rank sub-blocks.)

• The second key ingredient is that, when performing the elimination of unknowns in the extended
sparse linear system, the interaction between the unknowns corresponding to the well-separated
clusters at all stages in the elimination process can be e�ciently compressed as low-rank, which is
validated in Tables 3.1 and 3.2 for di↵erent kernel functions.
This implies, after an appropriate ordering of equations and unknowns, while we perform the elimi-
nation, the fill-in that occurs in the elimination process corresponding to well-separated clusters can
be compressed and e�ciently represented as a low-rank matrix. As shown in Section 4, the ordering
of the equations and the unknowns in the extended sparser matrix is strongly related to the local
and multipole coe�cients in the fast multipole method, which is di↵erent from the one obtained

The Inverse Fast Multipole Method 5

– Full-rank; – Low-rank

Fig. 2.3. The figure shows the FMM matrix based on a quad tree, where the points lie on a 2D manifold homeomorphic

to a square with Morton ordering/ Z-ordering. Left: Level 2; Right: Level 3. The figure on the right does not reveal the nested

low-rank structure present in the matrix. The row and column basis of the low-rank matrices at level 2 in the tree can be

constructed from the row and column basis of the low-rank matrices of its children at level 3.

Cluster 1 Cluster 2 Cluster 3

G12

G13

G23

G22

Fig. 3.1. The relevant interactions along a 1D manifold for Table 3.1. N denotes the number of particles in each cluster.

Cluster 1 Cluster 2 Cluster 3

G12
G13

G23

G22

Fig. 3.2. The relevant interactions along a 2D manifold for Table 3.2. N denotes the number of particles in each cluster.

using the nested dissection approach.

Before discussing our algorithm, we present a brief discussion of previous works in this direction and
our new contribution. The idea of extended sparsification has been considered before in the article by
Chandrasekaran et al. [22], though only in the context of HSS matrices, which are strict sub-class of H2

matrices, i.e., has the additional constraint that the interaction between all (not just the “well-separated
clusters”) are low-rank. The algorithm for HSS matrices is fairly easier since in the elimination process
there are no new fill-ins. However, hierarchically semi-separable matrices are restricted to one-dimensional
applications. In our approach, we deal with the larger class of FMM matrices, which model a large class of
hierarchical matrices in all dimensions.

FMM/ℋ2 matrices
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where 1 Æ i Æ 2k and 0 Æ k < Ÿ, denoted as K(k)
i

, can be written as

K(k)
i

=

S

U K(k+1)
2i≠1 U (k+1)

2i≠1 K(k+1)
2i≠1,2i

V (k+1)T

2i

U (k+1)
2i

K(k+1)
2i,2i≠1V (k+1)T

2i≠1 K(k+1)
2i

T

V . (3.3)

The operators K(k+1)
2i≠1,2i

and K(k+1)
2i,2i≠1 are the interaction operators, U (k+1)

2i≠1 , U (k+1)
2i

are the
interpolation operators and V (k+1)

2i≠1 , V (k+1)
2i

are the anterpolation operators. The maximum
number of levels, in case of a perfectly balanced HODLR tree, is given by Ÿ =

%
log2(N/2r)

&
.

A pictorial description of the HODLR-matrix, corresponding to the binary tree in Figure 3.2,

(a) Level 0 (b) Level 1 (c) Level 2

Figure 3.3: HODLR-matrix at di�erent levels for the corresponding tree in Figure 3.2.

is shown in Figure 3.3.

3.2 HSS matrix

The HSS matrix is a sub-class of the HODLR matrix with the additional property that the
low-rank basis for the interaction of a node with its siblings can be constructed from the
low-rank basis of the interaction of its children.

The recursive hierarchical structure of the HSS representation is seen when we consider
a 4 ◊ 4 block partitioning of a HSS matrix, K. The two-level HSS representation is shown

HODLR/HSS matrices

Butterfly/FFT matrices



�(`) = B(`)⇣(`), 2  ` < L, (2.11d)

�(L) = U (L)⇣(L), (2.11e)

u(ad) = A(ad)v. (2.11f)

ℓ = #
ℓ = # − %

Adjacent

ℓ = &

Reshape

Reshape

LCK-linear
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sum

Reshape
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sum

LCR-linear

LCK-linear

LCI-linear

Replicate

sum
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LCR-linear

LCK-linear

LCI-linear

LCR-linear

LCK-linear

LCI-linear

Reshape

Figure 5: Neural network architecture for the matrix-vector multiplication of H2-matrices.

Following Property 1.1 and the definition of LCR, we can directly represent (2.11a) as

(2.11a) ) ⇠(L) = LCR[linear;N, 1, 2L, r](v). (2.12)

Here we note that the output of LCR is a 2-tensor, so we should reshape it to a vector. In the next step,
when applying other operations, it is reshaped back to a 2-tensor with same size. These operations usually
do not produce any e↵ect on the whole pipeline, so they are omitted in the following discussion. Similarly,
since all of V (L), B(`) and C(`) are block diagonal matrices (Property 1.1 and Property 1.2),

(2.11b) ) ⇠(`) = LCR[linear; 2`+1, r, 2`, r](⇠(`+1)),

(2.11d) ) �(`) = LCI[linear; 2`, r, 2r](⇣(`)),

(2.11e) ) �(L) = LCI[linear; 2L, r,m](⇣(`)).

(2.13)

Analogously, using Property 1.3, Property 1.4 and the definition of LCK,

(2.11c) ) ⇣(`) = LCK[linear; 2`, r, r, 2n(`)
b + 1](⇠(`)),

(2.11f) ) u(ad) = LCK[linear; 2L,m,m, 2n(ad)
b + 1](v).

(2.14)

Combining (2.12), (2.13) and (2.14) and adding necessary Reshape, we can now translate Algorithm 1 to
a neural network representation of the matrix-vector multiplication of H2-matrices in Algorithm 2, which is
illustrated in Fig. 5.

7

Other applications - Neural networks
A multiscale neural network based on hierarchical nested bases

Yuwei Fan⇤, Jordi Feliu-Fabà†, Lin Lin‡, Lexing Ying§, Leonardo Zepeda-Núñez¶

Abstract

In recent years, deep learning has led to impressive results in many fields. In this paper, we introduce a
multi-scale artificial neural network for high-dimensional non-linear maps based on the idea of hierarchical
nested bases in the fast multipole method and the H

2-matrices. This approach allows us to e�ciently
approximate discretized nonlinear maps arising from partial di↵erential equations or integral equations.
It also naturally extends our recent work based on the generalization of hierarchical matrices [Fan et
al. arXiv:1807.01883] but with a reduced number of parameters. In particular, the number of parameters
of the neural network grows linearly with the dimension of the parameter space of the discretized PDE.
We demonstrate the properties of the architecture by approximating the solution maps of non-linear
Schrödinger equation, the radiative transfer equation, and the Kohn-Sham map.

Keywords: Hierarchical nested bases; fast multipole method; H
2-matrix; nonlinear mappings; artificial

neural network; locally connected neural network; convolutional neural network.

1 Introduction

In recent years, deep learning and more specifically deep artificial neural networks have received ever-
increasing attention from the scientific community. Coupled with a significant increase in the computer power
and the availability of massive datasets, artificial neural networks have fueled several breakthroughs across
many fields, ranging from classical machine learning applications such as object recognition [32, 38, 52, 56],
speech recognition [24], natural language processing [49, 53] or text classification [61] to more modern do-
mains such as language translation [55], drug discovery [39], genomics [34, 63], game playing [51], among
many others. For a more extensive review of deep learning, we point the reader to [33, 50, 18].

Recently, neural networks have also been employed to solve challenging problems in numerical analysis
and scientific computing [3, 6, 7, 10, 11, 15, 27, 42, 45, 48, 54]. While a fully connected neural network
can be theoretically used to approximate very general mappings [14, 26, 28, 41], it may also lead to a
prohibitively large number of parameters, resulting in extremely long training stages and overwhelming
memory footprints. Therefore, it is often necessary to incorporate existing knowledge of the underlying
structure of the problem into the design of the network architecture. One promising and general strategy is
to build neural networks based on a multiscale decomposition [17, 35, 62]. The general idea, often used in
image processing [4, 9, 12, 37, 47, 60], is to learn increasingly coarse-grained features of a complex problem
across di↵erent layers of the network structure, so that the number of parameters in each layer can be
e↵ectively controlled.

In this paper, we aim at employing neural networks to e↵ectively approximate non-linear maps of the
form

u = M(v), u, v 2 ⌦ ⇢ Rn. (1.1)

⇤
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†
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Algorithm 1 Application of H2-matrices on a vector v 2 RN .

1: u(ad) = A(ad)v;
2: ⇠(L) = (V (L))T v;
3: for ` from L� 1 to 2 by �1 do
4: ⇠(`) = (C(`))T ⇠(`+1);
5: end for
6: for ` from 2 to L do
7: ⇣(`) = M (`)⇠(`);
8: end for

9: � = 0;
10: for ` from 2 to L� 1 do
11: � = �+ ⇣(`);
12: � = B(`)�;
13: end for
14: � = �+ ⇣(L);
15: � = U (L)�;
16: u = �+ u(ad);

2. B(`)
and C(`)

, ` = 2, · · · , L� 1 are block diagonal matrices with block size 2r ⇥ r;

3. M (`)
, ` = 2, · · · , L are block cyclic band matrices with block size r ⇥ r and band size n(`)

b , which is 2
for ` = 2 and 3 for ` > 2;

4. A(ad)
is a block cyclic band matrix with block size m⇥m with band size n(ad)

b = 1.

2.2 Matrix-vector multiplication as a neural network

We represent the matrix-vector multiplication (2.8) using the framework of neural networks. We first intro-
duce our main tool — locally connected network — in Section 2.2.1 and then present the neural network
representation of (2.8) in Section 2.2.2.

2.2.1 Locally connected network

In order to simplify the notation, let us present the 1D case as an example. In this setup, an NN layer can
be represented by a 2-tensor with size ↵ ⇥ Nx, where ↵ is called the channel dimension and Nx is usually
called the spatial dimension. A locally connected network is a type of mapping between two adjacent layers,
where the output of each neuron depends only locally on the input. If a layer ⇠ with size ↵⇥Nx is connected
to a layer ⇣ with size ↵0

⇥N 0

x by a locally connected (LC) network, then

⇣c0,i = �

0

@
(i�1)s+wX

j=(i�1)s+1

↵X

c=1

Wc0,c;i,j⇠c,j + bc0,i

1

A , i = 1, . . . , N 0

x, c0 = 1, . . . ,↵0, (2.9)

where � is a pre-specified function, called activation, usually chosen to be e.g. a linear function, a rectified-
linear unit (ReLU) function or a sigmoid function. The parameters w and s are called the kernel window

size and stride, respectively. Fig. 3 presents a sample of the LC network. Furthermore, we call the layer ⇣
locally connected layer (LC layer) hereafter.

!"

!"#

$

%

(a) ↵ = ↵0
= 1

&

&#

(b) ↵ = 2, ↵0
= 3

Figure 3: Sample of LC network with Nx = 12, s = 2, w = 4 and N 0

x = 5.

In (2.9) the LC network is represented using tensor notation; however, we can reshape ⇣ and ⇠ to a vector
by column major indexing and W to a matrix and write (2.9) into a matrix-vector form as

⇣ = �(W ⇠ + b). (2.10)
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A multiscale neural network based on hierarchical matrices

Yuwei Fan⇤, Lin Lin†, Lexing Ying‡, Leonardo Zepeda-Núñez§

Abstract

In this work we introduce a new multiscale artificial neural network based on the structure
of H-matrices. This network generalizes the latter to the nonlinear case by introducing a local
deep neural network at each spatial scale. Numerical results indicate that the network is able
to e�ciently approximate discrete nonlinear maps obtained from discretized nonlinear partial
di↵erential equations, such as those arising from nonlinear Schrödinger equations and the Kohn-
Sham density functional theory.

Keywords: H-matrix; multiscale neural network; locally connected neural network; convolutional
neural network

1 Introduction

In the past decades, there has been a great combined e↵ort in developing e�cient algorithms to
solve linear problems issued from discretization of integral equations (IEs), and partial di↵erential
equations (PDEs). In particular, multiscale methods such as multi-grid methods [10], the fast mul-
tipole method [21], wavelets [45], and hierarchical matrices [9, 24], have been strikingly successful
in reducing the complexity for solving such systems. In several cases, for operators of pseudo-
di↵erential type, these algorithms can achieve linear or quasi-linear complexity. In a nutshell, these
methods aim to use the inherent multiscale structure of the underlying physical problem to build
e�cient representations at each scale, thus compressing the information contained in the system.
The gains in complexity stem mainly from processing information at each scale, and merging it in
a hierarchical fashion.

Even though these techniques have been extensively applied to linear problems with outstanding
success, their application to nonlinear problems has been, to the best of our knowledge, very
limited. This is due to the high complexity of the solution maps. In particular, building a global
approximation of such maps would normally require an extremely large amount of parameters,
which in return, is often translated to algorithms with a prohibitive computational cost. The
development of algorithms and heuristics to reduce the cost is an area of active research [6, 18, 19, 22,
44]. However, in general, each method is application-dependent, and requires a deep understanding
of the underlying physics.

⇤Department of Mathematics, Stanford University, Stanford, CA 94305, email: ywfan@stanford.edu
†Department of Mathematics, University of California, Berkeley, and Computational Research Division, Lawrence

Berkeley National Laboratory, Berkeley, CA 94720, email: linlin@math.berkeley.edu
‡Department of Mathematics and Institute for Computational and Mathematical Engineering, Stanford University,
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Using ℋ2 in layers of locally connected networks

Using ℋ in layers of locally connected networks

Affords fewer number of parameters 
in Neural net representation and 
fast application of the forward 
network



Software

https://github.com/sivaramambikasaran/HODLRhttps://github.com/klho/FLAM

http://www.hlib.org http://dfm.io/george/current/



More resources

https://github.com/ChenhanYu/hmlp/wiki/
Introduction-to-GOFMM

https://github.com/victorminden/GPMLE

https://github.com/fastalgorithms/libid

https://github.com/danspielman/Laplacians.jl



More resources

• Video lectures by Gunnar - https://www.youtube.com/playlist?
list=PLPDZ9rcIfxyOrlpcu_D1PRcyK-o2iofwW 

• Excellent review article on randomized methods for low rank approximations - 
Finding structure with randomness: Probabilistic algorithms for constructing 
approximate matrix decompositions: https://arxiv.org/pdf/0909.4061.pdf 

• Some of the illustrations courtesy: Sivaram Ambikasaran, Dan Foreman Mackey, 
David Hogg, Mike O’Neil, Per-Gunnar Martinsson, Ken Ho, Lesliie Greengard, Lexing 
Ying, Adrianna Gillman 

https://arxiv.org/pdf/0909.4061.pdf
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