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(see Extended Data). This suggests that the quantum
E(R) energy landscape is much simpler than the classical
V (R) as sketched in Figure 1. And that the sodalite-type
symmetry Fm3̄m phase is the ground state of LaH10

in the pressure range of interest. Quantum effects are
colossal: reshaping the energy landscape and stabilizing
structures by more than 60 meV per LaH10.

Our results further confirm that the structure of LaH10

responsible for the 250K superconductivity is Fm3̄m.
This is completely consistent with the fcc arrangement of
La atoms found experimentally [5]. We verified that the
experimental resolution of in Ref. [5] is enough to discard
the classically obtained distorted structures (see Extended
Data). However, Geballe et al. [19] observed a rhombo-
hedral distortion below ⇠160GPa, with an R3̄m space
group for the La sublattice and a rhombohedral angle of
approximately 61.3°(c/a ⇠ 2.38 in the hexagonal repre-
sentation). Our calculations show that this distortion is
compatible with the hypothesis of slight anisotropic stress
conditions, possibly present in some experiments inside
the DAC. Indeed, by performing a SSCHA minimization
for the R3̄m phase but keeping the rhombohedral angle
fixed at 62.3°(the value that yields an isotropic pressure of
150 GPa at the classical level) the quantum stress tensor
shows a 6% anisotropy between the diagonal direction and
the perpendicular plane. This suggests that anisotropic
conditions inside the DAC can produce the R3̄m phase,
while it is not ruled out that other experimental stress
conditions could favor other crystalline phases.

The Fm3̄m phonon spectra calculated in the harmonic
approximation from the Hessian of V (R) show clear
phonon instabilities in a broad region of the Brillouin
zone (see Figure 2). These instabilities appear below
⇠230GPa. This is consistent with the fact that below
this pressure many possible atomic distortions lower the
enthalpy of this composition. On the contrary, as shown
in Figure 2, when calculating the phonons from the Hes-
sian of E(R) [25], which effectively captures the full
anharmonicity of V (R), no instability is observed. This
confirms again that the Fm3̄m phase is a minimum in the
quantum-energy landscape in the whole pressure range
where a 250 K Tc was observed. While the Fm3̄m phase of
LaH10 remains a minimum of E(R) as low as ⇠ 129 GPa,
the case of LaD10 shows instabilities at 126 GPa, implying
that at this pressure the Fm3̄m phase of LaD10 distorts
to a new phase (as suggested by Drozdov et al. [5]).

The breakdown of the classical harmonic approxima-
tion for phonons makes impossible the estimation of Tc
below ⇠230 GPa in the Fm3̄m phase and considering the
large anharmonic effects persistent above 260GPa (see
Figure 2) questions the certainty of harmonic calcula-
tions at higher pressures [2, 27]. On the contrary, with
anharmonic phonons derived from the Hessian of E(R)

we can readily calculate the electron-phonon interaction
and the superconducting Tc in the experimental range
of pressure (137–218GPa). The superconducting criti-

Figure 3. Summary of experimental and theoretical
Tc values. Superconducting critical temperatures calculated
within anisotropic Migdal-Éliashberg equations and SCDFT.
In both cases the anharmonic phonons obtained with the
SSCHA are used. The results are compared with the experi-
mental measurements by Somayuzulu et al. [4] and Drozdov
et al. [5]. The error bars in the experimental data by Droz-
dov et al. correspond to the experimental uncertainty in the
determination of Tc as estimated in this reference.

cal temperature is estimated fully ab initio –without any
empirical parameter– by solving Migdal-Éliashberg (ME)
equations and applying SuperConducting DFT (SCDFT).
As shown in Figure 3, the numerical solutions of ME
equations with anisotropic energy gap are almost on top
of the experimental values. SCDFT values systemati-
cally show a slightly lower Tc. Our reported values of
Tc evidence the phonon-driven mechanism of supercon-
ductivity and confirm LaH10 in its Fm3̄m structure as
responsible for the highest-Tc up to date reported. Our
calculations for LaD10 in the Fm3̄m phase are also in
agreement with the experimental point reported. Despite
the large anharmonic effects at play, the isotope coefficient
↵ = � [lnTc(LaD10)� lnTc(LaH10)] / ln 2 is close to 0.5
(0.43 around 160 GPa), the expected value in BCS theory
and is in agreement with the experimentally reported
↵ = 0.46.

Finally, we also calculated Tc for the subtle rhombo-
hedral distortion that could be induced in experiments
by anisotropic stress conditions of pressure. Fixing the
rhombohedral angle at 62.3° the obtained Tc for the R3̄m
phase at 160 GPa is a 9% lower than for the Fm3̄m. Thus,
the observed weak pressure dependence of Tc is consistent
with the absence of a rhombohedral distortion, as sug-
gested by the x-ray data [5]. However, as argued above,
undesired anisotropic stress conditions in the DAC can
induce phase transitions. It is highly probable that Tc
measurements with lower values around 200 K correspond

L. Boeri
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Figure 1. Quantum effects stabilize the symmetric Fm-3m phase of LaH10. Top panel: Enthalpy as function of
pressure for different structures of LaH10 calculated neglecting the zero-point energy. The pressure in the figure is calculated
from V (R), neglecting quantum effects on it. The crystal structure of the different phases found are shown. Bottom left: Sketch
of a Born-Oppenheimer energy surface V (R) exemplifying the presence of many local minima for many distorted structures. R
represents the positions of atoms treated classically as simple points. Bottom right: sketch of the configurational E(R) energy
surface including quantum effects. R represents the quantum centroid positions, which determine the center of the ionic wave
functions, i.e., the average atomic positions. All phases collapse to a single phase, the highly symmetric Fm-3m.

by an independent group that measured a Tc of 250K
from 137 to 218 GPa in a structure with fcc arrangement
of the La atoms and suggested a LaH10 stoichiometry [3].

Even if it is tempting to assign the record supercon-
ductivity to the Fm-3m phase predicted previously [2, 3],
there is a clear problem: the Fm-3m structure is predicted
to be dynamically unstable in the whole pressure range
where a 250K Tc was observed. This implies that this
phase is not a minimum of the Born-Oppenheimer energy
surface. Consequently, no Tc has been estimated for this
phase in the experimental pressure range. Considering
that quantum proton fluctuations symmetrize hydrogen
bonds in the high-pressure X phase of ice [21] and in
H3S [22, 23], this contradiction may signal a problem of
the classical treatment of the atomic vibrations in the
calculations. We show here how quantum atomic fluctua-

tions completely reshape the energy landscape making the
Fm-3m phase the true ground state and the responsible
for the observed superconducting critical temperature.

We start by calculating with DFT the lowest enthalpy
structures of LaH10 as a function of pressure with state-
of-the-art crystal structure prediction methods [24, 25].
The contribution associated with atomic fluctuations is
not included, so that the energy just corresponds to the
Born-Oppenheimer energy V (R), where R represents the
position of atoms treated classically as simple points. As
shown in Figure 1, different distorted phases of LaH10

are thermodynamically more stable than the Fm-3m
phase. Above ⇠250GPa all phases merge to the Fm-
3m symmetric phase. These results are in agreement
with previous calculations [19], even if we identify other
possible distorted structures with lower enthalpy such as
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by an independent group that measured a Tc of 250K
from 137 to 218 GPa in a structure with fcc arrangement
of the La atoms and suggested a LaH10 stoichiometry [3].

Even if it is tempting to assign the record supercon-
ductivity to the Fm-3m phase predicted previously [2, 3],
there is a clear problem: the Fm-3m structure is predicted
to be dynamically unstable in the whole pressure range
where a 250K Tc was observed. This implies that this
phase is not a minimum of the Born-Oppenheimer energy
surface. Consequently, no Tc has been estimated for this
phase in the experimental pressure range. Considering
that quantum proton fluctuations symmetrize hydrogen
bonds in the high-pressure X phase of ice [21] and in
H3S [22, 23], this contradiction may signal a problem of
the classical treatment of the atomic vibrations in the
calculations. We show here how quantum atomic fluctua-

tions completely reshape the energy landscape making the
Fm-3m phase the true ground state and the responsible
for the observed superconducting critical temperature.

We start by calculating with DFT the lowest enthalpy
structures of LaH10 as a function of pressure with state-
of-the-art crystal structure prediction methods [24, 25].
The contribution associated with atomic fluctuations is
not included, so that the energy just corresponds to the
Born-Oppenheimer energy V (R), where R represents the
position of atoms treated classically as simple points. As
shown in Figure 1, different distorted phases of LaH10

are thermodynamically more stable than the Fm-3m
phase. Above ⇠250GPa all phases merge to the Fm-
3m symmetric phase. These results are in agreement
with previous calculations [19], even if we identify other
possible distorted structures with lower enthalpy such as

H. Liu et al., PNAS (2017)
I.A. Kruglov et al., PRB (2020)
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(see Extended Data). This suggests that the quantum
E(R) energy landscape is much simpler than the classical
V (R) as sketched in Figure 1. And that the sodalite-type
symmetry Fm3̄m phase is the ground state of LaH10

in the pressure range of interest. Quantum effects are
colossal: reshaping the energy landscape and stabilizing
structures by more than 60 meV per LaH10.

Our results further confirm that the structure of LaH10

responsible for the 250K superconductivity is Fm3̄m.
This is completely consistent with the fcc arrangement of
La atoms found experimentally [5]. We verified that the
experimental resolution of in Ref. [5] is enough to discard
the classically obtained distorted structures (see Extended
Data). However, Geballe et al. [19] observed a rhombo-
hedral distortion below ⇠160GPa, with an R3̄m space
group for the La sublattice and a rhombohedral angle of
approximately 61.3°(c/a ⇠ 2.38 in the hexagonal repre-
sentation). Our calculations show that this distortion is
compatible with the hypothesis of slight anisotropic stress
conditions, possibly present in some experiments inside
the DAC. Indeed, by performing a SSCHA minimization
for the R3̄m phase but keeping the rhombohedral angle
fixed at 62.3°(the value that yields an isotropic pressure of
150 GPa at the classical level) the quantum stress tensor
shows a 6% anisotropy between the diagonal direction and
the perpendicular plane. This suggests that anisotropic
conditions inside the DAC can produce the R3̄m phase,
while it is not ruled out that other experimental stress
conditions could favor other crystalline phases.

The Fm3̄m phonon spectra calculated in the harmonic
approximation from the Hessian of V (R) show clear
phonon instabilities in a broad region of the Brillouin
zone (see Figure 2). These instabilities appear below
⇠230GPa. This is consistent with the fact that below
this pressure many possible atomic distortions lower the
enthalpy of this composition. On the contrary, as shown
in Figure 2, when calculating the phonons from the Hes-
sian of E(R) [25], which effectively captures the full
anharmonicity of V (R), no instability is observed. This
confirms again that the Fm3̄m phase is a minimum in the
quantum-energy landscape in the whole pressure range
where a 250 K Tc was observed. While the Fm3̄m phase of
LaH10 remains a minimum of E(R) as low as ⇠ 129 GPa,
the case of LaD10 shows instabilities at 126 GPa, implying
that at this pressure the Fm3̄m phase of LaD10 distorts
to a new phase (as suggested by Drozdov et al. [5]).

The breakdown of the classical harmonic approxima-
tion for phonons makes impossible the estimation of Tc
below ⇠230 GPa in the Fm3̄m phase and considering the
large anharmonic effects persistent above 260GPa (see
Figure 2) questions the certainty of harmonic calcula-
tions at higher pressures [2, 27]. On the contrary, with
anharmonic phonons derived from the Hessian of E(R)

we can readily calculate the electron-phonon interaction
and the superconducting Tc in the experimental range
of pressure (137–218GPa). The superconducting criti-

Figure 3. Summary of experimental and theoretical
Tc values. Superconducting critical temperatures calculated
within anisotropic Migdal-Éliashberg equations and SCDFT.
In both cases the anharmonic phonons obtained with the
SSCHA are used. The results are compared with the experi-
mental measurements by Somayuzulu et al. [4] and Drozdov
et al. [5]. The error bars in the experimental data by Droz-
dov et al. correspond to the experimental uncertainty in the
determination of Tc as estimated in this reference.

cal temperature is estimated fully ab initio –without any
empirical parameter– by solving Migdal-Éliashberg (ME)
equations and applying SuperConducting DFT (SCDFT).
As shown in Figure 3, the numerical solutions of ME
equations with anisotropic energy gap are almost on top
of the experimental values. SCDFT values systemati-
cally show a slightly lower Tc. Our reported values of
Tc evidence the phonon-driven mechanism of supercon-
ductivity and confirm LaH10 in its Fm3̄m structure as
responsible for the highest-Tc up to date reported. Our
calculations for LaD10 in the Fm3̄m phase are also in
agreement with the experimental point reported. Despite
the large anharmonic effects at play, the isotope coefficient
↵ = � [lnTc(LaD10)� lnTc(LaH10)] / ln 2 is close to 0.5
(0.43 around 160 GPa), the expected value in BCS theory
and is in agreement with the experimentally reported
↵ = 0.46.

Finally, we also calculated Tc for the subtle rhombo-
hedral distortion that could be induced in experiments
by anisotropic stress conditions of pressure. Fixing the
rhombohedral angle at 62.3° the obtained Tc for the R3̄m
phase at 160 GPa is a 9% lower than for the Fm3̄m. Thus,
the observed weak pressure dependence of Tc is consistent
with the absence of a rhombohedral distortion, as sug-
gested by the x-ray data [5]. However, as argued above,
undesired anisotropic stress conditions in the DAC can
induce phase transitions. It is highly probable that Tc
measurements with lower values around 200 K correspond

1) Retardation effect 2) Phonon anharmonicity 3) Zero point motion
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Self-consistent perturbation theory: 
lowest-order dressed-phonon and dressed Coulomb contribution to S retained
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Coulomb pseudo potential

EF

µ=Vc(w=0)N(0)
g2Dph

ωph0

µ* =
µ

1+µ ln EF
ω ph

⎛
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⎞

⎠
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(empirical parameter)

introduces substantial uncertainty in the calculation of Tc

�j(p, i!n) = � T

N

X
{V ph

jl (q, i!m) + V c
jl(q, i!m)}|Gl(p+ q, i!m + i!n)|2�l(p+ q, i!n + i!m)

Morel-Anderson Phys. Rev. 125 1263 (1962)
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F (anomalous Green fn.)

D(w)
Fxc

e-ph = Fxc
e-e  =

screened Coulomb Vc

F (anomalous Green fn.)

Kohn-Sham perturbation theory (F, D, Vc are obtained from first-principles calc.)

�i = �Zi�i �
1

2

X

j

Kij
tanh[�/2Ej ]

Ej
�j
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M. Lüders et al, PRB 72, 024545 (2005)
M. Marques et al, PRB 72, 024546 (2005)

G (Green fn.)

D(w)
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Ab initio Migdal-Eliashberg calculation
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�j(p, i!n) = � T

N

X
{V ph

jl (q, i!m) + V c
jl(q, i!m)}|Gl(p+ q, i!m + i!n)|2�l(p+ q, i!n + i!m)

Convolution of the V and G, D

Efficient Fourier transformation iwn ⇄ t
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Singular value decomposition

Shinaoka et al., Phys. Rev. B 96, 035147 (2017)

Spectral representation of the Green’s function
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G(⌧) =
lmaxX

l=0

GIR
l ul(⌧)

<latexit sha1_base64="XN8t0cgS/GIfsU7c+10OFTMVy0w="></latexit>

Shinaoka et al., Phys. Rev. B 96, 035147 (2017)
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For given              and              ,            can be 
calculated by linear least square fitting procedure

FFTiFFT

G(⌧) =
lmaxX

l=0

GIR
l ul(⌧)
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can be pre-computed, and 
stored in a library as a matrix 

ul(i!n) =

Z �

0
d⌧ul(⌧) exp(i!n⌧)
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One-shot calculation 
overestimate the mass-
enhancement effect
(Tc underestimated)

Intermediate representation of the Greenʼs fn →Self-consistent calculation 
considering the retardation effect can be performed efficiently

H3S

W. Sano, RA et al., PRB2016
T. Wang, RA, et al., in prep.
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LaH10

I. Errea, RA et al., Nature2020

Harmonic approximation: many negative modes



Anharmonic Hamiltonian
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Tadano-Tsuneyuki, JPSJ 87 041015(2018)



Anharmonic Hamiltonian
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Tadano-Tsuneyuki, JPSJ 87 041015(2018)



Self-consistent phonon theory
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Mimic the free energy of an anharmonic system by an effective harmonic Hamiltonian

Hooton 1955, 1958, Werthamer 1970, Cochran et al. 1967
For review: Tadano-Tsuneyuki, JPSJ 87 041015(2018)

F  F + hH �HiH
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Gibbs-Bogoliubov inequality



Self-consistent phonon theory
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Self-consistent eq.

Stochastic implementation for self-consistent harmonic approximation 
(SSCHA) I. Errea et al., PRB 89 064302 (2014) 

Hooton 1955, 1958, Werthamer 1970, Cochran et al. 1967
For review: Tadano-Tsuneyuki, JPSJ 87 041015(2018)
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LaH10

I. Errea, RA et al., Nature2020

Harmonic approximation: many negative modes
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I. Errea, RA et al., Nature2020

No negative modes
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(see Extended Data). This suggests that the quantum
E(R) energy landscape is much simpler than the classical
V (R) as sketched in Figure 1. And that the sodalite-type
symmetry Fm3̄m phase is the ground state of LaH10

in the pressure range of interest. Quantum effects are
colossal: reshaping the energy landscape and stabilizing
structures by more than 60 meV per LaH10.

Our results further confirm that the structure of LaH10

responsible for the 250K superconductivity is Fm3̄m.
This is completely consistent with the fcc arrangement of
La atoms found experimentally [5]. We verified that the
experimental resolution of in Ref. [5] is enough to discard
the classically obtained distorted structures (see Extended
Data). However, Geballe et al. [19] observed a rhombo-
hedral distortion below ⇠160GPa, with an R3̄m space
group for the La sublattice and a rhombohedral angle of
approximately 61.3°(c/a ⇠ 2.38 in the hexagonal repre-
sentation). Our calculations show that this distortion is
compatible with the hypothesis of slight anisotropic stress
conditions, possibly present in some experiments inside
the DAC. Indeed, by performing a SSCHA minimization
for the R3̄m phase but keeping the rhombohedral angle
fixed at 62.3°(the value that yields an isotropic pressure of
150 GPa at the classical level) the quantum stress tensor
shows a 6% anisotropy between the diagonal direction and
the perpendicular plane. This suggests that anisotropic
conditions inside the DAC can produce the R3̄m phase,
while it is not ruled out that other experimental stress
conditions could favor other crystalline phases.

The Fm3̄m phonon spectra calculated in the harmonic
approximation from the Hessian of V (R) show clear
phonon instabilities in a broad region of the Brillouin
zone (see Figure 2). These instabilities appear below
⇠230GPa. This is consistent with the fact that below
this pressure many possible atomic distortions lower the
enthalpy of this composition. On the contrary, as shown
in Figure 2, when calculating the phonons from the Hes-
sian of E(R) [25], which effectively captures the full
anharmonicity of V (R), no instability is observed. This
confirms again that the Fm3̄m phase is a minimum in the
quantum-energy landscape in the whole pressure range
where a 250 K Tc was observed. While the Fm3̄m phase of
LaH10 remains a minimum of E(R) as low as ⇠ 129 GPa,
the case of LaD10 shows instabilities at 126 GPa, implying
that at this pressure the Fm3̄m phase of LaD10 distorts
to a new phase (as suggested by Drozdov et al. [5]).

The breakdown of the classical harmonic approxima-
tion for phonons makes impossible the estimation of Tc
below ⇠230 GPa in the Fm3̄m phase and considering the
large anharmonic effects persistent above 260GPa (see
Figure 2) questions the certainty of harmonic calcula-
tions at higher pressures [2, 27]. On the contrary, with
anharmonic phonons derived from the Hessian of E(R)

we can readily calculate the electron-phonon interaction
and the superconducting Tc in the experimental range
of pressure (137–218GPa). The superconducting criti-

Figure 3. Summary of experimental and theoretical
Tc values. Superconducting critical temperatures calculated
within anisotropic Migdal-Éliashberg equations and SCDFT.
In both cases the anharmonic phonons obtained with the
SSCHA are used. The results are compared with the experi-
mental measurements by Somayuzulu et al. [4] and Drozdov
et al. [5]. The error bars in the experimental data by Droz-
dov et al. correspond to the experimental uncertainty in the
determination of Tc as estimated in this reference.

cal temperature is estimated fully ab initio –without any
empirical parameter– by solving Migdal-Éliashberg (ME)
equations and applying SuperConducting DFT (SCDFT).
As shown in Figure 3, the numerical solutions of ME
equations with anisotropic energy gap are almost on top
of the experimental values. SCDFT values systemati-
cally show a slightly lower Tc. Our reported values of
Tc evidence the phonon-driven mechanism of supercon-
ductivity and confirm LaH10 in its Fm3̄m structure as
responsible for the highest-Tc up to date reported. Our
calculations for LaD10 in the Fm3̄m phase are also in
agreement with the experimental point reported. Despite
the large anharmonic effects at play, the isotope coefficient
↵ = � [lnTc(LaD10)� lnTc(LaH10)] / ln 2 is close to 0.5
(0.43 around 160 GPa), the expected value in BCS theory
and is in agreement with the experimentally reported
↵ = 0.46.

Finally, we also calculated Tc for the subtle rhombo-
hedral distortion that could be induced in experiments
by anisotropic stress conditions of pressure. Fixing the
rhombohedral angle at 62.3° the obtained Tc for the R3̄m
phase at 160 GPa is a 9% lower than for the Fm3̄m. Thus,
the observed weak pressure dependence of Tc is consistent
with the absence of a rhombohedral distortion, as sug-
gested by the x-ray data [5]. However, as argued above,
undesired anisotropic stress conditions in the DAC can
induce phase transitions. It is highly probable that Tc
measurements with lower values around 200 K correspond
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(see Extended Data). This suggests that the quantum
E(R) energy landscape is much simpler than the classical
V (R) as sketched in Figure 1. And that the sodalite-type
symmetry Fm3̄m phase is the ground state of LaH10

in the pressure range of interest. Quantum effects are
colossal: reshaping the energy landscape and stabilizing
structures by more than 60 meV per LaH10.

Our results further confirm that the structure of LaH10

responsible for the 250K superconductivity is Fm3̄m.
This is completely consistent with the fcc arrangement of
La atoms found experimentally [5]. We verified that the
experimental resolution of in Ref. [5] is enough to discard
the classically obtained distorted structures (see Extended
Data). However, Geballe et al. [19] observed a rhombo-
hedral distortion below ⇠160GPa, with an R3̄m space
group for the La sublattice and a rhombohedral angle of
approximately 61.3°(c/a ⇠ 2.38 in the hexagonal repre-
sentation). Our calculations show that this distortion is
compatible with the hypothesis of slight anisotropic stress
conditions, possibly present in some experiments inside
the DAC. Indeed, by performing a SSCHA minimization
for the R3̄m phase but keeping the rhombohedral angle
fixed at 62.3°(the value that yields an isotropic pressure of
150 GPa at the classical level) the quantum stress tensor
shows a 6% anisotropy between the diagonal direction and
the perpendicular plane. This suggests that anisotropic
conditions inside the DAC can produce the R3̄m phase,
while it is not ruled out that other experimental stress
conditions could favor other crystalline phases.
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below ⇠230 GPa in the Fm3̄m phase and considering the
large anharmonic effects persistent above 260GPa (see
Figure 2) questions the certainty of harmonic calcula-
tions at higher pressures [2, 27]. On the contrary, with
anharmonic phonons derived from the Hessian of E(R)

we can readily calculate the electron-phonon interaction
and the superconducting Tc in the experimental range
of pressure (137–218GPa). The superconducting criti-
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phase at 160 GPa is a 9% lower than for the Fm3̄m. Thus,
the observed weak pressure dependence of Tc is consistent
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