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Nonnegative Matrix Factorization

Given a matrix X ∈ Rp×n
+ and a factorization rank r � min(p, n), find

W ∈ Rp×r
+ and H ∈ Rr×n

+ such that

min
W≥0,H≥0

f (W ,H) with1 f = ‖X −WH‖2
F =

∑
i ,j

(X −WH)2
ij . (NMF)

NMF is a linear dimensionality reduction technique for nonnegative data:

X (:, i)︸ ︷︷ ︸
≥0

≈
r∑

k=1

W (:, k)︸ ︷︷ ︸
≥0

H(k , i)︸ ︷︷ ︸
≥0

∀i .

Why nonnegativity?

1or another β-divergence Dβ(X |Y ) =
∑

ij
1

β(β−1)

(
Xβ

ij + (β − 1)Y β
ij − βXijY

β−1
ij

)
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Application 1: Image Processing

W ≥ 0 constraints the basis elements to be nonnegative.
Moreover H ≥ 0 imposes an additive reconstruction.

Application 1: image processing

U ≥ 0 constraints the basis elements to be nonnegative.

Moreover V ≥ 0 imposes an additive reconstruction.

The basis elements extract facial features such as eyes, nose and lips.

LIDS Recent Advances in NMF 4

Each column of X represents an image, i.e. a vector of intensities.
Each entry Xij is the intensity of pixel i in image j .

The basis elements
extract facial features such as eyes, nose and lips.

X
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Application 1: Image Processing
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PCA constrains the columns of W to be orthonormal and the
rows of H to be orthogonal to each other. This relaxes the unary
constraint of VQ, allowing a distributed representation in which
each face is approximated by a linear combination of all the basis
images, or eigenfaces6. A distributed encoding of a particular face is
shown next to the eigenfaces in Fig. 1. Although eigenfaces have a
statistical interpretation as the directions of largest variance, many
of them do not have an obvious visual interpretation. This is
because PCA allows the entries of W and H to be of arbitrary sign.
As the eigenfaces are used in linear combinations that generally
involve complex cancellations between positive and negative
numbers, many individual eigenfaces lack intuitive meaning.

NMF does not allow negative entries in the matrix factors W and
H. Unlike the unary constraint of VQ, these non-negativity con-
straints permit the combination of multiple basis images to repre-
sent a face. But only additive combinations are allowed, because the
non-zero elements of W and H are all positive. In contrast to PCA,
no subtractions can occur. For these reasons, the non-negativity
constraints are compatible with the intuitive notion of combining
parts to form a whole, which is how NMF learns a parts-based
representation.

As can be seen from Fig. 1, the NMF basis and encodings contain
a large fraction of vanishing coefficients, so both the basis images
and image encodings are sparse. The basis images are sparse because
they are non-global and contain several versions of mouths, noses
and other facial parts, where the various versions are in different
locations or forms. The variability of a whole face is generated by
combining these different parts. Although all parts are used by at

least one face, any given face does not use all the available parts. This
results in a sparsely distributed image encoding, in contrast to the
unary encoding of VQ and the fully distributed PCA encoding7–9.

We implemented NMF with the update rules for Wand H given in
Fig. 2. Iteration of these update rules converges to a local maximum
of the objective function

F ¼ !
n

i¼1
!

m

m¼1

½VimlogðWHÞim ! ðWHÞimÿ ð2Þ

subject to the non-negativity constraints described above. This
objective function can be derived by interpreting NMF as a
method for constructing a probabilistic model of image generation.
In this model, an image pixel Vim is generated by adding Poisson
noise to the product (WH)im. The objective function in equation (2)
is then related to the likelihood of generating the images in V from
the basis W and encodings H.

The exact form of the objective function is not as crucial as the
non-negativity constraints for the success of NMF in learning parts.
A squared error objective function can be optimized with update
rules for W and H different from those in Fig. 2 (refs 10, 11). These
update rules yield results similar to those shown in Fig. 1, but have
the technical disadvantage of requiring the adjustment of a parameter
controlling the learning rate. This parameter is generally adjusted
through trial and error, which can be a time-consuming process if
the matrix V is very large. Therefore, the update rules described in
Fig. 2 may be advantageous for applications involving large data-
bases.

VQ

× =

NMF

=×

PCA

=×

Original Figure 1 Non-negative matrix factorization (NMF) learns a parts-based representation of
faces, whereas vector quantization (VQ) and principal components analysis (PCA) learn
holistic representations. The three learning methods were applied to a database of
m ¼ 2;429 facial images, each consisting of n ¼ 19 " 19 pixels, and constituting an
n " m matrix V. All three find approximate factorizations of the form V " WH, but with
three different types of constraints on W and H, as described more fully in the main text
and methods. As shown in the 7 " 7 montages, each method has learned a set of
r ¼ 49 basis images. Positive values are illustrated with black pixels and negative values
with red pixels. A particular instance of a face, shown at top right, is approximately
represented by a linear superposition of basis images. The coefficients of the linear
superposition are shown next to each montage, in a 7 " 7 grid, and the resulting
superpositions are shown on the other side of the equality sign. Unlike VQ and PCA, NMF
learns to represent faces with a set of basis images resembling parts of faces.
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NMF learns parts-based
representation

PCA and vector quantization (VQ)
learn holistic representations

• PCA: ‘eigenfaces’

• VQ: prototypes

[Lee and Seung, 1999]



Application 2: Text MiningApplication 2: text mining

� Basis elements allow to recover the different topics;

� Weights allow to assign each text to its corresponding topics.

LIDS Recent Advances in NMF 5

Each column of X represents a document, i.e. a vector of word counts.
Each entry Xij is the number of times word i appears in document j .

Weights allow to assign each text to its corresponding topics.

X
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Application 3: Calcium Imaging of Neuronal Populations

X =

Figure 1. Processing pipeline of CAIMAN for calcium imaging data. (a) The typical pre-processing steps include (i) correction for motion artifacts, (ii)

extraction of the spatial footprints and fluorescence traces of the imaged components, and (iii) deconvolution of the neural activity from the

fluorescence traces. (b) Time average of 2000 frames from a two-photon microscopy dataset (left) and magnified illustration of three overlapping

neurons (right), as detected by the CNMF algorithm. (c) Denoised temporal components of the three neurons in (b) as extracted by CNMF and

Figure 1 continued on next page

Giovannucci et al. eLife 2019;8:e38173. DOI: https://doi.org/10.7554/eLife.38173 3 of 45

Tools and resources Neuroscience

+ E = WH + E

Click!
W ∈ Rp×r

+ spatial matrix
H ∈ Rr×n

+ temporal matrix
E ∼ N (0,diag(σ)) noise
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n

Basis elements extract neural footprints.
Weights extract (convolved) neural activity.
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Standard NMF Framework: Block Coordinate Descent

min
W≥0,H≥0

‖X −WH‖2
F . (NMF)

• NMF is NP-hard [Vavasis, 2009].

• NMF is non-convex. However, it is bi-convex.

Two-Block Coordinate Descent – Framework of most NMF Algs

Initialize (W ,H). Then, alternatively update W and H:

Update W ≈ arg minW≥0 ‖X −WH‖2
F . (NNLS)

Update H ≈ arg minH≥0 ‖X −WH‖2
F . (NNLS)

First-order optimality conditions for stationary points

W ≥ 0, ∇W f = WHH> − XH> ≥ 0, W ◦ ∇W f = 0,

H ≥ 0, ∇H f = W>WH −W>X ≥ 0, H ◦ ∇H f = 0,
(KKT)
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Multiplicative Updates

Multiplicative Updates

W ←W ◦ XH>

WHH>
, H ← H ◦ W>X

W>WH
(MU)

• The objective ‖X −WH‖ is non increasing under the update rules.

• Converge relatively slowly.

• Not guaranteed to converge to a stationary point, may get “stuck”
at zero.
Fix: reinitialize zero entries to a small positive constant when their
partial derivatives become negative.

[Lee and Seung, 1999, Lee and Seung, 2001]
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Hierarchical Alternating Least Squares
Exact coordinate descent method, updating one column of W at a time.
W:,k ← arg minW:,k≥0 ‖X −

∑
j 6=k W:,jHj ,: −W:,kHk,:‖2

F

Hierarchical Alternating Least Squares

W:,k ←
[
W:,k +

(XH>):,k − (WHH>):,k

(HH>)kk

]
+

Hk,: ←
[
Hk,: +

(W>X )k,: − (W>WH)k,:
(W>W )kk

]
+

(HALS)

• Be smart with the order of matrix-products: WHH> = W (HH>).

• Converges much faster than the MU.
• Update order W:,1, ...,W:,r ,H1,:, ...,Hr ,: is more efficient than
W:,1,H1,:, ...,W:,r ,Hr ,: (sped up further by updating each factor several times).

• Guaranteed to converge to a stationary point (under mild assumptions).
• Be careful when initializing otherwise the algorithm could set some

columns of W to zero initially.

[Cichocki and Phan, 2009]
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Comparison
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Left: CBCL Faces: n = 2429, p = 361, r = 49, dense
Right: 20 newsgroups: n = 6019, p = 11314, r = 20, sparse



Regularized NMF

min
W≥0,H≥0

1
2‖X−WH‖2

F +αW
2 ‖W ‖2

F +αH
2 ‖H‖2

F +βW
∑

ij |Wij |+βH
∑

ij |Hij |

Hierarchical Alternating Least Squares

W:,k ←
[
W:,k(HH>)kk + (XH>):,k − (WHH>):,k − βW 1

(HH>)kk + αW

]
+

Hk,: ←
[
Hk,:(W

>W )kk + (W>X )k,: − (W>WH)k,: − βH1

(W>W )kk + αH

]
+

(HALS)

• L1 regularization corresponds to decrease of the numerator,
⇔ decrease of each element of XH> and W>X .

• L2 regularization corresponds to increase of the denominator,
⇔ increase of the diagonal of HH> and W>W .



Implementation issues
Initialization

• random; scale by α∗ = arg minα ‖X − αWH‖F = 〈XH>,W 〉
〈W>W ,HH>〉

• SVD: replace each rank-one factor in
∑r

k=1 ukv>k with either

[uk ]+[v>k ]+ or [−uk ]+[−v>k ]+, selecting the one with larger norm.

• use domain knowledge

Stopping Criterion

• f (W (i−1),H(i−1))− f (W (i),H(i)) < ε

Difference may become small before a local minimum is achieved.

• Def. proj. grad.: (∇p
W f )ij :=

min(0, (∇W f )ij) if Wij = 0

(∇W f )ij otherwise

KKT conditions ⇔ ∇p
W f = 0 and ∇p

H f = 0
∆(i)
∆(0) < ε with ∆(i) :=

√
‖∇p

W f (i)‖2
F + ‖∇p

H f
(i)‖2

F
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Online NMF
W:,k ←

[
W:,k +

(XH>):,k−(WHH>):,k

(HH>)kk

]
+
, Hk,: ←

[
Hk,: +

(W>X )k,:−(W>WH)k,:

(W>W )kk

]
+

Keep track of sufficient statistics A = XH>, B = HH>

• Observe next data point x := X:,n+1

• Obtain h := H:,n+1 using current value of W (and warm starts)

repeat until convergence:

for k = 1 to r do: hk ←
[
hk + (W>x)k−(W>Wh)k

(W>W )kk

]
+

• Update sufficient statistics: A← A + xh>, B = B + hh>

• Update basis elements W using sufficient statistics and warm starts

repeat until convergence:

for k = 1 to r do: W:,k ←
[
W:,k +

A:,k−WB:,k

Bkk

]
+

• Converges (almost surely) to a stationary point of the objective

function.

[Mairal et al., 2010]
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Take away messages

• NMF produces interpretable, sparse, parts-based

representations.

• NMF is difficult to solve (NP-hard).

• Use HALS, which beats MU. (default in scikit-learn)

• Be aware of non-convexity; initialize smartly.

• Use online NMF formulation for large or streaming data.
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