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The Why — NMF Generates Sparse and Meaningful Features
The How — Some Algorithms
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Nonnegative Matrix Factorization

Given a matrix X € R?*" and a factorization rank r < min(p, n), find
W e RE*" and H € R*" such that

in f(W,H ith! f=|X—-WH|%= X — WH)2. (NMF
Wzn(]J!p/zo( yH) it | 7 %:( )i ( )

Yor another S-divergence Ds(X|Y) = P 36D 5 0 (X’e +(B-1)Y’ = i f{i%o,\l
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Nonnegative Matrix Factorization

Given a matrix X € R?*" and a factorization rank r < min(p, n), find
W e RE*" and H € R*" such that

in f(W,H ith! f=|X—-WH|%= X — WH)2. (NMF
Wzn(]J!p/zo( yH) it | 7 %:( )i ( )

NMF is a linear dimensionality reduction technique for nonnegative data:

~ > W(, k) H(k,i) Vi

>0 k=1 3o >0

Why nonnegativity?

Yor another S-divergence Ds(X|Y) = P 35D 5 0 (X’e +(B-1)Y’ = i f{i%o,\l
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Application 1: Image Processing

Each column of X represents an image, i.e. a vector of intensities.

Each entry Xj; is the intensity of pixel / in image j. ﬁ- FLATIRON
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Application 1: Image Processing

W > 0 constraints the basis elements to be nonnegative.
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Application 1: Image Processing

W > 0 constraints the basis elements to be nonnegative.
Moreover H > 0 imposes an additive reconstruction.

Weights to reconstruct
each face.

T3

The basis elements extract facial features such as eyes, nose_ar?:(li_/ii S
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Application 1: Image Processing

Original

NMF learns parts-based
representation

PCA and vector quantization (VQ)
learn holistic representations

e PCA: ‘eigenfaces’

e VQ: prototypes

[Lee and Seung, 1999]
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Application 2: Text Mining

I
Dictionary

Each column of X represents a document, i.e. a vector of word counts.
Each entry Xj; is the number of times word i appears in document ;.
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Application 2: Text Mining

x
I
Dictionary
%
I

) /A

Sets of words found simultaneously in different texts

The basis elements allow to recover the different topics.
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Application 2: Text Mining

x
I
Dictionary
%

) /

Weigths to reconstruct
each text

{

Sets of words found simultaneously in different texts

The basis elements allow to recover the different topics.
Weights allow to assign each text to its corresponding topics.
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Application 3: Calcium Imaging of Neuronal Populations

Frames Component 1 Component 2 Neuropil
W e R spatial matrix
H e RX" temporal matrix
] E ~ N(O dlag( ) noise

Neuron

1 O A
T Oy T
. . g Ee of B TR
Basis elements extract neural-feotprints,
—— VVeights extract (convolved) neural activity.
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The How — Some Algorithms
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Standard NMF Framework: Block Coordinate Descent

H o 2
wnin X — WH|%. (NMF)

e NMF is NP-hard [Vavasis, 2009].
e NMF is non-convex. However, it is bi-convex.
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Standard NMF Framework: Block Coordinate Descent

H . 2
wnin X — WH|%. (NMF)

e NMF is NP-hard [Vavasis, 2009].
e NMF is non-convex. However, it is bi-convex.

Initialize (W, H). Then, alternatively update W and H:
Update W ~ arg miny>o || X — WH||%. (NNLS)
Update H ~ arg minysg [| X — WH||2. (NNLS)
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Standard NMF Framework: Block Coordinate Descent

H o 2
wnin X — WH|%. (NMF)

e NMF is NP-hard [Vavasis, 2009].
e NMF is non-convex. However, it is bi-convex.

Initialize (W, H). Then, alternatively update W and H:
Update W ~ arg miny>o || X — WH||%. (NNLS)
Update H ~ arg minysg [| X — WH||2. (NNLS)

W >0, Vwf=WHH" —XH" >0, WoVyf=0,
H>0, Vuyf=W'WH-W'X>0, HoVyf=0,

L]

(KKT)




Multiplicative Updates

[Lee and Seung, 1999, Lee and Seung, 2001]
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Multiplicative Updates

T T
W Wo b fe Ho X (MU)

WHHT’ WTWH

e The objective || X — WH)|| is non increasing under the update rules.

e Converge relatively slowly.

[Lee and Seung, 1999, Lee and Seung, 2001]
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Multiplicative Updates

T T
W Wo b fe Ho X (MU)

WHHT’ WTWH

e The objective || X — WH)|| is non increasing under the update rules.
e Converge relatively slowly.

e Not guaranteed to converge to a stationary point, may get “stuck”
at zero.

Fix: reinitialize zero entries to a small positive constant when their
partial derivatives become negative.

[Lee and Seung, 1999, Lee and Seung, 2001]
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Hierarchical Alternating Least Squares
Exact coordinate descent method, updating one column of W at a time.
Wk < argminw, >0 [|X — 30, W jH; — WokHi |1

(XHT). ) — (WHHT);,k]
(HHT ) e .

WTX),. — (WTWH)k,;]
N

W+ |:VV:,k +

(HALS)

(
Hy,: < |:Hk,: + (W Wik

= FLATIRQN
[Cichocki and Blan, 2009] =



Hierarchical Alternating Least Squares
Exact coordinate descent method, updating one column of W at a time.
Wk < argminw, >0 [|X — 30, W jH; — WokHi |1

(XHT)., — (WHHT):,k}
(HHT)kk +

WTX)e. — (WTWH)k,;]
.

W+ |:VV:,k +
(HALS)

(
Hy,. +— |:Hk,: + (W Wik

o Be smart with the order of matrix-products: WHH" = W(HH™).
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Hierarchical Alternating Least Squares
Exact coordinate descent method, updating one column of W at a time.
Wk < argminw, >0 [|X — 30, W jH; — WokHi |1

T T
o [y OH L (T,
(HH ) .
(HALS)
(WX — (WTWH),..
Hk: <~ Hk :+ v T =
) s (W W)kk N

o Be smart with the order of matrix-products: WHH" = W(HH™).
e Converges much faster than the MU.

e Update order W. 1, ..., W. ,, Hy ., ..., H, . is more efficient than
VV;,]_, H]_’;, ceny VV:J, Hr’; (sped up further by updating each factor several times).
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Hierarchical Alternating Least Squares
Exact coordinate descent method, updating one column of W at a time.
Wk < argminw, >0 [|X — 30, W jH; — WokHi |1

T T
oo [ O (WA
(HH ) .
(HALS)
(WX — (WTWH),..
Hk: <~ Hk :+ v T =
, > (W W)kk N

Be smart with the order of matrix-products: WHH" = W(HHT).

Converges much faster than the MU.

Update order W. 1, ..., W. ,, H1 ., ..., H, . is more efficient than

VV;,]_, H]_’;, ceny VV:J, Hr’; (sped up further by updating each factor several times).
Guaranteed to converge to a stationary point (under mild assumptions).
Be careful when initializing otherwise the algorithm could set some
columns of W to zero initially.
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Comparison

A e
X %< 0.99 —HALS
= = — MU
Y e
= 3+ 0.98
I I
= =
I |
x < 0.971
T T T T T T
0.0 0.5 1.0 0.0 0.5 1.0
Time [s] Time [s]

Left: CBCL Faces: n = 2429, p = 361, r = 49, dense
Right: 20 newsgroups: n = 6019, p = 11314, r = 20, sparse
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Regularized NMF

min S IX=WHIE+ S [WIE+S I HIE+Bw Xy | Wil +Br 5 [ Hyl

Wk (HH )i+ (XHT). ko = (WHHT) 4 — ﬂwl}
+

W.
ok { (HHT )ik + aw

H, (WTW)kk + (WTX)k,; — (WTWH)k,: - ﬁHl]
4

(HALS)
Hy. |: -
’ (WTW)kk + ay

e L1 regularization corresponds to decrease of the numerator,
& decrease of each element of XH and WTX.

e L2 regularization corresponds to increase of the denominator,

& increase of the diagonal of HH™ and W TW. J— FLATIRON
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Implementation issues
Initialization

-
e random; scale by a* = argmin, || X — aWH||g = %
o SVD: replace each rank-one factor in >} _; uxv] with either

[ukl+[v) ]+ or [—uk]+[—Vv/ ]+, selecting the one with larger norm.

e use domain knowledge
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Implementation issues
Initialization

e random; scale by a* = argmin, || X — aWH||g = %
o SVD: replace each rank-one factor in 3"} _; ugv, with either
[ukl+[v) ]+ or [—uk]+[—Vv/ ]+, selecting the one with larger norm.
e use domain knowledge
Stopping Criterion
o F(WU-D HI=DY _ f(W) HY < ¢
Difference may become small before a local minimum is achieved.
min(0, (Vwf);) if W;=0
(Vwf)j otherwise
KKT conditions < Vi, f =0 and V% f =0
a0y < € with A(7) := mvp O+ IVEFOI2

e Def. proj. grad.: (V},f);j =
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Online NMF

XHT). k=(WHHT)., WTX), —(WTWH), .
VV:,k — |:VV:,k + ( )(:Ing)kk ) kj|+7 Hk,: — [Hk,: + ( zll(/VT(VV)kk ) ]+

Keep track of sufficient statistics A= XH", B = HH'

e Observe next data point x := X. ,11
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Online NMF

XHT). k=(WHHT)., WTX), —(WTWH), .
VV:,k — |:VV:,k + ( )(:Ing)kk ) kj|+7 Hk,: — [Hk,: + ( zll(/VT(VV)kk ) ]+

Keep track of sufficient statistics A= XH", B = HH'
e Observe next data point x := X. n41
e Obtain h := H. ;41 using current value of W (and warm starts)
repeat until convergence:
fork=1tordo: hy«+ [hk—l—

(WTX)k—(WTWh)ki|
(WT W)k I
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Online NMF

XHT). k=(WHHT)., WTX), —(WTWH), .
VV:,k — I:VV:,k + ( )(:Ing)kk ) kj|+7 Hk,: — [Hk,: + ( zll(/VT(VV)kk ) ]+

Keep track of sufficient statistics A= XH", B = HH'
e Observe next data point x := X. n41
e Obtain h := H. ;41 using current value of W (and warm starts)
repeat until convergence:
fork=1tordo: hy«+ [hk—l—

(WTX)k—(WTWh)k}
W Wi |,

o Update sufficient statistics: A< A+xh', B= B+ hh'

[Mairalqg-am%%wg
e



Online NMF

XHT). s —(WHHT)., WTX),. —(WTWH),..
W [W’k + ( )(:IHT)“" k]+7 Hi: = [Hk’: + : zl‘(/VT(W)kk . ]+

Keep track of sufficient statistics A = XHT B=HHT
e Observe next data point x := X. n41
e Obtain h := H. ;41 using current value of W (and warm starts)

repeat until convergence:
fork=1tordo: hy<« [hk + (WTX)k_(WTWh)"}
_l’_

(WT W)k
o Update sufficient statistics: A< A+xh', B= B+ hh'
e Update basis elements W using sufficient statistics and warm starts
repeat until convergence:
for k=Ttordo Wy e [Wy+ 2eg 0]
’ kk +

)
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Online NMF

XHT ). o—(WHHT).. WTX)k. = (WTWH),,.
VV:,k — I:VV:,k + ( )(:IHT)kk kj|+7 Hk,: — [Hk,: + zll(/VT(VV)kk . ]+

Keep track of sufficient statistics A = XHT B=HHT

Observe next data point x := X. p41

Obtain h := H. o1 using current value of W (and warm starts)
repeat until convergence:
_ . (W Tx)—(W Wh)
for k=1tordo: hy <+ [hk—q- (V‘l(/TW)kk ki|+
Update sufficient statistics: A<+ A+xh", B= B+ hh'

Update basis elements W using sufficient statistics and warm starts

repeat until convergence:
A k—WB. k
fork=1tordo: W [WH%}
b b kk +
Converges (almost surely) to a stationary point of the objective
function. ) = FLATIRQN
[Malralqgafw%f(ﬂm
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Take away messages
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Take away messages

e NMF produces interpretable, sparse, parts-based

representations.
o NMF is difficult to solve (NP-hard).
e Use HALS, which beats MU. (default in scikit-learn)
e Be aware of non-convexity; initialize smartly.

e Use online NMF formulation for large or streaming data.
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