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Strongly-correlated materials and pseudogap physics
• Strongly-correlated systems have rich phase diagrams

• Example: cuprate superconductors

• The pseudogap region:

• Nodal / antinodal differentiation

• Loss of spectral weight at the antinode

• Open questions:

• Mechanism of the pseudogap?

• Role of Mott insulator?

• How generic is the pseudogap?

• Good or bad for superconductivity?

• Minimal model: 2D Hubbard model

hot spot
antinode

node

Ak(! = 0)
<latexit sha1_base64="AmU7TvYoYQ7Glyi9q2A0FFcPq8U=">AAAB83icbVBNS8NAEN34WetX1aOXYBHqpSQiqAeh6sVjBWMLbSib7aRduh9xd1Moob/DiwcVr/4Zb/4bt20O2vpg4PHeDDPzooRRbTzv21laXlldWy9sFDe3tnd2S3v7j1qmikBAJJOqGWENjAoIDDUMmokCzCMGjWhwO/EbQ1CaSvFgRgmEHPcEjSnBxkrhdWdQaUsOPXzlnXRKZa/qTeEuEj8nZZSj3il9tbuSpByEIQxr3fK9xIQZVoYSBuNiO9WQYDLAPWhZKjAHHWbTo8fusVW6biyVLWHcqfp7IsNc6xGPbCfHpq/nvYn4n9dKTXwRZlQkqQFBZovilLlGupME3C5VQAwbWYKJovZWl/SxwsTYnIo2BH/+5UUSnFYvq979Wbl2k6dRQIfoCFWQj85RDd2hOgoQQU/oGb2iN2fovDjvzsesdcnJZw7QHzifP8aQkP0=</latexit><latexit sha1_base64="AmU7TvYoYQ7Glyi9q2A0FFcPq8U=">AAAB83icbVBNS8NAEN34WetX1aOXYBHqpSQiqAeh6sVjBWMLbSib7aRduh9xd1Moob/DiwcVr/4Zb/4bt20O2vpg4PHeDDPzooRRbTzv21laXlldWy9sFDe3tnd2S3v7j1qmikBAJJOqGWENjAoIDDUMmokCzCMGjWhwO/EbQ1CaSvFgRgmEHPcEjSnBxkrhdWdQaUsOPXzlnXRKZa/qTeEuEj8nZZSj3il9tbuSpByEIQxr3fK9xIQZVoYSBuNiO9WQYDLAPWhZKjAHHWbTo8fusVW6biyVLWHcqfp7IsNc6xGPbCfHpq/nvYn4n9dKTXwRZlQkqQFBZovilLlGupME3C5VQAwbWYKJovZWl/SxwsTYnIo2BH/+5UUSnFYvq979Wbl2k6dRQIfoCFWQj85RDd2hOgoQQU/oGb2iN2fovDjvzsesdcnJZw7QHzifP8aQkP0=</latexit><latexit sha1_base64="AmU7TvYoYQ7Glyi9q2A0FFcPq8U=">AAAB83icbVBNS8NAEN34WetX1aOXYBHqpSQiqAeh6sVjBWMLbSib7aRduh9xd1Moob/DiwcVr/4Zb/4bt20O2vpg4PHeDDPzooRRbTzv21laXlldWy9sFDe3tnd2S3v7j1qmikBAJJOqGWENjAoIDDUMmokCzCMGjWhwO/EbQ1CaSvFgRgmEHPcEjSnBxkrhdWdQaUsOPXzlnXRKZa/qTeEuEj8nZZSj3il9tbuSpByEIQxr3fK9xIQZVoYSBuNiO9WQYDLAPWhZKjAHHWbTo8fusVW6biyVLWHcqfp7IsNc6xGPbCfHpq/nvYn4n9dKTXwRZlQkqQFBZovilLlGupME3C5VQAwbWYKJovZWl/SxwsTYnIo2BH/+5UUSnFYvq979Wbl2k6dRQIfoCFWQj85RDd2hOgoQQU/oGb2iN2fovDjvzsesdcnJZw7QHzifP8aQkP0=</latexit>

H =
X

ij�

tij c
†
i�cj� + U

X

i

ni"ni#

<latexit sha1_base64="c+NlRfkkdvMZlC0oGo1b4y4remE="></latexit>

Shen et al., 
Science (2005)



Ecole Polytechnique 
Collège de France 
Sun Yat-sen University 
Flatiron Institute 

Wei Wu 
Fedor Simkovic 
Riccardo Rossi 
Antoine Georges 

King’s College 

Evgeny Kozik 

Harvard University 

Mathias Scheurer 
Shubhayu Chatterjee 
Subir Sachdev 

Many discussions with 

L. Taillefer, 
N. Doiron-Leyraud, 
O. Cyr-Choinière, 
I. Paul, A. Sacuto, ...

Fedor Šimkovic 
Ecole Polytechnique

Riccardo Rossi 
CCQ - Flatiron

Wei Wu 
Sun Yat-sen University

Collaborators



Numerical investigation of Hubbard model: 
Dynamical cluster approximation 

Diagrammatic Monte Carlo



Dynamical cluster approximation
• Dynamical mean-field theory

• Dynamical cluster approximation (DCA)

Civelli, MF, Georges, Gull, Haule, Jarrell, 
Katsnelson, Kotliar, Lichtenstein,  Maier, 
Millis, Parcollet, Sordi, Tremblay, ...

In DCA, self-energy is patchwise constant 
Control parameter: size of cluster

Lattice Hubbard
model

Anderson
impurity model



Diagrammatic Monte Carlo

• Consider the Hubbard model on an infinite lattice at equilibrium (imaginary time)

• Write a perturbation series in      for the physical quantity of interest

• From a diagrammatic point of view, e.g.

• The series for      can have a finite convergence radius 
(poles in complex plane)

• Stochastic approach: compute       by Monte Carlo

• Two challenges

1. Fermionic sign problem → difficult to get many coefficients

2. Resumming the series → analytical structure in complex     plane?
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e.g. density, double occupation, 
Green’s function, …
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+ + +
Only connected diagrams 
contribute to physical 
intensive quantities

. . .
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Challenge 1: Compute series coefficients

• Series have natural representation (e.g. connected diagrams)

• Original algorithm (DiagMC): stochastically 
sample topologies (⩬ 6-7 orders)

• Sign problem has two origins:

• Integration over internal variables

• Alternating sign between different topologies

• Reduce sign problem: Sum topologies with the same set of 
internal vertices V

• Direct approach: huge computational effort (factorial number of 
diagrams)!

• CDet: Can be done in exponential time, 
      or         , using determinants (disconnected  
diagrams removed recursively)

(x1, ·1) (x2, ·2) (1)

(x1, ·1)

(x2, ·2)
(2)

1

(x1, ·1) (x2, ·2) (1)

(x1, ·1)

(x2, ·2)
(2)

1

+

R. Rossi, PRL (2016)
A. Moutenet et al., PRB (2018); Šimkovic and Kozik, PRB (2019)

N.V. Prokofiev and B.V. 
Svistunov, PRL (2007)

Other approaches:
A. Taheridehkordi et al., arXiv (2019) 
K. Chen and K. Haule, Nat. Comm. (2019)
M. Maček et al., arXiv (2020)
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• Series convergence controlled by structure in complex plane

• How do we evaluate the series beyond its convergence radius?

• Approach 1: Conformal maps, Padé approximants, …

• Approach 2: Generate new series with freedom in the starting point of 
the perturbation theory. Simplest idea:

• Can be generalized to start from a renormalized propagator

• The counter terms can still be computed with determinants: 
Renormalized determinant approach (RDet)

• Allows to reach much lower temperatures in Hubbard model

in the Hubbard atomn(U)
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How to 
evaluate the 
series here?

Convergence 
radius

Poles

Challenge 2: Resummation of the series

R. Profumo et al., PRB (2015)
W. Wu et al., PRB (2017)
F. Šimkovic et al., PRB (2019)
C. Bertrand et al., PRX (2019)

R. Rossi, F. Šimkovic, 
M. Ferrero, arXiv (2020)

G0 =
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i!n + µ� ✏k
! G̃0 =
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i!n + µ� ✏k � ↵
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Existence of pseudogaps in 
the Hubbard model



• Exact solutions in the weak- to intermediate-coupling regime

• Two crossovers:

• High-temperature incoherent → Fermi liquid

• Fermi liquid → pseudogap (long-range AF correlation)

• Limitation: Resummation becomes very difficult in pseudogap  
regime despite absence of a true phase transition

Half-filled Hubbard model

F. Šimkovic et al., PRL (2020)
A. Kim et al., PRL (2020)
T. Schäfer et al., in preparation (2020)

insulator



• With the diagMC algorithm, converged results for

• Top of pseudogap region

• Clear nodal / antinodal differentiation

• Antinode hotter than hotspot ≠ weak-coupling

Pseudogap in hole-doped Hubbard model

hot spot

antinode

node

U = 5.6t t0 = �0.3t T = 0.2t � ' 4%
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W. Wu et al., PRB (2017)



• We can now reach temperatures that are twice as low

• However, there is only a weak 
reinforcement of the nodal / antinodal  
differentation

• Larger value of the interaction U?

� ' 4%
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M. Ferrero, arXiv (2020)
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Pseudogap in hole-doped Hubbard model

obtained from RDet



Origin of the pseudogap



Origin of the pseudogap: fluctuation diagnostics

• Fluctuation analysis

• Distribution of momenta gives info about nature 
of scattering

• Spin, charge and pairing representations

• Charge and pairing featureless

• Spin: Fermi surface scattering at node, 
commensurate at antinode

• From spin susceptibility:

• Pseudogap due to short-range, 
antiferromagnetic correlations

spin charge pairing

node

anti-
node

K1

K3

K2

Σ(K)

K

F↑↓

K +K2 = K1 +K3 + nG

O. Gunnarson, T. Schäfer, et al., PRL (2015)

W.Wu, M. Ferrero, A. Georges 
and E. Kozik, PRB (2017)

⇠ ' 1.5
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• Systematic 8-site DCA calculations

• As shown in previous works: pseudogap stems from pole-like feature in 
antinodal self-energy

• Pole is asymmetric and moves with nearest-neighbor hopping t’

• Asymmetry of pole changes Fermi surface topology

W. Wu, A. Georges, MF, PRX (2018)
M.S. Scheurer et al., PNAS (2018)

(a) (b)
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Origin of the pseudogap: pole in self-energy

U = 7t
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Rapid crossover between 
weak and strong coupling



Entering the strong-coupling regime

• The renormalized dispersion changes very abruptly at U ' 5.5
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Fermi surface topology 
and pseudogap
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Fermi surface topology and pseudogap
• Pole in self-energy → Fermi surface strongly modified 

by interactions

• The pseudogap only exists on hole-like Fermi surfaces!

• Compatible with experimental body on cuprates

(a) (b)
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Topology change

Pseudogap region

correlations push 
Lifshitz transitionS. Benhabib et al, PRL (2015); A. Kaminski et al., PRL (2015) 

C.E. Matt et al., PRB (2015); T. Yoshida et al., PRB (2006)
S. Badoux et al., Nature (2016)

W. Wu, A. Georges, MF, PRX (2018)

hole doping

T → 0 extrapolation



Self-energy pole and the van Hove singularity
• Red line: pole at zero energy in the antinodal self-energy

• Can we characterize the red line?

• We observe that maximum scattering when the Hartree-shifted Fermi 
surface goes through the van Hove singularity

• How generic is this result? What role does the van Hove singularity play?

3

Figure 3. Imaginary part of the selfenergy at K = ( 2⇡3 , 2
p

3
3 ⇡)

as a funtion of Matsubara frequency and contour plot of ✏⇤k =
✏k�µ+ < n > U/2 in k space for triangular lattice at di↵erent
dopings. (a): selfenergy for � = 0 (b): selfenergy for � = 3⇡

4 .
(c): Plot of ✏⇤k for � = 0 (d): Plot of ✏⇤k for � = 3⇡/4 .

tential and Hatree shift subtracted, ✏⇤k = ✏k � µ+ U<n>
2

for � = 0 and � = 3⇡/4 respectively. As we can see
that for � = 0, the van Hove singularities (VHS, indi-
cated by blue circle) are far away from the Fermi level
of ✏⇤k. In contrast, for � = 3⇡/4, the VHS are almost
exactly located at the Fermi level of ✏⇤k. We found that
when � is continuously changed, the enhancement of low-
energy scattering is essentially guided by VHS approach-
ing Fermi level of ✏⇤k (see Appendix B). This tells why
the � = 3⇡/4 case has a PG while the � = 0 case does
not. We would like to point out that this observation on
triangular lattice is not an accidental coincidence. As a
matter of fact, on square lattice, the enhancement of PG

(a) (b)

Figure 4. Antinode quasi-particle is most suppressed when
VHS is on the Fermi surafce of ✏⇤k on square lattice. (a):
At p = 0.05 hole doping, the minus imaginary part of the
antinodal Green’s function at zero frequency as a function of
next-nearest neighbor hopping t0 for various U . Two solid
black lines roughly indicate a regime where PG is present at
T = 1/30. Triangle symbols are defined in panel (b). (b):
Chemical potential µ� < n > U/2 versus t0. Dashed line
shows ✏(0,⇡) ⌘ 4t0. Triangle symbols denote intersections of
dashed line and solid lines, hence they indicate where ✏⇤k =
✏k � µ+ < n > U/2 = 0 at VHS point k = (0,⇡).

is as well strictly guided by VHS reaching the Fermi level
of ✏⇤k, see below.
We now study square lattice with next-nearest neighb-

hor (NNN) hopping t0, which is a prototype of the high-Tc

cuprates that has been intensively studied. While tun-
ing t

0 at di↵erent U and fixed 5% hole doping, imagi-
nary part of the Green’s function �ImGk(i!n = 0) at
antinode k = (0,⇡) evolves, indicating the change of low-
energy scattering. As plot in Fig. 4, we can see that as a
function of t0, where the antinodal quasiparticles is most
suppressed coincides with where VHS points

�
(⇡, 0) /

(0,⇡)
�
hit the Fermi level of ✏⇤k, as indicated by trian-

gle symbols in Fig. 4. Note that this statement applies
to di↵erent Hubbard U (di↵erent colors in Fig. 4), and
di↵erent dopings (not shown here).
Unfrustrated model without pseudogap – After realizing

the importance of the VHS in the opening the pseudogap,
we in fact even can construct a magnetically unfrustrated
Hubbard model which has strong antiferromagnetic cor-
relations but no pseudogap in the underdoped regime at
large U . The tight-binding dispersion of such a model
can be defined as,

✏k = �2t[cos(kx) + cos(ky)]� 4t000cos(2kx)cos(ky) (2)

which at half-filling has perfect (⇡,⇡) FS nesting and
hence AF magnetic susceptibility diverges logarithmi-
cally at U = 0. Due to the asymmetric hopping, en-
ergies of the VHS in this system at (0,⇡) and (⇡, 0) can
be repectively well above (+4t000) or well below (�4t000)
Fermi level when t

000 are not small. Fig. 5 displays that
in this system pseudogap indeed does not develop as
temperatures is decreased, when the insulating phase
is slightly doped at t

000 = 0.3, U = 8.8, p = 0.04. In
this figure, curves for Hubbard model with NNN hop-
ping t

0 = ±0.3 are plotted as well. One can see that
for these three cases, although on-site and nearest neigh-
bor magnetic correlations are almost the same, which
are hSi ·Sii ⇡ 0.6 and hSi ·Si+1i ⇡ �0.2 respectively, the
low-energy scattering properties are fully di↵erent. The
t
0 = �0.3 case has PG, whereas the other two do not
have PG because VHS is far away from the Fermi level
of ✏⇤k. In Appendix C, numerical exact DQMC simula-
tion shows that comparing to the usual Hubbard model
on square lattice (t000 = 0), the model with t

000 = 0.3
has a much smaller node-antinode di↵erentiated regime,
signaling in which the PG physics is indeed significantly
weaken.

The above results challenge the conventional concept
that PG in the underdoped regime is an analogue of the
Mott gap at half-filling [34]. Apparently proximity to
Mottness, or enhancement of short-ranged spin correla-
tions citegunnerson are not su�cient to explain the pseu-
dogap. We emphasize that the above analysis certainly
cannot be perceived as a weak-coupling picture of VHS

�

�

�

�

Here the self-energy has 
a pole at zero energy

✏(KvH)� µ+
hni
2

U = 0
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KvH = (0,⇡)
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Fermi surface topology and pseudogap in other models
• Non-intuitive relationship between pseudogap and Fermi surface topology

• We systematically investigate several models with different fermiologies

• Here we show results for triangular lattice with flux

• At low doping, pseudogap only for some fluxes

• The absence of a pseudogap at            is not related  
to frustration (same Heisenberg limit)

• Flux changes → van Hove singularity changes

Disentangling the pseudogap physics and Mottness in two dimensions / Do all
underdoped Mott insulators have a pseudogap in two dimensions?

[tentative author list] Wei Wu, Michel Ferrero, Mathias Scheurer, and Antoine Georges
(Dated: December 28, 2018)

The doped Mott insulator is broadly considered as a starting point to the understanding of the
high Tc cuprate superconductors. In particular, the pseudogap state has been long conjectured
as a hallmark of cuprates being in proximity to Mottness, although its nature is yet revealed due
to strong coupling. In this work, we numerically investigate di↵erent underdoped Mott insulators
of Hubbard model to clarify the relationship between pseudogap and Mottness. We show that a
two-dimensional underdoped Mott insulator does not necessarily possess a pseudogap, even with the
presence of strong antiferromagnetic correlations. We discover that although arising from strong-
coupling physics, the properties of pseudogap are surprisingly sensitive to non-interacting band
parameters, which may root in the emergent gauge fluctuations. We propose an equation to capture
the quasi-pole stucture of low-energy scattering in the pseudogap regime. This equation can be used
as a testbed for theories of pseudogap.

Introduction – More Ref. to be added The high-
Tc superconductivity in cuprates is widely recognized as
an emergent phenomenon from doping the Mott insula-
tor [1]. In the underdoped regime of cuprates, a pseu-
dogap state [2–4] prevails below an onset temperature
T

⇤ which lies above the superconducting dome in phase
diagram. There are a number of theories proposed to
describe the dominant physics in this regime, such as
the preformed Cooper pairs [5], various emergent ordered
states [6–9], topological order [10–12] or Mottness col-
lapse [13–17], etc, but to date no consensus is reached.
The physical origin of pseudogap remains one of the core
mysteries in condensed matter physics.

On the numerical solution side, prototypical models
such as the two dimension Hubbard model [18, 19] or
t � J model [20, 21] have been intensivley investigated.
Regarding the origin of the pseudogap state, di↵erent
approaches consistently point to the short-ranged anti-
ferromagntic (AF) correlations and proximity to Mot-
tness, including Quantum Monte Carlo [22–24], exact di-
agonalization [20], cluster perturbation theory [25] and
cluster extensions of the dynamical mean-field theory
(DMFT) [26–31]. These results are in general agreed by
experiments. In particular, a recent elaborated experi-
mental analysis on di↵erent cuprates [32] shows that, at
escalated temperatures , all other instabililties are sec-
ondary to the AF correlations in the opening of pseudo-
gap.

Although the importance of AF correlations and Mot-
tness is stressed by various studies, the exact underlying
mechanism of PG is still in the mist. In two dimenions,
it is natural to understand that long range AF fluctua-
tions can cause a pseudogap due to electron – magnetic
collective modes coupling. In hole-doped cuprates, how-
ever, this picture does not apply, as the correlation length
is essentially reduced. How the short range AF corre-
lations can open PG remains a mystery. On the other
hand, PG is also constantly conjectured as the vestige of
Mott gap upon doping, for it becomes increasingly robust

�
-�

�
-�

Honeycombsquare triangular

Figure 1. Three typical two-dimensional tight-binding lattices
are investigated in this work. Geometries of DCA clusters
are indicated by dashed lines. For triangular lattice, nearest
neighbor hopping thi,ji can be either �te+i�/3�0 (along arrow

) or �te�i�/3�0 (against arrow), such that electrons circling
a plaquette once acquire a phase of ±�/�0. When � = 0,it
recovers to the normal triangular lattice.

at high temperatures as lower doping, but the dilemma
is that the node-antinode dichotomy, which is a charac-
teristic feature of the PG, is generally absent in Mott
insulators at zero doping. Up to date, the relationship
between pseudogap and Mott gap is still far from clear.

Aiming at revealing the roles played by AF correlations
and Mottness, in this work we address a basic question
in pseudogap physics : do all underdoped Mott insula-
tors with short-ranged AF correlations have a pseudogap
in two dimensions? By systematically studying di↵erent
Hubbard models, we first discover that, suprisingly, the
existence of strong-coupling PG in doped Mott insulator
is sensitively dependent on non-interacting parameters.
We then show examples of underdoped Mott insulator
with strong AF correlations but do not have PG. We fi-
nally present an equation to capture the quasi-pole of the
electron selfenergy in PG state. This equation is largely
agreed by a SU(2) gauge theory [10, 12], which explains
the PG as a consequence of coupling between chargons
and Higgs condensation of short-ranged AF correlations.

Model and method – We employ the determinant quan-
tum Monte Carlo simulation (DQMC) and dynamical
cluster approximation (DCA) [27] to study two dimen-

U = 1.15UMott
c
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Model and method.—We use the dynamical cluster ap-
proximation (DCA) [27], a cluster extension of single-site
DMFT [37], to study the triangular- and square-lattice
Hubbard models illustrated in Fig. 1. For concreteness,
we focus on an on-site Hubbard interaction, U , and the
corresponding Hamiltonians have the form

H = �
X

i,j,�

tijc
†
i�cj� + U

X

i

ni"ni# � µ

X

i,�

ni�, (1)

where c
†
i� are electronic creation operators on site i with

spin � =", #, ni� = c
†
i�ci�, and µ denotes the chemical

potential. The magnitude of hopping between nearest-
neighbor sites, t, defines the energy unit throughout this
paper, t ⌘ 1. Note that all hopping matrix elements tij

will be taken to be real except for the nearest-neighbor
hopping on the triangular lattice. For the latter, we use
the direction-dependent values tij = te

±i�/3 that corre-
spond to staggered magnetic flux threading the triangu-
lar plaquettes [38], see Fig. 1, left panel, in a way preserv-
ing lattice-translation symmetry. By changing the phase
factor �, one can systematically vary the dispersion rela-
tion, while the antiferromagnetic exchange to dominant
order in t/U is unaffected. Hence, the Heisenberg model
and magnetic correlations associated with model (1) at
strong coupling are independent of �, which enters only
at subleading orders in t/U by inducing chiral terms [39].
We note in passing that studying doped triangular lattice
models with flux is further motivated by their relevance
as minimal models of moiré superlattice systems [40, 41],
where opposite valleys have opposite flux due to time-
reversal symmetry.

Triangular lattice.—We first show three-site DCA re-
sults on the triangular lattice in Fig. 2. At half-filling,
we find that the triangular lattice model without flux,
� = 0, becomes insulating for sufficiently strong interac-
tions U > U

Mott

c ' 8.2 at T = 0.06 — in good agreement
with previous numerical results [42–44]. In the following,
we take U = 9.2, which corresponds to U ' 1.15UMott

c

and to the regime of moderately strong correlations at
which a chiral spin liquid phase was found at half-filling
in Ref. 44 (before the spins order for U > 10.6). A
characteristic feature of the PG state is the opening of
a partial energy gap in the spectral function A(k,!)
near the Fermi level, at certain regions in the Brillouin
zone (BZ). As can be seen in Fig. 2(a), A(kF ,!) at a
typical momentum kF on the Fermi surface [defined by
ReG(kF ,! = 0) = 0] of the slightly doped triangular
lattice (hole doping p = 0.02) with � = 0 shows a well-
defined quasi-particle peak; no evidence of a PG is seen
over the whole BZ. Nevertheless, when one turns on the
staggered magnetic flux, the spectral function becomes
qualitatively different to its � = 0 counterpart: as can
be seen in Fig. 2(b), a PG reappears for � = 3⇡/4 (same
doping p = 0.02 and even smaller U to keep U/U

Mott

c the
same).

(d)

(f)(e)

(a) (b)

(c)

p=0.02 p=0.02

Figure 2. Dependence of the PG on the bare dispersion for
the triangular lattice. In (a) and (b), we show the spectral
function of the triangular lattice model at low hole doping
p = 0.02 for � = 0 [no PG, kF = (1.3, 2.2)] and � = 3⇡/4

[with PG, kF = (0.5, 2
p

3
3 ⇡)], respectively. The imaginary

part of the corresponding cluster self-energies for these values
of kF [both belong to DCA patch centered at k = ( 2⇡3 , 2

p
3

3 ⇡)]
is plotted as a function of Matsubara frequency for a few
different dopings in (c) and (d). In (e) and (f), we show the
Hartree-shifted dispersions ✏⇤k = ✏k � µ+ hniU/2 (color plot)
at p = 0.04 together with the resulting shifted Fermi surface
(black solid line), defined by ✏⇤k = 0, for � = 0 and � = 3⇡/4.
Furthermore, the VHSs are indicated by green circles. In all
plots, we take U = 1.15UMott

c , i.e., U ' 9.5 (U ' 7.7) for
� = 0 (� = 3⇡/4).

To gain further insights into this surprising difference,
Fig. 2(c) and (d) show a direct comparison of the imag-
inary part of the self-energy ⌃(k, i!n) with � = 0 and
� = 3⇡/4 for different p. We see that the self-energy at
� = 3⇡/4 inherits an insulating-like behavior from the
half-filled Mott insulator for small, finite p, characterized
by an enhanced amplitude of scattering at small frequen-
cies. A metallic ⌃(k, i!n) is only found for significant
doping (p � 0.08). In contrast, for � = 0, there is a sud-
den loss of low-energy scattering when the Mott insulator
is doped, as the self-energy immediately turns metallic
upon doping. This is in accordance with A(kF ,!) in
Fig. 2(a), where no PG was observed either. Note that
the absence of a PG on the triangular lattice (� = 0)
was also noticed by previous numerical calculations [45],
where the author attributes it to the triangular lattice
being too frustrated. The strong sensitivity of the PG
to the staggered flux shows that the criterion for the
presence of a PG goes beyond the underlying nearest-

� = 0
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Role of the van Hove singularity?
• On the square two-dimensional Hubbard model we found 

that the pseudogap is maximum when

• The same relation holds for the triangular lattice

• Also true for square lattice with asymmetric hopping

• Change in fermiology → shift the vHs away 
→ turn off the pseudogap

• Even though we are clearly in the strong-coupling regime, 
the van Hove singularity is a key player in the 
construction of the pseudogap

3

(a) (b)

(c) (d)

Figure 3. Imaginary part of the selfenergy at K = ( 2⇡3 , 2
p

3
3 ⇡)

as a funtion of Matsubara frequency and contour plot of ✏⇤k =
✏k�µ+ < n > U/2 in k space for triangular lattice at di↵erent
dopings. (a): selfenergy for � = 0 (b): selfenergy for � = 3⇡

4 .
(c): Plot of ✏⇤k for � = 0 (d): Plot of ✏⇤k for � = 3⇡/4 .

tential and Hatree shift subtracted, ✏⇤k = ✏k � µ+ U<n>
2

for � = 0 and � = 3⇡/4 respectively. As we can see
that for � = 0, the van Hove singularities (VHS, indi-
cated by blue circle) are far away from the Fermi level
of ✏⇤k. In contrast, for � = 3⇡/4, the VHS are almost
exactly located at the Fermi level of ✏⇤k. We found that
when � is continuously changed, the enhancement of low-
energy scattering is essentially guided by VHS approach-
ing Fermi level of ✏⇤k (see Appendix B). This tells why
the � = 3⇡/4 case has a PG while the � = 0 case does
not. We would like to point out that this observation on
triangular lattice is not an accidental coincidence. As a
matter of fact, on square lattice, the enhancement of PG

Figure 4. Antinode quasi-particle is most suppressed when
VHS is on the Fermi surafce of ✏⇤k on square lattice. (a):
At p = 0.05 hole doping, the minus imaginary part of the
antinodal Green’s function at zero frequency as a function of
next-nearest neighbor hopping t0 for various U . Two solid
black lines roughly indicate a regime where PG is present at
T = 1/30. Triangle symbols are defined in panel (b). (b):
Chemical potential µ� < n > U/2 versus t0. Dashed line
shows ✏(0,⇡) ⌘ 4t0. Triangle symbols denote intersections of
dashed line and solid lines, hence they indicate where ✏⇤k =
✏k � µ+ < n > U/2 = 0 at VHS point k = (0,⇡).

is as well strictly guided by VHS reaching the Fermi level
of ✏⇤k, see below.
We now study square lattice with next-nearest neighb-

hor (NNN) hopping t0, which is a prototype of the high-Tc

cuprates that has been intensively studied. While tun-
ing t

0 at di↵erent U and fixed 5% hole doping, imagi-
nary part of the Green’s function �ImGk(i!n = 0) at
antinode k = (0,⇡) evolves, indicating the change of low-
energy scattering. As plot in Fig. 4, we can see that as a
function of t0, where the antinodal quasiparticles is most
suppressed coincides with where VHS points

�
(⇡, 0) /

(0,⇡)
�
hit the Fermi level of ✏⇤k, as indicated by trian-

gle symbols in Fig. 4. Note that this statement applies
to di↵erent Hubbard U (di↵erent colors in Fig. 4), and
di↵erent dopings (not shown here).
Unfrustrated model without pseudogap – After realizing

the importance of the VHS in the opening the pseudogap,
we in fact even can construct a magnetically unfrustrated
Hubbard model which has strong antiferromagnetic cor-
relations but no pseudogap in the underdoped regime at
large U . The tight-binding dispersion of such a model
can be defined as,

✏k = �2t[cos(kx) + cos(ky)]� 4t000cos(2kx)cos(ky) (2)

which at half-filling has perfect (⇡,⇡) FS nesting and
hence AF magnetic susceptibility diverges logarithmi-
cally at U = 0. Due to the asymmetric hopping, en-
ergies of the VHS in this system at (0,⇡) and (⇡, 0) can
be repectively well above (+4t000) or well below (�4t000)
Fermi level when t

000 are not small. Fig. 5 displays that
in this system pseudogap indeed does not develop as
temperatures is decreased, when the insulating phase
is slightly doped at t

000 = 0.3, U = 8.8, p = 0.04. In
this figure, curves for Hubbard model with NNN hop-
ping t

0 = ±0.3 are plotted as well. One can see that
for these three cases, although on-site and nearest neigh-
bor magnetic correlations are almost the same, which
are hSi ·Sii ⇡ 0.6 and hSi ·Si+1i ⇡ �0.2 respectively, the
low-energy scattering properties are fully di↵erent. The
t
0 = �0.3 case has PG, whereas the other two do not
have PG because VHS is far away from the Fermi level
of ✏⇤k. In Appendix C, numerical exact DQMC simula-
tion shows that comparing to the usual Hubbard model
on square lattice (t000 = 0), the model with t

000 = 0.3
has a much smaller node-antinode di↵erentiated regime,
signaling in which the PG physics is indeed significantly
weaken.

The above results challenge the conventional concept
that PG in the underdoped regime is an analogue of the
Mott gap at half-filling [34]. Apparently proximity to
Mottness, or enhancement of short-ranged spin correla-
tions citegunnerson are not su�cient to explain the pseu-
dogap. We emphasize that the above analysis certainly
cannot be perceived as a weak-coupling picture of VHS
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as a funtion of Matsubara frequency and contour plot of ✏⇤k =
✏k�µ+ < n > U/2 in k space for triangular lattice at di↵erent
dopings. (a): selfenergy for � = 0 (b): selfenergy for � = 3⇡

4 .
(c): Plot of ✏⇤k for � = 0 (d): Plot of ✏⇤k for � = 3⇡/4 .

tential and Hatree shift subtracted, ✏⇤k = ✏k � µ+ U<n>
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for � = 0 and � = 3⇡/4 respectively. As we can see
that for � = 0, the van Hove singularities (VHS, indi-
cated by blue circle) are far away from the Fermi level
of ✏⇤k. In contrast, for � = 3⇡/4, the VHS are almost
exactly located at the Fermi level of ✏⇤k. We found that
when � is continuously changed, the enhancement of low-
energy scattering is essentially guided by VHS approach-
ing Fermi level of ✏⇤k (see Appendix B). This tells why
the � = 3⇡/4 case has a PG while the � = 0 case does
not. We would like to point out that this observation on
triangular lattice is not an accidental coincidence. As a
matter of fact, on square lattice, the enhancement of PG

Figure 4. Antinode quasi-particle is most suppressed when
VHS is on the Fermi surafce of ✏⇤k on square lattice. (a):
At p = 0.05 hole doping, the minus imaginary part of the
antinodal Green’s function at zero frequency as a function of
next-nearest neighbor hopping t0 for various U . Two solid
black lines roughly indicate a regime where PG is present at
T = 1/30. Triangle symbols are defined in panel (b). (b):
Chemical potential µ� < n > U/2 versus t0. Dashed line
shows ✏(0,⇡) ⌘ 4t0. Triangle symbols denote intersections of
dashed line and solid lines, hence they indicate where ✏⇤k =
✏k � µ+ < n > U/2 = 0 at VHS point k = (0,⇡).

is as well strictly guided by VHS reaching the Fermi level
of ✏⇤k, see below.
We now study square lattice with next-nearest neighb-

hor (NNN) hopping t0, which is a prototype of the high-Tc

cuprates that has been intensively studied. While tun-
ing t

0 at di↵erent U and fixed 5% hole doping, imagi-
nary part of the Green’s function �ImGk(i!n = 0) at
antinode k = (0,⇡) evolves, indicating the change of low-
energy scattering. As plot in Fig. 4, we can see that as a
function of t0, where the antinodal quasiparticles is most
suppressed coincides with where VHS points

�
(⇡, 0) /

(0,⇡)
�
hit the Fermi level of ✏⇤k, as indicated by trian-

gle symbols in Fig. 4. Note that this statement applies
to di↵erent Hubbard U (di↵erent colors in Fig. 4), and
di↵erent dopings (not shown here).
Unfrustrated model without pseudogap – After realizing

the importance of the VHS in the opening the pseudogap,
we in fact even can construct a magnetically unfrustrated
Hubbard model which has strong antiferromagnetic cor-
relations but no pseudogap in the underdoped regime at
large U . The tight-binding dispersion of such a model
can be defined as,

✏k = �2t[cos(kx) + cos(ky)]� 4t000cos(2kx)cos(ky) (2)

which at half-filling has perfect (⇡,⇡) FS nesting and
hence AF magnetic susceptibility diverges logarithmi-
cally at U = 0. Due to the asymmetric hopping, en-
ergies of the VHS in this system at (0,⇡) and (⇡, 0) can
be repectively well above (+4t000) or well below (�4t000)
Fermi level when t

000 are not small. Fig. 5 displays that
in this system pseudogap indeed does not develop as
temperatures is decreased, when the insulating phase
is slightly doped at t

000 = 0.3, U = 8.8, p = 0.04. In
this figure, curves for Hubbard model with NNN hop-
ping t

0 = ±0.3 are plotted as well. One can see that
for these three cases, although on-site and nearest neigh-
bor magnetic correlations are almost the same, which
are hSi ·Sii ⇡ 0.6 and hSi ·Si+1i ⇡ �0.2 respectively, the
low-energy scattering properties are fully di↵erent. The
t
0 = �0.3 case has PG, whereas the other two do not
have PG because VHS is far away from the Fermi level
of ✏⇤k. In Appendix C, numerical exact DQMC simula-
tion shows that comparing to the usual Hubbard model
on square lattice (t000 = 0), the model with t

000 = 0.3
has a much smaller node-antinode di↵erentiated regime,
signaling in which the PG physics is indeed significantly
weaken.

The above results challenge the conventional concept
that PG in the underdoped regime is an analogue of the
Mott gap at half-filling [34]. Apparently proximity to
Mottness, or enhancement of short-ranged spin correla-
tions citegunnerson are not su�cient to explain the pseu-
dogap. We emphasize that the above analysis certainly
cannot be perceived as a weak-coupling picture of VHS

van Hove singularity

✏(k)� µ+
hni
2

U = 0
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Conclusions and perspective



A recipe for the pseudogap
• The pseudogap is sensitive to the fermiology of the non-interacting system

• The sum of 3 ingredients seems to be necessary for the onset of a 
pseudogap:

• (Short-range) antiferromagnetic correlations

• A van Hove singularity

• The Fermi surface defined by 
must be close to the vHs

• Not weak-coupling physics!

• Short correlation length

• No pseudogap if no van Hove singularity

• Having fine k-resolution is essential to make further progress

✏(k)� µ+
hni
2

U = 0
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• Recent efforts:

• Broken-symmetry phases: 
e.g. AF order in 3D half-filled Hubbard model

• Better starting points for perturbation series: 
e.g. AF-ordered starting point in 2D half-filled Hubbard model

Diagrammatic Monte Carlo: future developments
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hence, two-particle self-consistent. Per construction they
preserve all the crossing relations. Consistent with the con-
jecture of Smith (1992) both are however per se not con-
serving. Cutting Green’s function lines of the DΓA or DF self-
energy (in the spirit of a Φ½G"-derivable theory) also implies
cutting internal Green’s function lines of the local, fully
irreducible vertex; but such cuts include diagrams that are
not taken into account in the susceptibilities. Similarly, the
QUADRILEX functional extension of DΓA cannot be written
in terms of the (local) one-particle Green’s function only, but it
explicitly includes the (local) two-particle Green’s function
and is not Φ derivable. It remains to be seen whether some
modifications as along the lines of Janiš, Kauch, and Pokorný
(2017) can actually lead to a conservering approximation.
For the DB approach and similarly for the λ correction of

the ladder DΓA additional equations arise which can be used
to fulfill conservation laws. While EDMFT is conserving in
infinite dimensions (Smith and Si, 2000), it violates local
conservation and breaks Ward identities in finite dimensions.
This is a consequence of the fact that the polarization operator
does not depend on momentum. In contrast, within the DB
approach it is possible to include diagrammatic corrections
that exactly restore the q2 behavior of the polarization for
small momenta as required by gauge invariance [while
maintaining a local self-energy (Hafermann et al., 2014)];
cf. Sec. IV.E. On the other hand, λ corrections of the ladder
DΓA (Katanin, Toschi, and Held, 2009) have been employed
to enforce the χ sum rule Eq. (24) and to guarantee the
consistency of the potential energy at the one- and two-particle
levels as well as the fulfillment of the f-sum rule (related to
charge conservation) (Rohringer and Toschi, 2016).

IV. APPLICATIONS AND RESULTS

A. Hubbard model

The Hubbard model is arguably the most fundamental
model for strongly correlated electrons. Let us recall its
Hamiltonian, Eq. (12):

H ¼
X

ij;σ

tijc
†
iσcjσ þ U

X

i

ni↑ni↓; ð84Þ

with hopping amplitude tij and local Coulomb repulsionU. The
model provides the basic physical description of the Mott-
Hubbard metal-insulator transitions (MIT) in bulk 3D systems
(Gebhard, 1997; Imada, Fujimori, and Tokura, 1998) as well as
of ferromagnetism (Mielke and Tasaki, 1993; Vollhardt et al.,
1998) and antiferromagnetism (Jarrell, 1992). In 2D, the
Hubbard model (84) is believed to capture the low-energy
physics of the superconducting cuprates (Dagotto, 1994;
Scalapino, 2012). Therefore the cases of 3D and 2D are of
particular interest. Despite its formal simplicity, an exact
solution is known only in 1D through the Bethe ansatz (Lieb
and Wu, 1968) and through DMFT in the limit of infinite
dimensions (Metzner andVollhardt, 1989;Georges et al., 1996).
In this section, we summarized the unified picture of the

Hubbard model physics in finite dimensions as it emerges
from the applications of diagrammatic extensions of DMFT;
we compared the results to those of other methods, wherever

available. Given that the starting point of diagrammatic
extensions is a DMFT solution, we first consider in the
following 3D system, which can be regarded as “closer” to the
physics of d ¼ ∞. We then subsequently lower the dimension
so that deviations from DMFT become progressively larger.

1. Three dimensions

The magnetic phase diagram of the unfrustrated 3D
Hubbard model at half filling, obtained by several approaches,
is shown in Fig. 22. At high T, the model shows a crossover
from a paramagnetic metal (PM) at weak coupling to a
paramagnetic insulator (PI) at strong coupling. As the temper-
ature is lowered, the model undergoes a second-order tran-
sition to an AF state; see Georges et al. (1996) and Kent et al.
(2005) for the DMFT phase diagram. Nonlocal corrections
beyond DMFT have been analyzed using DΓA (Rohringer
et al., 2011) and DF (Hirschmeier et al., 2015) in the ladder
approximation. The two approaches yield a rather coherent
picture of the underlying physics, for both the magnetic
transition and its critical properties.
In particular, DΓA and DF correctly predict a sizable

reduction of the Néel temperature TN w.r.t. DMFT in
Fig. 22, which is a direct consequence of nonlocal spin
fluctuations. The ratio of the reduction is, as expected, smaller
at weak coupling (Schauerte and van Dongen, 2002), and
larger (more than 30%) at intermediate to strong coupling.
Notably, TN from DΓA correctly approaches the behavior of
the Heisenberg model (Sandvik, 1998a) in the strong-coupling
limit. This is a significant improvement over DMFT which
approaches the Weiss mean field theory of the Heisenberg
model (Takahashi, 1977) in this limit. It also improves over
the two-particle self-consistent theory (TPSC) (Vilk and
Tremblay, 1997) which reaches a plateau for TN at large
U. Moreover, in the most interesting regime of intermediate
coupling 8t ≲U ≲ 12t, both methods agree remarkably well
with the DCA results by Kent et al. (2005) and diagrammatic
determinant Monte Carlo (DDMC) by Kozik et al. (2013), in
spite of the intrinsic differences between these methods.
Minor quantitative deviations between DF and DΓA are
observed only in the weak- and strong-coupling limits. At

FIG. 22. Phase diagram of the half-filled Hubbard model in 3D
with nearest-neighbor hopping (tij ¼ −t), as obtained by various
methods; see the text.

G. Rohringer et al.: Diagrammatic routes to nonlocal correlations …
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largest interaction
value with standard CDet



Many other approaches to the Hubbard model

• Important progress in computational approaches

• Bottom-to-top: DMRG, PEPS, MERA, METTS, … 
S.R. White, PRL (1992); U. Schollwöck, RMP (2005); F. Verstraete and J. I. Cirac 
(2004); E.M. Stoudenmire and S.R. White, NJP (2010), …

• Top-to-bottom: DMFT and extensions (cluster DMFT, DΓA, dual fermions, 
bosons, TRILEX), quantum Monte Carlo (diagMC, CDet, DQMC), … 
A. Georges et al., RMP (1996); T. Maier et al., RMP (2005); N. V. Prokof'ev and B. V. 
Svistunov, PRL (2007); R. Blankelbacer, D. Scalapino and R.L. Sugar, PRD (1981); A. 
Toschi et al., PRB (2007); A.N. Rubtsov, PRB (2008); T. Ayral, O. Parcollet, PRB (2015, 
2016); R. Rossi, PRL (2017), …

• Agreement in non-trivial regimes

• There are efforts to compare approaches / make them complementary!

• Benchmarks (e.g. J.P.F. LeBlanc et al., PRX (2015); T. Schäfer et al., in 
preparation)

• Shake hands between methods

Bottom to top

Top to bottom

J.P.F. LeBlanc et. al, PRX (2015)



Test parameters

• 2D unfrustrated square lattice
• Half-filled
• U = 2t

Observables (as function of T)

• Coherence temperature TQP
• ”Pseudogap” temperature T*

• Magnetic susceptibility 𝛘
• Magnetic correlation length ξ
• Double occupancy D

T. Schäfer et al., in preparation (2020)

Thomas Schäfer 
Ecole Polytechnique 
→ MPI Stuttgart



Putting many-body methods to the test

Numerically exact techniques

• Diagrammatic Monte Carlo (CDet)
• Lattice quantum Monte Carlo (DQMC)

(Dynamical) mean field theory

• Mean field theory (MFT)
• Dynamical mean field theory (DMFT)

Extensions of DMFT

Cluster extensions
• Dynamical cluster approximation (DCA)
• cellular DMFT (cDMFT)

Diagrammatic extensions
• Dynamical vertex approximation (DΓA)
• Dual fermion (DF)
• Dual boson (DB)
• Triply irreducible local expansion (TRILEX)

Other common many-body techniques

• Two-particle self-consistent approach (TPSC)
• Functional renormalization group (fRG)
• Parquet approximation (PA)

H = �t
X

hiji�

c†i�cj� + U
X

i

ni"ni#

<latexit sha1_base64="ciGLf0a8U1gDfVVQnfr5Z7w3IFc="></latexit>

T. Schäfer et al., in preparation (2020)



Thank you for your attention!





Supplementary slides: 
Pseudogap and Fermi surface topology



Pseudogap and Fermi surface topology

Blue arrow: location of the Lifshitz 
transition in non-interacting system

DCA 8 sites calculations



Insights from low-energy effective theory
• We compare results with effective SU(2) gauge field theory

• Describes electrons in environment with fluctuating AF order

• Decomposition of electron fields:

• Treated at mean-field level

• SU(2) symmetry broken while other symmetries are preserved  
→ Topological order

• Good agreement with DCA

• Self-energy pole consequence of short-range AF correlations in PG region

Sachdev, Metlitski, Qi, Xu, PRB (2009)
M.S. Scheurer et al., PNAS (2017)
W. Wu, A. Georges, MF, PRX (2017)4

diagram in Fig. 1(b)),

Gc(k) =
T

2

X

⌦n

Z

BZ

d2q

(2⇡)2

X

↵,�

G↵↵
R (q)G��

 (k � q), (11)

which respects all symmetries of the square lattice (see
Appendix C). Here GR and G denote the momentum-
diagonal Matsubara Green’s function of the spinons and
chargons, respectively, ⌦n are bosonic Matsubara fre-
quencies, and k = (i!n,k) (q = (i!n, q)) comprise mo-
menta and fermionic (bosonic) Matsubara frequencies.
Details of this calculation can be found in Appendix B
and the resulting retarded electronic Green’s function
Gc,r(!,k) will be compared with DCA and DQMC be-
low.

The main qualitative observation in this calculation
is that the electron Green’s function can be seen as a
“smeared” version of the  Green’s function in the limit
where the spinon gap � is the smallest energy scale.
In particular, the zeros of the chargon Green’s function
(or, equivalently the poles of the associated self-energy)
in Eq. (10), generally become only approximate zeros
(peaks of finite height) of the electron Green’s function;
Signs of these approximate zeros are also found in DCA
and DQMC as discussed below.

III. MODIFIED LUTTINGER THEOREM

The origin of the modified Luttinger theorem in the
deconfined Higgs phase can now be easily described. We
compute the electron density by the operator identity

ĉ†i↵ĉi↵ =  ̂†
i↵ ̂i↵ , (12)

and apply the standard Luttinger analysis [27, 28] to the
right hand side of Eq. (12). The structure of the com-
plete perturbation theory in the deconfined Higgs phase
for the  correlator is formally the same as that in a con-
ventional long-range-ordered AF phase for the c correla-
tor. In the Higgs case, we do have additional interactions
from the fluctuations of the gauge field, but the stability
of the Higgs phase in the metal implies that these can be
treated perturbatively. So we can simply transfer all the
Luttinger theorem arguments in [16] for the case of AF
order to the deconfined Higgs phase. These arguments
then imply that the  Fermi surfaces are small i.e. in a
Higgs state with fluctuating AF order, the  Fermi sur-
faces obey the same Luttinger sum rule as those of the
electron Fermi surfaces in a state with long-range AF
order.

We also note that the perturbative Luttinger theorem
[4], relating the particle density to the area in k space
where ReGc,r(! = 0,k) > 0, is violated in the Higgs
phase: As can be seen in Fig. 1(c), the size of the area
with ReGc,r(! = 0,k) > 0 changes with H0 at fixed
electron density (keeping the area enclosed by chargon
Fermi surface fixed). This is a manifestation of the non-
perturbative nature of the Higgs phase.

FIG. 2. Comparison of the electronic spectral weight A(⇡,0)

and the retarded electronic self-energy at the anti-nodal point
for the SU(2) gauge theory and as obtained in DCA on the
Hubbard model. The solid (dashed) lines refer to t

0 = �0.15
(t0 = �0.25) for DCA and to t

0 = �0.15 (t0 = �0.5) for the
gauge theory model. We used U = 7, p = 0.05, and T = 1/30
for the DCA calculations. In addition, for the gauge theory,
we assumed H0 = 0.3, J = 0.1, � = 0.01, and ⌘ = 0.04 in the
analytical continuation i!n ! ! + i⌘ of the gauge theory to
cuto↵ poles in the numerical integration and “smoothen” the
spectral function.

IV. RESULTS FOR THE PSEUDOGAP METAL

To allow for a direct and systematic comparison of the
predictions of the SU(2) gauge theory and the Hubbard
model (1), we have performed DCA and DQMC calcu-
lations (see Appendix D for more details on the numer-
ical methods). In the SU(2) gauge theory, we fixed H0

by fitting to the size of the antinodal pseudogap in the
DCA computation, and chose a spinon gap of order T
by adjusting the coupling g; except for J and ⌘, which
only have minor impact on the qualitative shape of the
spectral function (Appendix E), all other parameters of
the SU(2) gauge theory were determined by solving the
mean-field equations. For concreteness, we focus on near-
est (t) and next-to-nearest neighbor hopping (t0). Since
we are eventually interested in understanding the pseudo-
gap phase in the hole-doped cuprates, we consider small
Hall dopings p > 0 in the regime of large onsite repul-
sion U (taking U = 7t for concreteness). All energies are
measured in units of t.

A. Anti-nodal point and Lifshitz transition

The gauge-theory result for the spectral function at the
anti-nodal point, k = (⇡, 0), is shown in Fig. 2(a) and dis-
plays the strong suppression of the low-energy spectral
weight characterizing the pseudogap phase. To under-
stand this behavior, we first note that the q-integrand
in the expression (11) for the electronic Green’s function
exhibits poles at the energies !k,q

ss0 = sEq + ⇢s
0

k�q after
performing the Matsubara summation and the analytic
continuation. Here Eq and ⇢sk are the spinon disper-
sion and the two chargon bands (s = ±) of the Hamil-
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which respects all symmetries of the square lattice (see
Appendix C). Here GR and G denote the momentum-
diagonal Matsubara Green’s function of the spinons and
chargons, respectively, ⌦n are bosonic Matsubara fre-
quencies, and k = (i!n,k) (q = (i!n, q)) comprise mo-
menta and fermionic (bosonic) Matsubara frequencies.
Details of this calculation can be found in Appendix B
and the resulting retarded electronic Green’s function
Gc,r(!,k) will be compared with DCA and DQMC be-
low.

The main qualitative observation in this calculation
is that the electron Green’s function can be seen as a
“smeared” version of the  Green’s function in the limit
where the spinon gap � is the smallest energy scale.
In particular, the zeros of the chargon Green’s function
(or, equivalently the poles of the associated self-energy)
in Eq. (10), generally become only approximate zeros
(peaks of finite height) of the electron Green’s function;
Signs of these approximate zeros are also found in DCA
and DQMC as discussed below.

III. MODIFIED LUTTINGER THEOREM

The origin of the modified Luttinger theorem in the
deconfined Higgs phase can now be easily described. We
compute the electron density by the operator identity

ĉ†i↵ĉi↵ =  ̂†
i↵ ̂i↵ , (12)

and apply the standard Luttinger analysis [27, 28] to the
right hand side of Eq. (12). The structure of the com-
plete perturbation theory in the deconfined Higgs phase
for the  correlator is formally the same as that in a con-
ventional long-range-ordered AF phase for the c correla-
tor. In the Higgs case, we do have additional interactions
from the fluctuations of the gauge field, but the stability
of the Higgs phase in the metal implies that these can be
treated perturbatively. So we can simply transfer all the
Luttinger theorem arguments in [16] for the case of AF
order to the deconfined Higgs phase. These arguments
then imply that the  Fermi surfaces are small i.e. in a
Higgs state with fluctuating AF order, the  Fermi sur-
faces obey the same Luttinger sum rule as those of the
electron Fermi surfaces in a state with long-range AF
order.

We also note that the perturbative Luttinger theorem
[4], relating the particle density to the area in k space
where ReGc,r(! = 0,k) > 0, is violated in the Higgs
phase: As can be seen in Fig. 1(c), the size of the area
with ReGc,r(! = 0,k) > 0 changes with H0 at fixed
electron density (keeping the area enclosed by chargon
Fermi surface fixed). This is a manifestation of the non-
perturbative nature of the Higgs phase.
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and the retarded electronic self-energy at the anti-nodal point
for the SU(2) gauge theory and as obtained in DCA on the
Hubbard model. The solid (dashed) lines refer to t

0 = �0.15
(t0 = �0.25) for DCA and to t

0 = �0.15 (t0 = �0.5) for the
gauge theory model. We used U = 7, p = 0.05, and T = 1/30
for the DCA calculations. In addition, for the gauge theory,
we assumed H0 = 0.3, J = 0.1, � = 0.01, and ⌘ = 0.04 in the
analytical continuation i!n ! ! + i⌘ of the gauge theory to
cuto↵ poles in the numerical integration and “smoothen” the
spectral function.

IV. RESULTS FOR THE PSEUDOGAP METAL

To allow for a direct and systematic comparison of the
predictions of the SU(2) gauge theory and the Hubbard
model (1), we have performed DCA and DQMC calcu-
lations (see Appendix D for more details on the numer-
ical methods). In the SU(2) gauge theory, we fixed H0

by fitting to the size of the antinodal pseudogap in the
DCA computation, and chose a spinon gap of order T
by adjusting the coupling g; except for J and ⌘, which
only have minor impact on the qualitative shape of the
spectral function (Appendix E), all other parameters of
the SU(2) gauge theory were determined by solving the
mean-field equations. For concreteness, we focus on near-
est (t) and next-to-nearest neighbor hopping (t0). Since
we are eventually interested in understanding the pseudo-
gap phase in the hole-doped cuprates, we consider small
Hall dopings p > 0 in the regime of large onsite repul-
sion U (taking U = 7t for concreteness). All energies are
measured in units of t.

A. Anti-nodal point and Lifshitz transition

The gauge-theory result for the spectral function at the
anti-nodal point, k = (⇡, 0), is shown in Fig. 2(a) and dis-
plays the strong suppression of the low-energy spectral
weight characterizing the pseudogap phase. To under-
stand this behavior, we first note that the q-integrand
in the expression (11) for the electronic Green’s function
exhibits poles at the energies !k,q
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neighbor Heisenberg model at half-filling, which is inde-
pendent of �.

Since it is not the degree of geometric frustration which
controls whether a PG is present or not, one might won-
der whether there is a simple way to understand how
� affects the PG. To address this question, we plot, in
Fig. 2(e) and (f), the bare dispersions ✏k with chemical
potential and Hartree shift subtracted,

✏
⇤
k = ✏k � µ+ U hni /2, (2)

for � = 0 and � = 3⇡/4, respectively. For � = 0, the
VHS, indicated by the green circle, is far away from the
line where ✏

⇤
k = 0 (black line); note this is not the bare,

non-interacting Fermi surface and not the interacting one
either, which would require the self-energy in Eq. (2).
In the following, we will refer to this surface as “shifted
Fermi surface”. We observe that the VHS is located al-
most exactly at the shifted Fermi surface when � = 3⇡/4.
We also found that when � is continuously changed,
the enhancement of low-energy scattering is essentially
guided by the VHS approaching the shifted Fermi sur-
face, as shown in Fig. 3. This indicates that the position
of the VHS relative to the shifted Fermi surface plays a
crucial role in the formation of the PG. This observa-
tion does not only apply on the triangular lattice: on the
square lattice, the enhancement of the PG is also guided
by the VHS reaching the shifted Fermi surface, as we will
see next.

Square lattice.—We now study the square lattice with
nearest, t ⌘ 1, and next-nearest neighbor hopping, t

0,
which is a prototype model for the high-Tc cuprates. Fol-
lowing the discussion of the triangular lattice, we use the
spectral function and the imaginary part of the self en-
ergy, shown in Fig. 4(a) and (b), to probe the PG for two
different band parameters, t

0 = ±0.2. It is worthwhile
noting that the two cases t0 = ±0.2 are actually identical
Mott insulators at half-filling, related by a particle-hole
transformation. However, upon doping, the low-energy

0.4 0.5 0.6 0.7 0.8 0.9
�/�

�3

�2

�1

0

1

Im�k(i�0)

��
V HS

Figure 3. By continuously changing the bare dispersion of
the triangular lattice via �, we find that the strongest low-
energy scattering is found when the value ✏⇤VHS of ✏⇤k at the
momentum k = kVHS of the VHS vanishes. Here we use 3-site
DCA, U = 8, T = 0.08, and p = 0.04.

scattering properties quickly become different: as one can
see in Fig. 4(a) and (b), the negative t

0 case has a well
developed PG and an insulator-like self-energy, whereas
positive t

0 lead to metallic behavior, which can, alter-
natively, be viewed as the asymmetry between electron-
and hole-doping at fixed t

0. This has been noticed be-
fore [46], but the mechanism behind this striking particle-
hole asymmetry has remained unclear.

To provide a systematic approach, we show
�ImGk(i!n=0) at the antinode k = (0,⇡) as a
function of t

0 for different U in Fig. 4(c). We recover
that the antinodal quasiparticles are most suppressed for
negative t

0. As U increases, the value of t0 with strongest
suppression (marked by the triangles) becomes more
and more negative. Most importantly, Fig. 4(d) reveals
that the same triangles also correspond to the value of
t
0 for which the VHSs [located at kVHS = (⇡, 0), (0,⇡)]

Figure 4. PG and its parameter dependence on the square lat-
tice at hole doping p = 0.05 and T = 1/30. (a) Spectral func-
tion at the Fermi surface for t0 = 0.2 [black line, kF = (3.0, 0)]
and t0 = �0.2 [red line, kF = (⇡, 0)] for U = 7. The corre-
sponding imaginary part of the antinodal selfenergy for the
same set of parameters is shown as a function of Matsubara
frequency in (b). The inset illustrates the onsite (left) and
nearest-neighbor (right) spin-spin correlations using the same
color code as in the main panels of (a) and (b). In (c), the
imaginary part of the antinodal Green’s function at the lowest
Matsubara frequency is shown as a function of next-nearest
neighbor hopping t0 for various U . The minimum of the spec-
tral intensity in (c) corresponds to the maximum of the PG.
The triangles indicate the value of t0 at which the shifted
chemical potential, solid lines in (d), is equal to ✏(0,⇡) = 4t0,
blue dashed line in (d), i.e., when ✏⇤k = ✏k � µ+ hniU/2 = 0
at the VHS k = (0,⇡).

Self-energy versus flux in the triangular lattice



Supplementary slides: 
Diagrammatic Monte Carlo



The “chemical potential” shift

• Tuning the shift can lead to much better series

• This static shift is easily implemented within CDet

• Often, a good choice for      is to take a value such that 
is the static mean-field solution of the problem
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Renormalized determinant approach (RDet)

• Can the idea be generalized?

• Counter terms:

R. Rossi, F. Šimkovic, 
M. Ferrero, arXiv (2020)
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• Can the counter terms still be computed with determinants? Yes!

• What should one put for                  ?

• A hybridization function with a gap

• Local DMFT self-energy

• Observables: density, double occupancy, Green functions, self-energies, 
etc.
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• Crossover documented by many observables

• Limitation: Resummation becomes very hard in incoherent 
regime despite absence of a true phase transition
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FIG. 1. (a) Schematic of sign changes of the observables
defining the corresponding crossover temperatures. (b) Dia-
gram of the extended metal-to-quasi-AFM-insulator crossover
(see text).

insulator-like—its imaginary part is lowest at the lowest

Matsubara frequency—at the antinodal k = (⇡, 0) and

nodal k = (⇡/2, ⇡/2) momentum points respectively. At

T . 0.25, where quasiparticle properties (and thus the

notions of metal, nFL, and insulator) become meaning-

ful [29], nFL behavior is observed in the region between

T ⇤
ch
(U) and T ⇤

sp
(U) (green shading in Fig. 1). Upon cool-

ing,  becomes insulator-like first at T ⇤
ch
, while "pot, "kin,

and �uni

sp
are still of metallic character (as summarized

in Fig. 1(a)), the AFM correlation length ⇠ at strong

coupling (U ⇠ 3) is only as long as about two lattice

constants, and the self-energy does not yet exhibit insu-

lating behavior anywhere on the FS. Long-range AFM

correlations with ⇠ & 10 develop at a notably lower

T ⇤
sp
, below which all studied observables are insulator-

like. Non-local fluctuations are key for the existence of

the transitional nFL, while the changes observed in this

regime, such as restructuring of spatial correlations and

development of the local magnetic moment, enable the

crossover and generically require a range of parameters

to take place.

In the diagrammatic Monte Carlo approach to the

Hubbard model [37, 38] one computes numerically ex-

actly the coe�cients of the Taylor-series expansion in U
for a given observable in the TDL. For an order-NV co-

e�cient of a two-body correlation function this amounts

to summing all connected Feynman diagrams with four

fixed external vertices i, i0, o, o0
, the number NV of

internal vertices V , and integrating over all configura-

tions of V . The CDet [36] algorithm allows to evaluate

the integrand at an exponential cost using determinan-

tal summation of a factorial number of diagram topolo-

gies [39, 40] with a recursive subtraction of all discon-

nected diagrams, while the integration over V can be

subsequently performed by Monte Carlo. For a given

configuration i, i0, o, o0, V , the sum of all diagram topolo-

gies aii0oo0(V ) is obtained as a determinant of a matrix

constructed from non-interacting Green’s functions [39].

The sum of all connected diagrams cii0oo0(V ) can then be

found by a recursive subtraction of disconnected topolo-

gies following Ref. [36],

cii0oo0(V ) = aii0oo0(V )�

X

S(V

cii0oo0(S)a;(V \ S)

�

X

S⇢V

cio(S)ci0o0(V \ S), (2)

where a;(V ) is the determinantal sum of all closed-loop

diagrams without open ends and cio(V ) is that of con-

nected diagrams with only two external vertices. The last

term becomes relevant when the variable whose correla-

tions are computed has a finite expectation value. The

integral over the positions of vertices V is then computed

by Monte Carlo sampling [30, 36, 39–42]. In the regime

of interest, the series are convergent; obtaining their co-

e�cients with the statistical error bar . 10% at the high-

est accessible orders NV = 9 � 11 allows us to reliably

evaluate the corresponding observables by a controlled

extrapolation to infinite order [29, 30].

The equal-time density-density (charge) correlator

C(x� y) = h�n(x)�n(y)i, (3)

where �n(x) =
P

� n�(x) � hn�i, provides a direct sig-

nature of insulating behavior via the compressibility  =
@n
@µ =

�
N

P
x,y C(x � y), with N the number of lattice

sites. Fig. 2(a) shows  as a function of U at various

temperatures. The temperature dependence of  gives an

indication of the character of the system. In the metallic

regime at small T and U ,  / � lnT is dominated by the

Van Hove divergence of the density of states on the FS,

so that @/@T / �1/T is negative. At large U , the sys-

tem is an insulator with a charge gap and temperature-

activated density fluctuations, so that @/@T is positive.

The condition @/@T = 0, satisfied at the crossings of

consecutive curves in Fig. 2(a), thus defines the crossover

scale T ⇤
ch
(U). It is noticeably higher than T ⇤

an
, suggesting

that the criterion of an nFL based on emergence of a pole-

like feature in the self-energy is a strong condition. At

low T , T ⇤
ch
(U) follows qualitatively, albeit systematically

lower, the Néel transition temperature of the Hartree-

Fock approximation TN
HF

[43]. At U, T � t, it approaches
its atomic limit asymptote T ⇤

ch
(U) ⇡ 0.3911U .

The local part of the charge correlator Cloc = C(0) is

related to double occupancy, Cloc = 2hdi. Although the

F. Šimkovic et al., PRL (2020)
A. Kim et al., PRL (2020)

Half-filled Hubbard model

�t = 5
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Freedom of non-interacting propagator
• Series convergence controlled by structure in complex plane

• How do we evaluate the series beyond its convergence radius?

• Approach 1: Conformal maps, Padé  
approximants, Integral approximants, …

• Approach 2: Generate new series with freedom in the starting point of 
the perturbation theory

in the Hubbard atomn(U)
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How to 
evaluate the 
series here?

Convergence 
radius

Poles
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