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Fig. 2.1. An example of a tree structure imposed on the index vector (1, 2, . . . , N). At each
level of the hierarchy, a contiguous block of indices is divided into a set of children, each of which
corresponds to a contiguous subset of indices.

Fig. 2.2. Matrix rank structure. At each level of the index tree, the off-diagonal block rows
and columns (black) must have low numerical rank; the diagonal blocks (white) can in general be
full-rank.

and that the ranks kri = kci ≡ k of the off-diagonal blocks are all the same, it is
straightforward to see [17, 21] that a scheme based on (2.2) or (2.3) requires an
amount of work of the order O(p(N/p)3 + p3k3).

In many contexts (including integral equations), the notion of block separability is
applicable on a hierarchy of subdivisions of the index vector. That is, a decomposition
of the form (2.2) can be constructed at each level of the hierarchy. When a matrix has
this structure, much more powerful solvers can be developed, but they will require
some additional ideas (and notation).

2.1. Hierarchically structured matrices. Our treatment in this section fol-
lows that of [17]. Let J = (1, 2, . . . , N) be the index vector of a matrix A ∈ CN×N .
We assume that a tree structure τ is imposed on J which is λ + 1 levels deep. At

level l, we assume that there are pl nodes, with each such node J (l)
i corresponding to

a contiguous subsequence of J such that
{
J (l)
1 , J (l)

2 , . . . , J (l)
pl

}
= J.

We denote the finest level as level 1 and the coarsest level as level λ+1 (which consists

of a single block). Each node J (l)
i at level l > 1 has a finite number of children at

level l − 1 whose concatenation yields the indices in J (l)
i (Figure 2.1).

The matrix A is hierarchically block separable [17] if it is block separable at each
level of the hierarchy defined by τ . In other words, it is structured in the sense of
the present paper if, on each level of τ , the off-diagonal block rows and columns are
low-rank (Figure 2.2). Such matrices arise, for example, when discretizing integral
equations with nonoscillatory kernels (up to a specified precision).


