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What are scaling relations?

• Low-scatter relations between properties 
of complex astrophysical systems 

• Often found empirically in observational/ 
simulation data 

• Often found by fitting power laws to 
 2D data
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Important scaling relations for estimating 
cosmological distances

Mv = A(log10P − 1) − B
- Cepheid Period-Luminosity relation

- Philips relation for supernovae

Mmax(B) = − 21.726 + 2.698 Δm15(B)
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2 Delgado et al.

Salcedo et al. 2020b,c; Yuan et al. 2020; Hadzhiyska et al. 2020b;
Salcedo et al. 2020a).

High-resolution hydrodynamical simulations such as IllustrisTNG
(TNG) (Springel 2010; Nelson et al. 2018) give us a plausible predic-
tion of what the galaxy-halo connection should be and can therefore
be used as a testing ground for theory. By identifying observables
that will best allow us to model galaxy assembly bias we may im-
prove upon our current models and test their statistical power against
hydrodynamical simulations.

We have two primary goals in this work:
(i) Determine which secondary halo properties, in addition to halo
mass, best model the galaxy-halo connection. Because there is no
first-principles explanation as to which properties to use, we model
the number of galaxies using machine learning by approximating the
function

#galaxies = 5 ("halo, {8halo}) , (1)

where "halo is the total mass of the halo, and {8halo} is the set of
various secondary halo properties: the overdensity and anisotropy of
its environment at various scales, its concentration, spin, velocity dis-
persion, and so on. The high dimensionality of the input space makes
this a complex and challenging problem. Correlations between dif-
ferent input parameters (i.e., the concentration of a halo is related to
its assembly history and its environment) further add to the di�culty.
(ii) Augment the standard HOD model with simple equations that in-
corporate the e�ects of the secondary halo properties. As central and
satellite galaxies can have a di�erent dependence on halo properties,
we train over models separately for centrals and satellites throughout
this paper. It is worth noting that our approach is similar to Wadekar
et al. (2020) who used machine learning to model the neutral hydro-
gen content of the halo as a function of halo mass and secondary
properties.

The layout of the paper is as follows: In section 2, we describe the
simulations, our benchmark model, how we used machine learning
algorithms to obtain augmented models, the summary statistics used
and a description of the secondary halo properties considered in this
work. In section 3 we present our results. Section 4 provides discus-
sion on how our work compares to previous studies and describes the
limitations of our methods. In section 5 we summarize our findings
and conclude.

2 METHODS

2.1 IllustrisTNG simulation

The Next Generation Illustris, IllustrisTNG (hereafter, TNG)
(Pillepich et al. 2018; Springel et al. 2018; Nelson et al. 2018;
Naiman et al. 2018; Marinacci et al. 2018; Nelson et al. 2019a,b;
Pillepich et al. 2019), are cosmological, hydrodynamical simulations
run with the AREPO code (Springel 2010; Weinberger et al. 2020),
which utilizes a hybrid tree/particle-mesh scheme to solve for grav-
itational interactions of dark matter particles and an unstructured,
moving mesh to solve the equations of hydrodynamics. Compared to
the galaxy formation model of its predecessor, Illustris (Vogelsberger
et al. 2014a,b; Genel et al. 2014), the model in TNG has updated im-
plementations of AGN feedback (Weinberger et al. 2017) and galac-
tic winds (Pillepich et al. 2018), and incorporates magnetic fields
(Pakmor et al. 2014). The TNG suite consists of three simulation
volumes: TNG50, TNG100 and TNG300 each run at three di�erent
resolutions. In this work we use the TNG300-1 simulation, a periodic
box of length !box = 205⌘�1Mpc ⇡ 300Mpc, containing 2 ⇥ 25003
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Figure 1. The mean galaxy occupation of TNG300 as a function of the halo
mass. The solid lines are the true occupations of TNG300, the dashed lines
are the predicted occupations by the RF using halo mass as a training feature,
and the dotted lines are the predicted occupations using the standard HOD
mass only model. As a consistency check, we see that the RF is able to predict
the mean galaxy occupation fairly accurately.

resolution elements with a mass resolution of 7.6 ⇥ 106⌘�1"� for
baryons and 4.0 ⇥ 107⌘�1"� for dark matter.

The initial conditions of the TNG suite were generated at I = 127
and assume Planck parameters (Planck Collaboration et al. 2016).
Each hydrodynamical simulation (henceforth referred to as FP for
‘full-physics’) also has a counterpart generated from the same initial
conditions but evolved with dark matter only (N-body, DMO).

Haloes in TNG are identified using the ‘friends-of-friends’ (FOF)
algorithm which forms groups by connecting together dark matter
particles separated by at most 20% of the mean interparticle separa-
tion. Subhaloes are identified using the SUBFIND algorithm, which
requires that each subhalo contain at least 20 dark matter particles
that are gravitationally bound. A galaxy is defined as the constituent
baryonic matter associated with the subhalo.

For this work, we take advantage of the initial-conditions matched
between FP and DMO simulations to create bijective matches of
halos between the two runs, as outlined in Hadzhiyska et al. (2020c).
This allows us to mimic the standard implementation of the Halo
Occupation Distribution (HOD) for the DMO run by populating
its halos with galaxy occupation numbers per halo mass bin derived
from the FP run. Specifically, we use the TNG300-1 DMO simulation
populated with its bijectively matched halos (henceforth TNG300-
matched or TNG300)).

2.2 Benchmark model: Halo occupation distribution (HOD)

The standard HOD model posits that the number of galaxies residing
in a halo depends solely on the mass of that halo. We construct the
HOD using TNG300 populated with bijectively matched halos as de-
scribed in section 2.1. In order to emulate the kinds of galaxy samples
that will be detected by surveys like DESI, we consider luminous red
galaxies (LRG-like), which are stellar-mass selected, and emission-
line galaxies (ELG-like), which are based on colour cuts and chosen
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Figure 1. Relation between the stellar mass of central EAGLE galaxies
and halo mass in the matched DMO simulation. The white dashed lines
highlight the measured 1! scatter in the region where individual points
are saturated. Also shown are results obtained from abundance matching to
observations (Behroozi et al. 2013a; Moster et al. 2013), including a shaded
region indicating their 1! scatter. It can be seen that the slope changes at a
halo mass around 1012 M! , which is the mass at which the galaxy formation
efficiency peaks.

Henriques et al. 2015; Lacey et al. 2016) and related techniques
such as abundance matching (e.g. Berlind & Weinberg 2002; Yang,
Mo & van den Bosch 2003; Behroozi, Conroy & Wechsler 2010;
van den Bosch et al. 2013). However, both abundance-matching
models and observations suggest that there exists scatter in the stel-
lar mass–halo mass (SMHM) relation (More et al. 2011; Behroozi,
Wechsler & Conroy 2013a; Moster, Naab & White 2013; Zu & Man-
delbaum 2015), meaning that halo masses alone cannot be used to
predict accurate stellar masses. This could mean that there is also
a second halo property which might explain (part of) the scatter in
the SMHM relation, for example the formation time (e.g. Zentner,
Hearin & van den Bosch 2014), or that there is a halo property other
than mass which is more strongly correlated to stellar mass, such
as the circular velocity (e.g. Conroy, Wechsler & Kravtsov 2006;
Trujillo-Gomez et al. 2011).

In this paper, we use simulated galaxies from the EAGLE project
(Crain et al. 2015; Schaye et al. 2015) to assess which halo property
can be used to predict stellar masses most accurately, and how it
is related to the scatter in the SMHM relation, see Fig. 1. EAGLE
is a hydrodynamical simulation for which the feedback from star
formation and AGN has been calibrated to reproduce the z = 0.1
stellar mass function, galaxy sizes and the black hole mass–stellar
mass relation. Because the simulation accurately reproduces many
different observables and their evolution (e.g. Furlong et al. 2015a,b;
Schaye et al. 2015; Trayford et al. 2016), it is well suited for further
studies of galaxy formation.

The properties of dark matter haloes can be affected by baryonic
processes (e.g. Bryan et al. 2013; Velliscig et al. 2014; Schaller
et al. 2015b). For example, efficient cooling of baryons can in-
crease halo concentrations. For our purposes, it is therefore critical
to connect stellar masses to dark matter halo properties from a
matched dark matter only (DMO) simulation. Otherwise, it would
be impossible to determine whether a given halo property is a cause
or an effect of efficient galaxy formation. In order to find which halo
property is most closely related to stellar mass, we thus use halo
properties from the DMO version of EAGLE, which has the same

initial conditions, box size and resolution as its hydrodynamical
counterpart.

An important caveat in studying the scatter in a galaxy scaling re-
lation in general is that many properties are correlated. For example,
the scatter in the SMHM relation by construction cannot correlate
strongly with any property that correlates strongly with halo mass.
This way, an actual physical correlation can be hidden. As many halo
properties are related to halo mass (e.g. Jeeson-Daniel et al. 2011),
we should therefore be careful to only correlate the residuals of the
SMHM relation to properties that are weakly or, ideally, not cor-
related with halo mass. We therefore use only dimensionless halo
properties to study the origin of scatter in the SMHM relation.

This paper is organized as follows. The simulations and our analy-
sis methods are presented in Section 2. In Section 3, we study which
halo property is related most closely to stellar mass. We study the
origin of scatter in the SMHM relation and the Mstar–Vmax, DMO re-
lation in Section 4. We show how we can predict more accurate
stellar masses with a combination of halo properties in Section 5. In
Section 6, we show the redshift evolution of the SMHM relation and
its scatter. We discuss our results and compare with the literature in
Section 7. Finally, Section 8 summarizes the conclusions.

2 METHODS

2.1 The EAGLE simulation project

In our analysis, we use central galaxies from the (100 cMpc)3 refer-
ence EAGLE model at redshift z= 0.101, with a resolution such that
a galaxy with a mass of Mstar = 1010 M! (such as the Milky Way) is
sampled by " 10 000 star particles. The hydrodynamical equations
are solved using the smoothed particle hydrodynamics N-body code
GADGET 3, last described by Springel (2005), with modifications to
the hydrodynamics solver (Hopkins 2013; Schaller et al. 2015c;
Dalla Vecchia, in preparation), the time stepping (Durier & Dalla
Vecchia 2012) and new sub-grid physics. There are 2 # 15043 parti-
cles with masses 1.8 # 106 M! (baryonic) and 9.7 # 106 M! (dark
matter). The resolution has been chosen to resolve the Jeans scale
in the warm (T" 104 K) interstellar medium (at least marginally).
EAGLE uses Planck cosmology (Planck Collaboration XVI 2014).
The halo and galaxy catalogues and merger trees from the EAGLE
simulation are publicly available (McAlpine et al. 2016). For hy-
drodynamical simulations of galaxy formation, the implementation
of sub-grid physics is critical (e.g. Schaye et al. 2010; Scannapieco
et al. 2012). The included sub-grid models account for radiative
cooling by the 11 most important elements (Wiersma, Schaye &
Smith 2009a), star formation (Schaye & Dalla Vecchia 2008) and
chemical enrichment (Wiersma et al. 2009b), feedback from star
formation (Dalla Vecchia & Schaye 2012), growth of black holes
(Springel et al. 2005; Rosas-Guevara et al. 2015; Schaye et al. 2015)
and feedback by AGN (Booth & Schaye 2009). Galactic winds de-
velop naturally without predetermined mass-loading factors, veloc-
ities or directions, without any explicit dependence on dark matter
properties and without disabling the hydrodynamics or the radiative
cooling. This is achieved by injecting the feedback energy thermally
using the stochastic implementation of Dalla Vecchia & Schaye
(2012), which reduce numerical radiative losses. As discussed by
Crain et al. (2015), the z $ 0 galaxy stellar mass function can be
reproduced even without tuning the feedback parameters. However,
the feedback needs to be calibrated in order to simultaneously re-
produce present-day galaxy sizes, which in turn leads to agreement
with many other galaxy scaling relations.

MNRAS 465,2381–2396 (2017)
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Scaling relations for cluster cosmology
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scatter must be a valid non-degenerate covariance matrix that
prevents combinations of extreme correlation coef! cients.

4.1.5. Constraints on X-Ray Scaling Relation Parameters

Without any informative priors on the X-ray scaling relation
parameters, we can use the SPTcl data set to constrain theYXÐ
mass relation. The recovered amplitude

A 6.35 0.69 26YX � � � o ( )

is very close to the WL-informed prior(Applegate et al.2014; von
der Linden et al.2014; Hoekstra et al.2015; Mantz et al.2015)

that was used in our previous cosmology analysis(AYX!=
6.38!± !0.61; dH16). We constrain the redshift evolution of the
YXÐmass relation to

C 0.31 . 27Y 0.21
0.14

X � � � � ��
�� ( )

The self-similar expectationCYX!= !! 0.4 is well within 1! . Our
measurement of theYX scatter

0.18 0.09 28Yln X�T � � � o ( )

is higher than but consistent at the 1! !level with the prior
0.12!± !0.08 adopted in previous SPT analyses. It closely

Figure 4. Distribution of clusters as a function of redshift(left panels) and detection signi! cance" (right panels). The top panels show the SPT-SZ data and the
recovered model predictions for#! CDM. The bottom panels show the residuals of the data with respect to the model prediction. The different lines and shadings
correspond to the mean recovered model and the 1! !and 2! !allowed ranges. The dotted lines show the Poisson error on the mean model prediction. There are no clear
outliers, and we conclude that the model provides an adequate! t to the data.

Figure 5. Constraints on m�8 and 8�T from this analysis and from a previous
analysis that used the same cluster sample(dH16). The consistency(0.2! )
indicates that our internal mass calibration using WL data agrees with the
external X-ray mass calibration priors adopted indH16.

Figure 6. #! CDM constraints on m�8 and 8�T. The SPTcl data set comprises
SPT-SZ+ WL+YX, Planck is TT+ lowTEB, and KiDS+ GAMA and DES Y1
are cosmic shear+ galaxy clustering+ galaxyÐgalaxy lensing. The WtG(X-ray-
selected clusters) result also contains theirfgasmeasurement.

12

The Astrophysical Journal, 878:55(25pp), 2019 June 10 Bocquet et al.

Bocquet et al. 19
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(   , other observables?? )Y3/5
CMB= f

• X-ray/CMB surveys 

- Gas density/pressure profile
- Luminosity profile
- Spectral temperature
- Gas concentration/ellipticity
- …… 

• Galaxy surveys 

- Richness
- Galaxy colors 

(e.g. fraction of red galaxies)
- Stellar mass
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cgas ≡
Mgas(r < R200c/2)
Mgas(r < R200c)

Second step: Symbolic regression
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Reducing deviation from self-similarity (pow. law)

Due to ejection of gas from clusters/groups 
 due to AGN/SN feedback

Y ∝ M5/3

(virial theorem)

Part II : 
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Y ( 1 +
M*(r < R)

Mgas(r < R) )

Y

Y [ 1 +
M*(r < R/2)

Mgas(r < R/2) ]

Results

Virial 
theorem
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Constraining baryonic feedback in hydro sims 
 with the Y-M relation
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Summary

�#  ML tools like symbolic regression can 
be used to improve astrophysical scaling 
relations ! 0.6
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- Using gas conc. reduces scatter in SZ mass 
estimates by 20-30% for large clusters 

- Including stellar to gas mass ratio reduces 
deviation from self-similarity by factor >2

!  Suggestions for other scaling relations?

mailto:jayw@ias.edu
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Application to other scaling relations?

Cepheid Period
-Luminosity rel.
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Figure 1. Relation between the stellar mass of central EAGLE galaxies
and halo mass in the matched DMO simulation. The white dashed lines
highlight the measured 1! scatter in the region where individual points
are saturated. Also shown are results obtained from abundance matching to
observations (Behroozi et al. 2013a; Moster et al. 2013), including a shaded
region indicating their 1! scatter. It can be seen that the slope changes at a
halo mass around 1012 M! , which is the mass at which the galaxy formation
efficiency peaks.

Henriques et al. 2015; Lacey et al. 2016) and related techniques
such as abundance matching (e.g. Berlind & Weinberg 2002; Yang,
Mo & van den Bosch 2003; Behroozi, Conroy & Wechsler 2010;
van den Bosch et al. 2013). However, both abundance-matching
models and observations suggest that there exists scatter in the stel-
lar mass–halo mass (SMHM) relation (More et al. 2011; Behroozi,
Wechsler & Conroy 2013a; Moster, Naab & White 2013; Zu & Man-
delbaum 2015), meaning that halo masses alone cannot be used to
predict accurate stellar masses. This could mean that there is also
a second halo property which might explain (part of) the scatter in
the SMHM relation, for example the formation time (e.g. Zentner,
Hearin & van den Bosch 2014), or that there is a halo property other
than mass which is more strongly correlated to stellar mass, such
as the circular velocity (e.g. Conroy, Wechsler & Kravtsov 2006;
Trujillo-Gomez et al. 2011).

In this paper, we use simulated galaxies from the EAGLE project
(Crain et al. 2015; Schaye et al. 2015) to assess which halo property
can be used to predict stellar masses most accurately, and how it
is related to the scatter in the SMHM relation, see Fig. 1. EAGLE
is a hydrodynamical simulation for which the feedback from star
formation and AGN has been calibrated to reproduce the z = 0.1
stellar mass function, galaxy sizes and the black hole mass–stellar
mass relation. Because the simulation accurately reproduces many
different observables and their evolution (e.g. Furlong et al. 2015a,b;
Schaye et al. 2015; Trayford et al. 2016), it is well suited for further
studies of galaxy formation.

The properties of dark matter haloes can be affected by baryonic
processes (e.g. Bryan et al. 2013; Velliscig et al. 2014; Schaller
et al. 2015b). For example, efficient cooling of baryons can in-
crease halo concentrations. For our purposes, it is therefore critical
to connect stellar masses to dark matter halo properties from a
matched dark matter only (DMO) simulation. Otherwise, it would
be impossible to determine whether a given halo property is a cause
or an effect of efficient galaxy formation. In order to find which halo
property is most closely related to stellar mass, we thus use halo
properties from the DMO version of EAGLE, which has the same

initial conditions, box size and resolution as its hydrodynamical
counterpart.

An important caveat in studying the scatter in a galaxy scaling re-
lation in general is that many properties are correlated. For example,
the scatter in the SMHM relation by construction cannot correlate
strongly with any property that correlates strongly with halo mass.
This way, an actual physical correlation can be hidden. As many halo
properties are related to halo mass (e.g. Jeeson-Daniel et al. 2011),
we should therefore be careful to only correlate the residuals of the
SMHM relation to properties that are weakly or, ideally, not cor-
related with halo mass. We therefore use only dimensionless halo
properties to study the origin of scatter in the SMHM relation.

This paper is organized as follows. The simulations and our analy-
sis methods are presented in Section 2. In Section 3, we study which
halo property is related most closely to stellar mass. We study the
origin of scatter in the SMHM relation and the Mstar–Vmax, DMO re-
lation in Section 4. We show how we can predict more accurate
stellar masses with a combination of halo properties in Section 5. In
Section 6, we show the redshift evolution of the SMHM relation and
its scatter. We discuss our results and compare with the literature in
Section 7. Finally, Section 8 summarizes the conclusions.

2 METHODS

2.1 The EAGLE simulation project

In our analysis, we use central galaxies from the (100 cMpc)3 refer-
ence EAGLE model at redshift z= 0.101, with a resolution such that
a galaxy with a mass of Mstar = 1010 M! (such as the Milky Way) is
sampled by " 10 000 star particles. The hydrodynamical equations
are solved using the smoothed particle hydrodynamics N-body code
GADGET 3, last described by Springel (2005), with modifications to
the hydrodynamics solver (Hopkins 2013; Schaller et al. 2015c;
Dalla Vecchia, in preparation), the time stepping (Durier & Dalla
Vecchia 2012) and new sub-grid physics. There are 2 # 15043 parti-
cles with masses 1.8 # 106 M! (baryonic) and 9.7 # 106 M! (dark
matter). The resolution has been chosen to resolve the Jeans scale
in the warm (T" 104 K) interstellar medium (at least marginally).
EAGLE uses Planck cosmology (Planck Collaboration XVI 2014).
The halo and galaxy catalogues and merger trees from the EAGLE
simulation are publicly available (McAlpine et al. 2016). For hy-
drodynamical simulations of galaxy formation, the implementation
of sub-grid physics is critical (e.g. Schaye et al. 2010; Scannapieco
et al. 2012). The included sub-grid models account for radiative
cooling by the 11 most important elements (Wiersma, Schaye &
Smith 2009a), star formation (Schaye & Dalla Vecchia 2008) and
chemical enrichment (Wiersma et al. 2009b), feedback from star
formation (Dalla Vecchia & Schaye 2012), growth of black holes
(Springel et al. 2005; Rosas-Guevara et al. 2015; Schaye et al. 2015)
and feedback by AGN (Booth & Schaye 2009). Galactic winds de-
velop naturally without predetermined mass-loading factors, veloc-
ities or directions, without any explicit dependence on dark matter
properties and without disabling the hydrodynamics or the radiative
cooling. This is achieved by injecting the feedback energy thermally
using the stochastic implementation of Dalla Vecchia & Schaye
(2012), which reduce numerical radiative losses. As discussed by
Crain et al. (2015), the z $ 0 galaxy stellar mass function can be
reproduced even without tuning the feedback parameters. However,
the feedback needs to be calibrated in order to simultaneously re-
produce present-day galaxy sizes, which in turn leads to agreement
with many other galaxy scaling relations.
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