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Tensors are multi-dimensional arrays or linear maps


Generalization of vector or matrix
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Figure 1.3: A block matrix and its representation as a 4th-order tensor,
created by reshaping (or a projection) of blocks in the rows into lateral slices
of 3rd-order tensors.
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Figure 1.4: Graphical representation of multiway array (tensor) data of
increasing structural complexity and “Volume” (see [155] for more detail).

the multitude of indices involved. To this end, in this monograph,
we grossly simplify the description of tensors and their mathematical
operations through diagrammatic representations borrowed from physics
and quantum chemistry (see [156] and references therein). In this way,
tensors are represented graphically by nodes of any geometrical shapes
(e.g., circles, squares, dots), while each outgoing line (“edge”, “leg”,“arm”)
from a node represents the indices of a specific mode (see Figure 1.5(a)).
In our adopted notation, each scalar (zero-order tensor), vector (first-order
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Figure credit: Cichocki et al., "Low-Rank Tensor Networks...", arxiv:1609.00893

Tensors naturally occur in:

• high-dimensional problems

• continuum problems



For high-order tensors, one encounters 

curse of dimensionality

<latexit sha1_base64="xh0hNBizBSJgWx2eVdUUmfljbjg="></latexit>

Tn1n2n3n4n5n6
<latexit sha1_base64="cr2haxxBaO7ZvW0NDU7yuQ/7LrY="></latexit>

nj = 1, 2, ..., 10

 entries106

<latexit sha1_base64="zTEhqfzWQvNAjpS1kRINrJDmQSo="></latexit> {
N-th order tensor is exponential in N



Tensor networks give a way to break the curse

s1 s2 s3 s4 sN

T s1s2s3···sN =

<latexit sha1_base64="LMCdMHHJm6X87ZnRCj0E2q48wOM="></latexit>

s1
s2

s3

s4
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T s1s2s3···sN =

<latexit sha1_base64="LMCdMHHJm6X87ZnRCj0E2q48wOM="></latexit>



Recall: tensor diagram notation

N-index tensor = shape with N lines

s1 s2 s3 s4 sN

T s1s2s3···sN =

<latexit sha1_base64="LMCdMHHJm6X87ZnRCj0E2q48wOM="></latexit>
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Low-order tensor examples:

<latexit sha1_base64="Vg1u/wAFaWZl0Wq5fjPfoaQnmuI="></latexit>

k



Joining lines implies contraction, can omit names

X

j

Mijvj
ji

AijBji = Tr[AB]



Conventionally (since ~1992*), tensor networks used to 
compress quantum wavefunctions Ψ

Schrödinger equation

<latexit sha1_base64="/JUIByNnKtzyCHaBVQKt8b41Fe8="></latexit>

 =

Primary use case at CCQ 
*S.R. White, Phys. Rev. Lett. 69, 2863 (1992)

S. Östlund, S. Rommer, Phys. Rev. Lett. 75, 3537 (1995)

<latexit sha1_base64="dIWd40kX9rFbUSobCVeoC6OcpyU="></latexit>

i
@

@t
 ({x}, t) = H ({x}, t)



In a parallel development, matrix product state (MPS) 
(a.k.a. "tensor train") networks can represent  
low-dimensional, continuous functions in  
compressed form

Technique known as "quantized tensor train" (QTT)

B. Khoromskij, Constructive Approximation 34, 257 (2011)
S. Dolgov, B. Khoromskij, D. Savostyanov, J. Fourier Anal. App. 18, 915 (2012)

M. Lubasch, P. Moinier, D. Jaksch, J. Comp. Phys. 372, 587-602 (2018)



How does it work?

Tensor = collection of numbers 
labeled by indices

0 0 1 1 0 1 0

<latexit sha1_base64="tksMMrxWj5Sa6jXpfc9xQl7M1NI="></latexit>

0011010 = 0 · 26 + 0 · 25 + 1 · 24 + 1 · 23 + 0 · 22 + 1 · 21 + 0

Interpret indices as binary digits

<latexit sha1_base64="NjpS4stRPhvW+izrozPkJSVajAM="></latexit>

= 26

<latexit sha1_base64="ZxyehjToOboy+tPdHK6Ii7QabkY="></latexit>

= T 0011010



Arbitrary function as a tensor 
• Binary number (index values) label grid points

• Tensor element = function value

<latexit sha1_base64="KfwnxAHsI3KAw5yGSPEX8vhb5G8=">AAACY3icbVHbahsxEJW3aS5Oc89bCYgugTyZlQlJHkNLII8J+AbeTZiVx46wpF0kbYpZ+yf62vxYP6D/EXnjltTuAcHhnKPRzCjNpbAuin7Vgg9rH9c3Nrfq2592dvf2Dw47NisMxzbPZGZ6KViUQmPbCSexlxsElUrspuNvc7/7jMaKTLfcJMdEwUiLoeDgvNRrPZSRx+xxP4waUQW6StiChGSBu8eD2k08yHihUDsuwdo+i3 KXlGCc4BJn9biwmAMfwwj7nmpQaJOyanhGT70yoMPM+KMdrdT3N0pQ1k5U6pMK3JNd9ubi/7x+4YZXSSl0XjjU/O2hYSGpy+h8ejoQBrmTE0+AG+F7pfwJDHDnd1Svxxq/80wp0IMyHqOb9VlSTkMWG9Cjaqr3gdRAFYhl5YZsuhqoijT/ZmjI6JSGTfqnol88W17zKuk0G+yicX5/Hl5/XXzBJvlMvpAzwsgluSa35I60CSeS/CA/yUvtd7AdHAbHb9GgtrhzRP5BcPIKjhm3xg==</latexit>

T 0000

<latexit sha1_base64="2YOhUvZELNfi3O5Y8g/31WBMqfs="></latexit>

T 1111

<latexit sha1_base64="myFTCf0BwsEfnznay6yrLYub8tI="></latexit>

T 1000

<latexit sha1_base64="L+F1upIdxpdpqETEGsrymZUaTmM="></latexit>

T 1100

<latexit sha1_base64="9oCixbYp4DMPcvrBMmckWqfW4vs="></latexit>

f(x) =

<latexit sha1_base64="Yd+cPfJii3zCSO1CzRy/AXdmXwU="></latexit>x0
<latexit sha1_base64="Tf3X6nVwlKBpCjXGF8P6rAeOnTU="></latexit>x1
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<latexit sha1_base64="5/jayDQOQ46cV7PY4Ua/TTo0pJI="></latexit>

= T x6x5x4x3x2x1x0



Factorize this "function tensor"

as MPS tensor network

<latexit sha1_base64="9oCixbYp4DMPcvrBMmckWqfW4vs="></latexit>
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MPS is iterated low-rank decomposition
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MPS is iterated low-rank decomposition
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MPS is iterated low-rank decomposition
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MPS is iterated low-rank decomposition
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Obtain computational advantage if ranks   
("bond dimensions")  
can be chosen small without much error

χ

<latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>� <latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>� <latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>� <latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>� <latexit sha1_base64="/BZkSkmwKfbPGlrvFOFMWdO1P0M="></latexit>�



Compression of parameters
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Uncompressed tensor =  parameters = # grid points2n

Compressed =  parameters 2n χ2 << 2n

Evaluating function values, performing integrals scales as nχ2

Optimization algorithms scale as nχ3



Example Function: Single Cosine 

Ranks (n=12):

2 2 2 2 2 2 2 2 2 2 2

<latexit sha1_base64="EWwlsnVMM2ROiIMNuv3tWbxnHxs="></latexit>

cos
⇥
x� 1

2

⇤

<latexit sha1_base64="7q4VYUvNU/uUHk3D2He8ynaGtak="></latexit>

||f̃ � f || =
<latexit sha1_base64="F/3JSMj1O2mmvjPMclk+MZ7De0o="></latexit>

max (f̃ � f) =

<latexit sha1_base64="bliN2pBQxj9kuaCHV7veKbBFzW8="></latexit>

4.4⇥ 10�14
<latexit sha1_base64="POGAax9yRJuKykaGZ4A5UGVv4BY="></latexit>

2.6⇥ 10�15



Example Function: Sum of 20 Cosines

Ranks (n=12):

2 4 8 13 16 15 18 16 8 4 2

<latexit sha1_base64="OYEPJS4X1ZWYhOhb5/iSEPuUf1w="></latexit>

20X

j=1

cos
⇥
1.1 · (4j � 2) · (x� 1

2
)
⇤

<latexit sha1_base64="7q4VYUvNU/uUHk3D2He8ynaGtak="></latexit>

||f̃ � f || =
<latexit sha1_base64="F/3JSMj1O2mmvjPMclk+MZ7De0o="></latexit>

max (f̃ � f) =

<latexit sha1_base64="y2BI5o2jAC9DLciFWD974IBcbrQ="></latexit>

7.4⇥ 10�13
<latexit sha1_base64="C3Pf4N6iKWdSW1VzKJp0JVLorqY="></latexit>

1.2⇥ 10�13



Example Function: Lorentzian

Ranks (n=12):

2 4 8 13 14 14 14 14 8 4 2

<latexit sha1_base64="7q4VYUvNU/uUHk3D2He8ynaGtak="></latexit>

||f̃ � f || =
<latexit sha1_base64="F/3JSMj1O2mmvjPMclk+MZ7De0o="></latexit>

max (f̃ � f) =

<latexit sha1_base64="MuEiK/Yz9v+hLD9XMCzIpdLsuCM="></latexit> a

(x� 1
2 )

2 + a2

<latexit sha1_base64="+pxy0RXj/wEWim6IxwTr7wRj+dc="></latexit>

a = 0.001

<latexit sha1_base64="XjvZJ5K9Lsg0rEhlkbDHIhGsHPM="></latexit>

1.5⇥ 10�11
<latexit sha1_base64="juOkE9oDf9971DmuNVO/v8gJkO8="></latexit>

3.9⇥ 10�12



Example Function: Cosine Plus Cusps

Ranks (n=12):

2 4 7 8 8 9 9 9 8 4 2

<latexit sha1_base64="PXdpiXE9onn/1Z1MZ42AO8ac4dQ="></latexit>

cos (2⇡x)
<latexit sha1_base64="rM/ZXAVUh3bpuihSWBPOrbMGiuo="></latexit>

+ e�3|x�0.3|

<latexit sha1_base64="RXPFRymydYt+BBl4BEYSR2Huez0="></latexit>

+ 3e�2|x�0.5|

<latexit sha1_base64="Lu2YAlymOLXXVnhToBpBDQoWTto="></latexit>

+ 2e�3|x�0.7|

<latexit sha1_base64="ouVmhAaFutsL6pJBkSt71dSvzpg="></latexit>

+ e�2|x�0.8|

<latexit sha1_base64="7q4VYUvNU/uUHk3D2He8ynaGtak="></latexit>

||f̃ � f || =
<latexit sha1_base64="F/3JSMj1O2mmvjPMclk+MZ7De0o="></latexit>

max (f̃ � f) =

<latexit sha1_base64="aqYhTvsjRKG9apUDDgPMo3hdMxU="></latexit>

3.1⇥ 10�12
<latexit sha1_base64="mS1AOe8DgRRE9QqiKjkbHCZGXZ0="></latexit>

2.5⇥ 10�13



Example Function: Random MPS χ = 4

Ranks (n=6):

2 4 4 4 2



MPS Rank Versus Grid Size

Using SVD threshold ϵ = 10−10

max  
rank χ

number grid points 2n



Very different use of MPS versus wavefunction:

<latexit sha1_base64="Yd+cPfJii3zCSO1CzRy/AXdmXwU="></latexit>x0
<latexit sha1_base64="Tf3X6nVwlKBpCjXGF8P6rAeOnTU="></latexit>x1

<latexit sha1_base64="16jlli/V9250aS+QwknoQmdALC0="></latexit>x2
<latexit sha1_base64="ukYhzMlqdTODV13hmWq6KHAVcOE="></latexit>x3

<latexit sha1_base64="gUAHuIuOcO1o7b9x/ahL441HHbI="></latexit>x4
<latexit sha1_base64="yG0eczYIsbNcxuUgZnWLr8Yak5k="></latexit>x5

<latexit sha1_base64="kcjjQfUlbIa8M6s6HZE9HUPnEDw="></latexit>x6
<latexit sha1_base64="9oCixbYp4DMPcvrBMmckWqfW4vs="></latexit>

f(x) =

Tensor train (QTT) – one dimensional continuous function

Wavefunction – N-dimensional discrete function

Same tensor network, different interpretation

<latexit sha1_base64="Kd1wzO10Iae5VztttODF4JIzh0s="></latexit>

 (s1, s2, s3, s4, s5, s6, s7) =

<latexit sha1_base64="k7Wi/DyPgn72YALZ+1oaJesGoIM="></latexit>s1
<latexit sha1_base64="iu18z0FU4ORLdYtJvsOwzcjfxko="></latexit>s2

<latexit sha1_base64="yP+n77v0tw8wqYejiPab+WW8zUI="></latexit>s3
<latexit sha1_base64="NawTDnQ7mY14MkX1eW0C5wNG9/Y="></latexit>s4

<latexit sha1_base64="h38K8A2tBywiciA3HrYPubgvkpg="></latexit>s5
<latexit sha1_base64="pKXhfyer8KsnXNSTubeePfj+xYg="></latexit>s6

<latexit sha1_base64="DaH+QjZXfvocsjB4OuMFv4Txrko="></latexit>s7



When does it work?

MPS function again an MPS when restricted:

restrict to right half

<latexit sha1_base64="Yd+cPfJii3zCSO1CzRy/AXdmXwU="></latexit>x0
<latexit sha1_base64="Tf3X6nVwlKBpCjXGF8P6rAeOnTU="></latexit>x1

<latexit sha1_base64="16jlli/V9250aS+QwknoQmdALC0="></latexit>x2
<latexit sha1_base64="ukYhzMlqdTODV13hmWq6KHAVcOE="></latexit>x3

<latexit sha1_base64="gUAHuIuOcO1o7b9x/ahL441HHbI="></latexit>x4
<latexit sha1_base64="yG0eczYIsbNcxuUgZnWLr8Yak5k="></latexit>x5

=
<latexit sha1_base64="Yd+cPfJii3zCSO1CzRy/AXdmXwU="></latexit>x0

<latexit sha1_base64="Tf3X6nVwlKBpCjXGF8P6rAeOnTU="></latexit>x1
<latexit sha1_base64="16jlli/V9250aS+QwknoQmdALC0="></latexit>x2

<latexit sha1_base64="ukYhzMlqdTODV13hmWq6KHAVcOE="></latexit>x3
<latexit sha1_base64="gUAHuIuOcO1o7b9x/ahL441HHbI="></latexit>x4

<latexit sha1_base64="yG0eczYIsbNcxuUgZnWLr8Yak5k="></latexit>x5

=

<latexit sha1_base64="Yd+cPfJii3zCSO1CzRy/AXdmXwU="></latexit>x0
<latexit sha1_base64="Tf3X6nVwlKBpCjXGF8P6rAeOnTU="></latexit>x1

<latexit sha1_base64="16jlli/V9250aS+QwknoQmdALC0="></latexit>x2
<latexit sha1_base64="ukYhzMlqdTODV13hmWq6KHAVcOE="></latexit>x3

<latexit sha1_base64="gUAHuIuOcO1o7b9x/ahL441HHbI="></latexit>x4
<latexit sha1_base64="yG0eczYIsbNcxuUgZnWLr8Yak5k="></latexit>x5

<latexit sha1_base64="q+/LCeaBIYr+uBIvy3tl+oI2seI="></latexit>

1

again an MPS



When does it work?

MPS function again an MPS when restricted:

• implies self-similarity property


• includes smooth functions as special case


• can handle some amount of cusps & discontinuities too


• likely connection to wavelets, but differences too  
(e.g. adaptivity)*

*I.V. Oseledets, E.E. Tyrtyshnikov, SIAM Journal on Scientific Computing, 33(3), 1315



Crucially, nearly entire quantum tensor network  
toolbox (ITensor software) can be repurposed: 

• eigenvector finding (DMRG and DMRG-X algorithms)


• time-dependent diff. eq. solving (tDMRG & TDVP algs.)


• solving linear systems


• discrete Fourier transform in compressed space


• and more...

"Quantum inspired classical algorithms"
A quantum computer running on classical hardware



Example: Extremal Eigenvectors  ("DMRG" algorithm)

<latexit sha1_base64="L+QCkiMtzZV7UqZQJTxlyf+aPmQ="></latexit>

min

Solve for extremal eigenvector

by minimizing Rayleigh quotient

<latexit sha1_base64="QfbHYgGXCvbYSyCCiWgumpkizsg="></latexit>

Av = �v

<latexit sha1_base64="L+QCkiMtzZV7UqZQJTxlyf+aPmQ="></latexit>

min
<latexit sha1_base64="VLv8RpfU6p2J+w1JfdBjqOovmA0="></latexit>v

<latexit sha1_base64="j+3OSN9mzAknugCOLCcg5VQh5h8="></latexit>

v†Av

v†v

<latexit sha1_base64="Kpe3UCVRaU7q3IX5yNpWrbUe4Ts="></latexit>

v†

<latexit sha1_base64="Hmv+DuFge4eHTjDWXlAzrTY7T8I="></latexit>

A
<latexit sha1_base64="VLv8RpfU6p2J+w1JfdBjqOovmA0="></latexit>v



Example: Extremal Eigenvectors  ("DMRG" algorithm)

Alternating strategy: 

• freeze all but two tensors

• use remaining network as linear map in Krylov eigensolver

<latexit sha1_base64="qOGvpuxDF/4lVdlCKf8kEcu0q1k="></latexit>

Ã

<latexit sha1_base64="ETcDoDPOngi15YYIMDF/KCWCBt8="></latexit>

ṽ

<latexit sha1_base64="w7bbCLZ+hKhyJGUmWIWLj6IAWvI="></latexit>

{
<latexit sha1_base64="w7bbCLZ+hKhyJGUmWIWLj6IAWvI="></latexit> {



Example: Extremal Eigenvectors  ("DMRG" algorithm)

Eigensolver iterations

=

=

(1)

(2)



Example: Extremal Eigenvectors  ("DMRG" algorithm)

When done improving eigenvector,

use singular value decomposition (SVD) to restore MPS form 
and adapt rank

SVD



Example: Extremal Eigenvectors  ("DMRG" algorithm)

Benefits of method:

• adaptively determines internal ranks of MPS

• efficient: scaling 

• as few as 4-5 outer iteration ("sweeps") often enough

<latexit sha1_base64="qOGvpuxDF/4lVdlCKf8kEcu0q1k="></latexit>

Ã

<latexit sha1_base64="ETcDoDPOngi15YYIMDF/KCWCBt8="></latexit>

ṽ

<latexit sha1_base64="w7bbCLZ+hKhyJGUmWIWLj6IAWvI="></latexit>

{
<latexit sha1_base64="w7bbCLZ+hKhyJGUmWIWLj6IAWvI="></latexit> {

nd2χ3



Applications



Function Integration

Given a function in compressed form

Straightforwardly compute its integral as
<latexit sha1_base64="IMD1k1i8ABi2KBu7f/FSMWTwSZ8="></latexit>

=


1/2
1/2

�

<latexit sha1_base64="kvsNK2zjRUprFCIhq2sMijG9lTk="></latexit>

=
1

2n

X

x0,x1,...,xn

f(x0, x1, ..., xn)

<latexit sha1_base64="R8RiLxagQbTVmd1Eq+wRJsJenJo="></latexit>Z 1

0
dx f(x) ⇡

<latexit sha1_base64="Z5aFnTwgZbHYUzTJFZuoPRNTUuA="></latexit>

f(x) ⇡



Function Integration

ITensor code to perform integral:

<latexit sha1_base64="IMD1k1i8ABi2KBu7f/FSMWTwSZ8="></latexit>

=


1/2
1/2

�
<latexit sha1_base64="R8RiLxagQbTVmd1Eq+wRJsJenJo="></latexit>Z 1

0
dx f(x) ⇡

function integrate(psi::MPS)

  sites = siteinds(psi)

  I = ITensor(1.)

  for (j,s) in enumerate(sites)

    I *= (psi[j]*ITensor([1/2,1/2],s))

  end

  return scalar(I)

end



Function Integration

ITensor code to perform integral:

function integrate(psi::MPS)

  sites = siteinds(psi)

  I = ITensor(1.)

  for (j,s) in enumerate(sites)

    I *= (psi[j]*ITensor([1/2,1/2],s))

  end

  return scalar(I)

end

<latexit sha1_base64="+xSw8fkUYUNejwTd2Rw7+4wr00E="></latexit>

⇡
Z 1

0
dx f(x)

I psi[2]



Function Integration

ITensor code to perform integral:

function integrate(psi::MPS)

  sites = siteinds(psi)

  I = ITensor(1.)

  for (j,s) in enumerate(sites)

    I *= (psi[j]*ITensor([1/2,1/2],s))

  end

  return scalar(I)

end

<latexit sha1_base64="+xSw8fkUYUNejwTd2Rw7+4wr00E="></latexit>

⇡
Z 1

0
dx f(x)

I psi[3]



Function Integration

ITensor code to perform integral:

function integrate(psi::MPS)

  sites = siteinds(psi)

  I = ITensor(1.)

  for (j,s) in enumerate(sites)

    I *= (psi[j]*ITensor([1/2,1/2],s))

  end

  return scalar(I)

end

<latexit sha1_base64="+xSw8fkUYUNejwTd2Rw7+4wr00E="></latexit>

⇡
Z 1

0
dx f(x)

I psi[4]



Function Integration

ITensor code to perform integral:

function integrate(psi::MPS)

  sites = siteinds(psi)

  I = ITensor(1.)

  for (j,s) in enumerate(sites)

    I *= (psi[j]*ITensor([1/2,1/2],s))

  end

  return scalar(I)

end

<latexit sha1_base64="+xSw8fkUYUNejwTd2Rw7+4wr00E="></latexit>

⇡
Z 1

0
dx f(x)

I psi[5]



Function Integration

ITensor code to perform integral:

function integrate(psi::MPS)

  sites = siteinds(psi)

  I = ITensor(1.)

  for (j,s) in enumerate(sites)

    I *= (psi[j]*ITensor([1/2,1/2],s))

  end

  return scalar(I)

end

<latexit sha1_base64="+xSw8fkUYUNejwTd2Rw7+4wr00E="></latexit>

⇡
Z 1

0
dx f(x)

I psi[6]



Function Integration

ITensor code to perform integral:

function integrate(psi::MPS)

  sites = siteinds(psi)

  I = ITensor(1.)

  for (j,s) in enumerate(sites)

    I *= (psi[j]*ITensor([1/2,1/2],s))

  end

  return scalar(I)

end

<latexit sha1_base64="+xSw8fkUYUNejwTd2Rw7+4wr00E="></latexit>

⇡
Z 1

0
dx f(x)

I psi[7]



Function Integration

ITensor code to perform integral:

function integrate(psi::MPS)

  sites = siteinds(psi)

  I = ITensor(1.)

  for (j,s) in enumerate(sites)

    I *= (psi[j]*ITensor([1/2,1/2],s))

  end

  return scalar(I)

end

<latexit sha1_base64="+xSw8fkUYUNejwTd2Rw7+4wr00E="></latexit>

⇡
Z 1

0
dx f(x)



Function Integration

Test case – unnormalized Cauchy distribution

<latexit sha1_base64="kqSdKG991ED8vKtqzijQGXkIHcQ="></latexit>

lim
c!0

Z 1

0
dx f(x) = ⇡such that

<latexit sha1_base64="oSJnsrc7upEeSYlKtIPmIPL2jzg="></latexit>

fc(x) =
c

(x� 1
2 )

2 + c2

≈ π

c



Maximum ranks as function of grid size:

Function Integration

<latexit sha1_base64="oSJnsrc7upEeSYlKtIPmIPL2jzg="></latexit>

fc(x) =
c

(x� 1
2 )

2 + c2

maximum 
rank χ

number grid points 2n



Function Integration

Results for fixed c values

<latexit sha1_base64="dJrooSnfe979RAgHEHYLRMyPk1Y="></latexit>Z 1

0

c

(x� 1
2 )

2 + c2
dx

number grid points 2n

difference 
from exact 

result



Function Integration

Scaling c to zero (c )  
as function of grid spacing

∼ 1/2n

<latexit sha1_base64="dJrooSnfe979RAgHEHYLRMyPk1Y="></latexit>Z 1

0

c

(x� 1
2 )

2 + c2
dx

number grid points 2n

difference 
from π

c = 10/2n

c = 8/2n

c = 6/2n

c = 4/2n



Differential Equation Solving

Given a diff. eq. such as wave equation
<latexit sha1_base64="hvTnTEXRgtfx23RRdhx8X1ymqak="></latexit>

@2

@x2
f(x) = �k2f(x)

Can encode as tensor network equation
<latexit sha1_base64="iF0i9EQgMeousr4Z1D698r4O/Ig="></latexit>

@2

@x2
<latexit sha1_base64="Q6VEfedqO72D5IU36JOPGBy+wyI="></latexit>

f(x)

<latexit sha1_base64="FFY7324x7lddC23DlFy0bTcJ55M="></latexit>

= �k2
<latexit sha1_base64="Q6VEfedqO72D5IU36JOPGBy+wyI="></latexit>

f(x)

Use "DMRG-X" algorithm to efficiently find eigenvector



Differential Equation Solving

Finite-difference formula for 
<latexit sha1_base64="iF0i9EQgMeousr4Z1D698r4O/Ig="></latexit>

@2

@x2

translates into exact expression for 

low-rank matrix product operator (MPO)

rank is 3

Basically: forward binary adder, backwards binary adder, 
plus constant =  (xj+1 − 2xj + xj−1)/a2



Differential Equation Solving

Solutions to wave equation

Use DMRG-X to solve (eigenvector with specific k)

Reach frequency k=106 and 1010 grid points

Difference to 
exact solution



Differential Equation Solving

Solutions to wave equation

Use DMRG-X to solve (eigenvector with specific k)

Eigenvalue 
error

Reach frequency k=106 and 1010 grid points



Differential Equation Solving

Solutions to wave equation

Use DMRG-X to solve (eigenvector with specific k)

Time to 
solution

Logarithmic scaling with # grid points
MPS ranks all χ = 2



Airy Differential Equation

Airy equation solutions are waves with frequency  
locally equal to position x

d2 f(x)
dx2

= − x f(x)

x

1 5 65 68 24 127



Airy Differential Equation

Solve as a boundary value problem from  to  
using MPS linear solver

xi = 1 xf

difference 
to exact 
solution



Airy Differential Equation

Scaling of ranks with problem size   is xf χ = (xf )1/2

Effort scales at most       χ3 = (xf )3/2

Memory scales as    χ2 = xf



Higher-Dimensional Functions

<latexit sha1_base64="Yd+cPfJii3zCSO1CzRy/AXdmXwU="></latexit>x0
<latexit sha1_base64="Tf3X6nVwlKBpCjXGF8P6rAeOnTU="></latexit>x1

<latexit sha1_base64="16jlli/V9250aS+QwknoQmdALC0="></latexit>x2
<latexit sha1_base64="ukYhzMlqdTODV13hmWq6KHAVcOE="></latexit>x3

<latexit sha1_base64="gUAHuIuOcO1o7b9x/ahL441HHbI="></latexit>x4
<latexit sha1_base64="yG0eczYIsbNcxuUgZnWLr8Yak5k="></latexit>x5

<latexit sha1_base64="kcjjQfUlbIa8M6s6HZE9HUPnEDw="></latexit>x6

<latexit sha1_base64="Yd+cPfJii3zCSO1CzRy/AXdmXwU="></latexit>x0
<latexit sha1_base64="Tf3X6nVwlKBpCjXGF8P6rAeOnTU="></latexit>x1

<latexit sha1_base64="16jlli/V9250aS+QwknoQmdALC0="></latexit>x2
<latexit sha1_base64="ukYhzMlqdTODV13hmWq6KHAVcOE="></latexit>x3

<latexit sha1_base64="gUAHuIuOcO1o7b9x/ahL441HHbI="></latexit>x4
<latexit sha1_base64="yG0eczYIsbNcxuUgZnWLr8Yak5k="></latexit>x5

<latexit sha1_base64="kcjjQfUlbIa8M6s6HZE9HUPnEDw="></latexit>x6

<latexit sha1_base64="1axHOa0YVMY4v9Gk/wlfU+trThU="></latexit>y6
<latexit sha1_base64="QrqC2TWtvp+D+fq66muZU+8iq2I="></latexit>y5

<latexit sha1_base64="41NL7wJod5dX3Y+HWWvVsWwtUqs="></latexit>y4
<latexit sha1_base64="9u8AU4ZysYqQCjEtyDYgx+kUP68="></latexit>y3

<latexit sha1_base64="YSZiKZU4LO4kcCagPFLfDGPH124="></latexit>y2
<latexit sha1_base64="F3xxPMRZ1PEFGhfpVF+gsXBF/sg="></latexit>y1

<latexit sha1_base64="DaLOONfJOkegFoSkv69S5tXfhoY="></latexit>y0

MPS with 2N indices

<latexit sha1_base64="Yd+cPfJii3zCSO1CzRy/AXdmXwU="></latexit>x0
<latexit sha1_base64="Tf3X6nVwlKBpCjXGF8P6rAeOnTU="></latexit>x1

<latexit sha1_base64="16jlli/V9250aS+QwknoQmdALC0="></latexit>x2
<latexit sha1_base64="ukYhzMlqdTODV13hmWq6KHAVcOE="></latexit>x3

<latexit sha1_base64="gUAHuIuOcO1o7b9x/ahL441HHbI="></latexit>x4
<latexit sha1_base64="yG0eczYIsbNcxuUgZnWLr8Yak5k="></latexit>x5

<latexit sha1_base64="kcjjQfUlbIa8M6s6HZE9HUPnEDw="></latexit>x6
<latexit sha1_base64="1axHOa0YVMY4v9Gk/wlfU+trThU="></latexit>y6

<latexit sha1_base64="QrqC2TWtvp+D+fq66muZU+8iq2I="></latexit>y5
<latexit sha1_base64="41NL7wJod5dX3Y+HWWvVsWwtUqs="></latexit>y4

<latexit sha1_base64="9u8AU4ZysYqQCjEtyDYgx+kUP68="></latexit>y3
<latexit sha1_base64="YSZiKZU4LO4kcCagPFLfDGPH124="></latexit>y2

<latexit sha1_base64="F3xxPMRZ1PEFGhfpVF+gsXBF/sg="></latexit>y1
<latexit sha1_base64="DaLOONfJOkegFoSkv69S5tXfhoY="></latexit>y0

To do two dimensions, just 
double tensor indices



Higher-Dimensional Differential Equations

2D Helmholtz equation:  ∇2f(x, y) = − k2 f(x, y)

Example result for 2D Helmholtz   
f(x, y) ∝ sin(kxx) sin(kyy)

Rank is uniform: χ = 4



Function Analysis

Can analyze solutions without leaving compressed form

How? Quantum computing offers the 

quantum Fourier transform (QFT) circuit

Coppersmith, D. (1994). "An approximate Fourier transform useful in quantum factoring". Technical Report RC19642, IBM. arXiv:quant-ph/0201067

Michael Nielsen and Isaac Chuang (2000). Quantum Computation and Quantum Information. Cambridge: Cambridge University Press

https://en.wikipedia.org/wiki/ArXiv_(identifier)
https://arxiv.org/abs/quant-ph/0201067
https://en.wikipedia.org/wiki/Michael_Nielsen


Function Analysis

QFT circuit meant for quantum computers

≈

Turns out to be MPO tensor network of rank  8 !χ =
(Independent of grid size)



Can use to perform "superfast" Fourier transform

compress 
function

discrete 
FT using 

QFT

Function Analysis



Performance versus fast Fourier transform (FFT)

Random data
RSVD+QFT
QFT

RSVD+QFT
QFT

20 Cosines

RSVD+QFT
QFT

1 Cosine

FFT

RSVD+QFT
QFT

1 Cosine + cusps

tim
e 

(s
)

number of qubits n

Function Analysis

Chen, Stoudenmire, White, arxiv:2210.08468



Outlook

ITensor software effort at CCQ not just for quantum 
problems, but classical too (PDE's, discrete math, etc.)

Tensor network = quantum computer on your laptop

Quickly developing topic – research continuing into:

• more methods of compressing functions into MPS 

(see next talk)

• improving robustness & efficiency of solvers

• high-performance software

• more general tensor networks beyond MPS (e.g. PEPS)


