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Problem Setup
A function  maps a set of coordinates to a scalar outputf

y = f(x1, x2, ⋯, xn)

Why symmetry-preserving?  

• respect the physics
• better data efficiency
• better accuracy

Supervised learning: fit this function from data and preserve all the symmetries 
simultaneously
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D′ ij = x′ i ⋅ x′ j    or    D′ = X⊤X  with  X = [x′ 1, x′ 2, ⋯, x′ n]⊤

However, it lacks permutational invariance
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Extensions
• Guarantee equivariance if the output is

Open question: universal approximation property with practical optimality and 
scalability

vector: r = f(x1, x2, ⋯, xn) → Rr = f(Rx1, Rx2, ⋯, Rxn)

• Guarantee invariance and equivariance if we have additional scalar/vector/
tensor features attached to each point

or tensorr: Q = f(x1, x2, ⋯, xn) → RQR⊤ = f(Rx1, Rx2, ⋯, Rxn)

• Use high-order information to do embedding
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 is bounded as system size 
increased by short-range effect
n



Importance of Symmetry



Application: Transport Equation
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Adaptivity to Different Sizes
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