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Materials with Strong Electron 
Correlations do “BIG THINGS”

• Because of the strong interdependence 
of electrons, collective phenomena take 
place

• Such as: metal-insulator transitions, 
magnetism, superconductivity, etc.

• à Interesting functionalities
• à Fundamental questions in physics 

and chemistry



Remarkable Properties
Complex Phase Diagrams

Competing Phases





Transition Metals

à 3d transition metals
à 4d transition metals

à 5d transition metals

Rare Earths
Actinides



Who are the suspects ? 
Localized orbitals !

d- or f- orbitals are quite close to ions nuclei
 (particularly 3d and 4f, for orthogonality reasons)

They do not behave as regular band-forming orbitals 
  (e.g sp-bonding) and retain atomic-like aspects 

à            Electrons “hesitate” between 
           localized and itinerant behaviour !

Materials: transition-metals and their oxides, 
rare-earth/actinides and their compounds, but 
also some organic materials
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New Kid on the Block: 
Twisted Bilayer Graphene

Pablo Jarillo-Herrero’s group at MIT - 2018

More broadly:
Moiré materials

Two-Dimensional Materials 
(van der Waals-bound layers)
Transition-Metal Dichalcogenides



Cao et al. 
Nature 556 (2018) 
pages 43 and 80 



Materials Discovery
(A never-ending story that keeps our field alive and busy)

• Classic correlated materials: TMs, Oxides/TMOs
• Organic conductors (1D, 2D)
• Heavy fermions
• Cuprates
• Renewal of interest in TMOs: Sr2RuO4, RNiO3, Manganites, Iridates, 

and many many others…
• Mott to superfluid transition of cold atomic gases in optical lattices
• Topological Insulators
• Oxide heterostructures, SC in LAO/STO
• Fe-based superconductors 
     à `Hund metals’ (New route to strong correlations)
SC in pressurized H2S 155GPa à other hydrides
• SC in twisted bilayer graphene
• Twisted TMDCs 
• à Interplay of correlations and topology/Flat bands
• à Strong coupling to light, excitonic physics
• SC in infinite-layer RNiO2

• Low density metals (STO), kagome metals
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Materials Science and Chemistry
New materials, bulk or `artificial’
High quality samples
New elaboration methods

Experiments
Pushing the limits
New Instrumentation
New Techniques

Theory
Simple concepts
and basic mechanisms
Quantitative methods

The Magic 
Square

Devices and Control
Nanoscale devices
e.g gating
Atomic-scale synthesis
e.g. oxide MBE
`Synthetic materials’
e.g. TBLG/Twisted TMOs
Control by light: 
Laser control, Cavities,…



In materials with strong 
correlations 

LOCAL ATOMIC PHYSICS
is crucial



Electrons “hesitate” 
between being localized 

on short-time-scales  
and itinerant on long time-scales

We see this from spectroscopy…



Mott insulators :
Their excitation spectra contain atomic-like excitations
Band structure calculations (interpreting Kohn-Sham spectra 
as excitations) is in serious trouble for correlated materials !

Photoemission: Fujimori et al., PRL 1992

Hubbard satelliteLDA

Metallic (Kohn-Sham) 
spectrum in DFT-LDA !



A ``Hubbard satellite’’ is nothing but
an atomic transition 

(broadened by the solid-state environment)

Imagine a simplified atom with a single atomic level

Energy

U: Coulomb energy 
For placing 2 electrons
on same level



Note: Energetics of the Mott gap 
requires an accurate description 

of the many-body eigenstates 
of individual atoms

`Multiplets’ 
Multiple Interactions: U,JHund,…

I’ll come back to this later on



Correlated metals: atomic-like excitations at 
high energy, quasiparticles at low energy

- Narrowing of quasiparticle 
bands due to correlations (the 
Brinkman-Rice phenomenon)
- Hubbard satellites (i.e 
extension to the solid of 
atomic-like transitions)

Sekiyama et al., PRL 2004SrVO3

Dashed line:
Spectrum obtained from 
Conventional 
band-structure methods (DFT-LDA) 



From weak to strong 
correlations in d1 oxides
[Fujimori et al. PRL 69, 
1796 (1992)] 

Puzzle: 
Why is SrVO3 
a metal 
and LaTiO3, YTiO3 
Mott insulators ?



Green’s function, Spectral function
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Angle Resolved Photoemission Spectroscopy

Fonction 
spectrale

Pic de quasiparticule

cf. APS Buckley Prize 2011
Campuzano, Johnson, Shen



From Particles to Waves…

• High-energy excitations are best described 
as localized particle-like atomic transitions. 
(cf. Mott insulators - `Hubbard bands’)

• In metals coherent wave-like excitations 
emerge at low energy:  quasiparticles

• DMFT starts from atoms (each atom is a 
small many-body problem) and describes 
how quasiparticles emerge as one follows 
the flow from high-energy to low-energy 



Atomic configurations/Multiplets
Intra-shell interactions+crystal fields

Collective ground-state
Low-energy excitations

Effective low-energy theory

High energy
High temperature
Short time scales
Short distances 
Large lattice spacing
LOCAL
INCOHERENT

Low energy
Low temperature
Long time scales
Long distances 
Small lattice spacing
NON-LOCAL
COHERENT

Environment Lifts degeneracies…



A theoretical description of the 
solid-state based on ATOMS 

rather than on an electron-gas picture:   
« Dynamical Mean-Field Theory »

Dynamical Mean-Field Theory:
A.G. & G.Kotliar, PRB 45, 6479 (1992)
Correlated electrons in large dimensions:
W.Metzner & D.Vollhardt, PRL 62, 324 (1989)

Early review: Georges et al. Rev Mod Phys 68, 13 (1996) 

Important intermediate steps by: Müller-Hartmann, 
Schweitzer and Czycholl, Brandt and Mielsch, V.Janis



Dynamical Mean Field Theory

• A theoretical and computational method to 
approach the many-body quantum 
problem. The method becomes exact in limiting cases 
and can be systematically improved in a controlled way. 

• A conceptual framework to think about 
materials with strong electron correlations 
and understand their physics



Dynamical Mean-Field Theory:
Viewing a material as an (ensemble of) atoms coupled to a 

self-consistent effective medium

Effective
MediumAtom

Solid: crystal lattice of atoms

Correlated electrons in infinite dimensions W.Metzner & D.Vollhardt, 1989
Dynamical Mean-Field Theory A.G. & G.Kotliar, 1992



`Atom in a Bath’



The Two Components of
the DMFT Formalism:

• (1) A representative system for the local Green’s 
function (= observable central to the theory): `atom in 
a bath/ embedding’

• (2) A self-consistency condition relating the bath to 
the entire system

• (1) is exact – at least in the model context (for solids 
extension to G and W is required to make it exact)

• (2) is an approximation, which can be systematically 
improved



Weiss mean-field theory
Density-functional theory
Dynamical mean-field theory

Share a similar 
conceptual basis
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The Embedding Concept

𝛥(𝜏-𝜏’): Dynamical Mean-Field 
Quantum generalization of Weiss field
Chosen such as to reproduce the local G: 

Observable: Local Green’s function

Effective Medium
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Example: DMFT for the Hubbard model (a model of coupled atoms)

Focus on a given lattice site:
“Atom” can be in 4 possible configurations:
Describe ``history’’ of quantum jumps between those configurations:
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Atom in a bath: Anderson impurity model

Electrons in the (non-interacting) bath

Single-level ``atom’’

Transfers electrons between bath
and atom – Hybridization
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A bit of linear algebra…
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Hybridization Function
= Dynamical Mean-Field 

= Quantum Generalization 
of the Weiss field

The dynamics of quantum jumps in the embedded atoms is 
entirely determined by:
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Δ(ω): generalizing the Weiss field to 
the quantum world

Einstein, Paul Ehrenfest, Paul Langevin, Heike Kammerlingh-Onnes, and Pierre Weiss 
at Ehrenfest's home, Leyden, the Netherlands. From Einstein, His Life and Times, 

by Philipp Frank (New York: A.A. Knopf, 1947). Photo courtesy AIP Emilio Segrè Visual Archives.

Albert
Einstein

Paul 
Langevin

Heike 
Kammerlingh
-Onnes

Pierre 
Weiss

Paul
Ehrenfest

Pierre Weiss
1865-1940
« Théorie du 
Champ 
Moléculaire »
(1907)



Weiss mean-field theory
Density-functional theory
Dynamical mean-field theory

Share a similar 
conceptual basis
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Imaginary-time effective action describing the 
histories of quantum jumps / valence changes

Effective `bare propagator’

The amplitude Δ(τ) for hopping in and out of the selected site 
is self-consistently determined: it is the quantum-mechanical 
Generalization of the Weiss effective field.
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Organizing Principle: Locality
The single-site DMFT approximation (1 band): local self-energy

With 𝛴(𝜔) the self-energy of the embedded atom (`impurity’)
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A good approximation when correlation lengths 
are SMALL (e.g. high temperature, 

high doping, frustration, several competing fluctuations, etc.)

Can be improved in a systematic and controlled way 
by enlarging the size of the embedded fragment:

Cluster Extensions of DMFT, Generalized Embedding Methods…



The Dyson equation then leads 
to a self-consistency condition:
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The DMFT Self-Consistency Loop
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Embedded atom 
`Impurity’ Solver

Lattice
Self-Consistency

Gives access to the lattice momentum-dependent 
Green’s function and response functions:
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The single-site DMFT construction is EXACT:
• For the non-interacting system 
   U =0  à Σ = 0  - hence k-independent!
• For the isolated atom 
   `Atomic’ limit t=0 à 𝛴 = 𝛴atom (𝜔)

    Hence provides an interpolation 
from weak to strong coupling

• In the formal limit of infinite dimensionality (infinite 
lattice coordination) [introduced by Metzner and Vollhardt, PRL 62 
(1989) 324]

And, more relevant to physics: 
it is a good approximation 

when spatial correlations are not too long-range 



Generalization to an atomic 
shell with several orbitals (m)

Electron Reservoir

TIME

Hop 
out

Hop 
in

Sequence of quantum jumps 
between atomic configurations



Effective action describing these sequences:
Generalized Anderson impurity model

: Effective `bare propagator’

The amplitude Δ(τ) for hopping in and out of the selected site 
is self-consistently determined: it is the quantum-mechanical 
Generalization of the Weiss effective field.

S = Sat + Shyb
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Self-Energy: The DMFT ansatz
For a multi-band/multi-orbital material
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|�k
mi : A set of localized orbitals with many-body 

interactions Um1m2m3m4 are added: correlated Hilbert space

The (usually larger) set of Bloch bands (e.g. Kohn-Sham states) 
describing the material (larger Hilbert space)

Self-energy 
`upfolded’ to 
the whole system 
(k-dependent)

Local self-energy 
`upfolded’ to 
the whole system 
(k-dependent)

Orbital content 
of Bloch states 
(k-dep)



Derivations of the 
DMFT Equations 

in the large dimensionality/
large lattice connectivity

limit
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Derivation of DMFT equations: 
The BK functional route

Locality of the Luttinger-Ward functional:

⌦BK [G,⌃] = � Tr ln [(i!n + µ)�ij � tij � ⌃ij ]�
� Tr [⌃ ·G] +
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0 � ⌃̂ (Dyson)
<latexit sha1_base64="Mtvz2qhHwGcSAibZbR9fwQR8sFk="></latexit>

�⌦

�Gij
= 0 ! ⌃ij = �ij ⌃atom [Gii]

<latexit sha1_base64="KM4f+SfMLTYRag0EVTf4tpH2HXI="></latexit>



The Luttinger-Ward Functional

Does it really exist ? J



Classical StatMech Model in which an infinite series of 
terms must be summed in d=infty: fully frustrated Ising



Cavity method 
See Rev Mod Phys 1996



DMFT
and Quantum Embedding Theories:

Entering the 4th decade of 
development and generalizations



`Impurity’Solvers
Algorithms

Quantum 
Monte Carlo Methods

ED, NRG 
Tensor Networks.DMRG

Approximate
Solvers, IPT, NCA etc.

Cuprates

GW+DMFT
Embedding

Methods
SEET, DMET,
Full-Cell etc.

Cluster 
Embedding

DCA,C-DMFT,
Nested… Out of Equilibrium

t-DMFT

`Extended’ 
DMFT

(EDMFT)

DMFT
Conceptual

Core

Applications 
To Models

DFT+DMFT
Applications to

Materials

Oxides

Rare-Earths

Actinides

Organic
Materials

Etc…

Mott/Hubbard

Hund

Kondo

Etc…

Molecules
Materials

Vertex-based
Extensions

DΓA, TRILEX, 
Dual methods

Extensions

Pump-probe

NESS

Disorder +
Interactions

Configuration-
Interaction, 

Coupled Clusters, …



`Impurity’ (DMFT) Solvers
Algorithms

Quantum 
Monte Carlo

NRG, DMRG
ED,…

Approximate
Solvers, NCA etc.

GW+DMFT

Cluster 
Embeddings

DCA,C-DMFT,
Nested… Out of Equilibrium

t-DMFT

`Extended’ 
DMFT

(EDMFT)

DMFT
Conceptual

Core

Applications 
To Models

DFT+DMFT
Applications to

Materials

Vertex-based
Extensions

DΓA, TRILEX, 
Dual methods

Extensions

Georges, Kotliar, Krauth. Rozenberg

RMP 68 (1996) 13
Vollhardt, Kotliar

Physics Today 57 (2004) 53

T.Maier et al.
RMP 77 (2005) 1027

H.Aoki et al. 
RMP 86 (2014) 779

G.Rohringer et al.
RMP =90 (2018) 025003

K.Held
Adv Phys 56 (2007) 829

G.Kotliar et al.
RMP 78 (2006) 865

A.G. 
AIP Conf Proc 715 (2004) 3

arXiv:cond-mat/0403123

E.Gull et al. 
RMP 83 (2011) 349

R.Bulla, T.Costi, T.Pruschke
RMP 80 (2008) 395

J.Kroha and P.Wolfle
JPSJ 74 (2005) 16

Bickers, RMP 59 (1987) 845

S.Biermann and A.Lichtenstein
Handbook. Sol State Chem 2017

S.Biermann J.Phys Cond Mat 26 (2014) 173202
F.Nilsson et al. Phys Rev Mat 1 (2017) 043803

Choi et al. npj Quant Mat 1 (2016) 16001

Other 
Embeddings
SEET, DMET

Quantum 
Chemistry

SEET: Zgid et al. 
New J. Phys 19 (2017) 023047; 

J Chem Phys 143 (2015) 241102 
DMET: 

Wouters et al. 
J Chem Theor Comput 12 (2016) 2706

Zhu, Cui and Chan
J. Chem. Theor. Comp

16,141 (2020)



Jülich Autumn School on Correlated Electrons
Book series – available as free eBooks 

https://www.cond-mat.de/events/correl.html

Also: recent book by V.Turkowski (Springer)



Reviews of Modern Physics
68, 13 (1996)



Collège de France Lectures
Spring 2019

devoted to DMFT (2019)

Website:
https://www.college-de-france.fr/site/antoine-georges/index.htm

Lectures (in French) are video recorded 
PDF and Audio of lectures also available for all years
PDF for (almost) all seminars



Under the Hood: 
Development of Efficient `Impurity Solver’ 

Algorithms is CRUCIAL

• Solvers working directly with a continuous bath 
Typically: Quantum Monte Carlo (various kinds)

• Solvers requiring a discretization (Hamiltonian 
form) of the bath - Exact Diagonalisation, Wilson 
Numerical Renormalisation Group, Fork Tensor 
Product States, Configuration Interaction, 
Coupled Cluster, etc.

• Approximation Schemes e.g. IPT, NCA, OCA, …



QMC algorithmic breakthroughs
Early days: Hirsch-Fye Algorithm (1986)

First application to DMFT (1992):
Mark Jarrell; Rozenberg and Kotliar; AG and W.Krauth

Continuous-time quantum Monte Carlo 
(CT-QMC): 2005 à Today

- Interaction expansion(CT-INT) Rubtsov (2005)
- Hybridization expansion (CT-HYB)

P. Werner, M.Troyer, A.Millis et al 2006; Haule 2007 
- Auxiliary field (CT-AUX) E.Gull O.Parcollet 2008

- Inchworm: Cohen, Gull et al. 2015à
- Real-time Diagrammatic MC: Waintal, Parcollet, 

Messio,Profumo, Bertrand, Dumitrescu  et al (2017à)

Review: Gull et al. Rev Mod Phys 83, 349 (2011) 



A Vital Community Endeavor: Efficient and 
Sustainable Open-Source Software Libraries



The Happy Marriage of DMFT With
Electronic Structure (DFT,GW,…) 

An interdisciplinary collective effort 
started ~ 1996 and still continuing today

Anisimov, Kotliar et al. J.Phys Cond Mat 9, 7359 (1997) 
Lichtenstein and Katsnelson Phys Rev B 57, 6884 (1998)

Compute

Understand



Realistic DMFT, in a nutshell…

Total Energy Functional:
<latexit sha1_base64="jxUh7pU6xUYgx42dGMtkWYqNG2w="></latexit>

E
⇥
⇢(r), Gloc

mm0(!)
⇤



Realistic materials modeling using 

* M. Merkel, A. Carta, S. Beck and A. Hampel, J. Open Source Softw. 7(77), 4623 (2022)
† S. Beck, A. Hampel, O. Parcollet, C. Ederer, and A. Georges, J. Phys.: Condens. Matter 34, 235601 (2022)
‡ G. Blesio, S. Beck, J. Mravlje, and A. Georges, arxiv:2211.12959 (2023)
§ S. Beck, S. Rahim, A. Hampel https://github.com/TRIQS/FermiSee/ Slide courtesy Sophie Beck



Electronic Structure with DMFT: 
A Multitude of Materials

TMOs
Hetero

structures

Twisted
Moiré 2D 
Materials

Rare Earth
 Compounds

4f

Actinide 5f
Compounds

Biomolecules 
with TM
centers

Fe-based
Pnictides

& 
Chalcogenides

Transition
Metal
Oxides
(TMOs) Organic

Materials

Slide design: ©Showeet.com

Defects 

Reviews:
-Held Adv Phys 2007
-Kotliar et al. Rev Mod Phys 2006
-Jülich Autumn School Series
(Pavarini et al.)
-Anisimov&Izyumov, book (Springer)
Etc.

Light-Control
of Materials 

Rare Earth 
Elemental 
Metals



Among many applications of DMFT to 
materials of recent interest…

Materials 
For Batteries
Sim, Sarma, Tarascon 
and Biermann
arXiv:2305.08526

Infinite-Layer Nickelates

Many authors and recent papers using DMFT

moiré:
TBLG
and 
dichalcogenides

J.Zang et al. PRX 12, 021064 (2022) 

UTe2

npj-qm, 2022

Other sulfide, 
NiS2-xSex
Jang et al. 
NatComm2021



The Mott Transition
from a DMFT perspective



Frustrating Magnetic Ordering:
Revealing the `genuine’ Mott phenomenon

Metal Mott Insulator

Ordered Phases

Te
m

pé
ra

tu
re

/kinetic energy



See also Pustogow, Dressel et al.
Optical measurements





A simple form of the self-consistency 
condition: Fully connected with random 

hopping and Bethe lattice
<latexit sha1_base64="slrc3axYdV+eiRzSQBlfyyUd+NY="></latexit>

tij =
tp
z

, z ! 1

Fully connected lattice
with random hopping
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tij =
✏ijp
N

, N ! 1

✏ij = 0 , ✏2ij = 1
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�(i!) = t2 G(i!)

Non-interacting DOS:
Wigner semi-circle
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D(✏) =
1

2⇡t2

p
4t2 � ✏2

Half-bandwidth: 
D=2t

Magnetic ordering is FULLY FRUSTRATED



Revealing the `genuine’ 
Mott phenomenon

• Frustrating magnetic ordering
•  The basic equations:

• NB: General lattice:
• Do these equations have a solution and if so, is 

it unique ?
• How does the physical nature of this solution 

change as U/D, T/D is varied ?

G = Gimp[�] , � = t2 G , (D = 2t)
<latexit sha1_base64="D6xbyXrp4scnmbIkLToI8JENAaY="></latexit>

�[G] = R[G]� 1/G
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MOTT TRANSITION:

THE MOVIE !
(courtesy: Igor Krivenko)



The movie just shown was obtained 
with an approximate solver:

Iterated Perturbation Theory (IPT)
- see hands-on session –

but is qualitatively consistent 
with exact numerical solvers 

(QMC, Wilson NRG)



The IPT approximation (G.Kotliar &AG, 1992) 

(~ simplest approximate solver)
Motivated by regularity of perturbation theory in U for the AIM

Integral equation easily solved iteratively w/ FFTs
EXACT (at ½ filling for U=0 and in the atomic limit !

⌃(⌧) ' U2G0(⌧)
3
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IPT approximate solver: 

Iteration scheme: G0 ! ⌃(⌧) ' U2G0(⌧)
3
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0 (i!n)� ⌃(i!n)
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solver

Dyson

G�1
0,new = i!n � t2G(i!n)
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Metal Mott Insulator

Ordered Phases

Te
m

pé
ra

tu
re

Quasiparticles

Hubbard `bands’ (Quasi atomic excitations)

An early success of DMFT (1992-1999) 
Theory of the Mott transition

[~Liquid-Gas]



Low-frequency behavior of Δ(ω) 
determines nature of the phase

• Δ(ωà0) finite à local moment is 
screened. `Self-consistent’ Kondo effect. 

   Gapless metallic state.

• Δ(ω) gapped à no Kondo effect, 
degenerate ground-state, insulator with 
local moments



Self-consistent structure of the bath

Cartoon from Held, Peters and Toschi PRL 110, 246402 (2013)



Blümer et al. Units here are 4D=2*bandwidth

Gap vanishes

Coherence 
scale vanishes

: zoom on paramagnetic solutions

Unit:
Bandwidth



The Mott critical endpoint: 
a liquid-gas like (Ising) transition 

Insulator: 
low-density of doubly occupied sites          GAS

Metal:
High-density         LIQUID

+ cf. early ideas of 
Castellani et al.
+ DMFT/Landau 
theory approach: 
scalar order 
Parameter.

SLIDE IN PROGRESS (optional)



DMFT insight into a long-standing problem:
“How bad metals become good’’

`Resilient’ quasiparticles beyond Landau Theory

Deng et al. PRL 110 (2013) 086401 ; Xu et al. PRL 111 (2013) 036401

Resistivity: from a Fermi Liquid 
to a bad metal above Mott-Ioffe Regel

Arrows indicate 
Mott-Ioffe-Regel



This non-Drude ``foot’’ is actually the signature of 
Landau’s Fermi liquid (𝜔2) in the optical spectrum

Optics: Transfers of spectral weight



Sr2RuO4
Re σ(ω)
Im σ(ω)
Plain Lines:
Experiment

Dashed Line:
Fermi Liquid Theory

Dots:
Theoretical 
Calculation 
(LDA+DMFT)

D.Stricker et al.
PRL 113, 0874040
(2014)

Hallmark of 
Fermi Liquid 𝜔2

Beyond 
Fermi Liquid



Fermi Liquid nature of the metallic phase
• At (possibly very) low T,ω: a Fermi liquid

• Fermi surface is unchanged by interactions w/in DMFT 
for single orbital model. But Drude weight ~Z

• At Uc2 transition: Zà0 (~ Brinkman-Rice)
• Heavy quasiparticles: 
m*/m=1/Z diverges at Uc2 
(divergence reflects 
large entropy of insulator with 
fluctuating local moments)
Near the transition: 
B ~ 1/Z2 (Kadowaki-Woods)



LaTiO3: AF Mott insulator
AF persists up to ~ 5% hole-doping

Photoemission spectrum:
definitely a Mott insulator

Oxygen states
Lower Hubbard 
band d1àd0



Approach to the Mott state in titanates

Tokura et al.
PRL, 1993

RH reported as ~ T-independent 
and consistent w/ large Fermi surface

X=1                             x=0

Increase of effective mass

Saturation of m* in AF regime



Titanates/transport:

Fermi liquid behavior observed 
Below ~ 100K @ 5% doping



But… there is (plenty of) life beyond the 
Fermi-liquid regime

CTQMC+Analytical continuation (Pade), 
courtesy M.Ferrero, compares perfectly to NRG

This is where 
Landau theory 
applies…

Kink signals loss of QP 
                   coherence



Bω2 applies only below coherence scale
B-coefficient is enhanced ~ 1/Z2

These 2 peaks will coalesce into a pole at ω=0
as insulator is reached



`Kinks’ of purely electronic origin 
in quasiparticle dispersion

Nature Physics 3 (2007) 168



Byczuk et al. Nat. Phys 2007



Near Uc2: 
Effective Kondo 
problem 
with FINITE 
coupling.
(Fisher, Kotliar, Moeller 
PRB 52 (1995) 17112;Moeller et 
al. PRL 74 (1995) 2082 ) 

The kink is associated 
with the effective Kondo 
scale, which is smaller 
than the width of the QP 
peak
(Held et al., PRL 2013 à)



CT-HYB QMC and NRG allow for 
a high-accuracy exploration of the FL

(M.Ferrero, J.Mravlje, R.Zitko, X.Deng, AG)

Bethe Lattice; U/D=4, 20%doping; NRG 
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Momentum (energy) resolved spectral function
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End of Section on Mott Transition



Atom in a bath: 
Introduction to the single-impurity 

Anderson model 
with a DMFT perspective

`Anderson – Friedel- Wolff’ model

See also lectures at Collège de France,  2009-2010 cycle

J.Friedel, Can.J.Phys 34, 1190 (1956)
P.W.Anderson, Phys Rev 124, 41 (1961)
P.A.Wolff, Phys. Rev. 124, 1030 (1961)



``Atom in a bath’’



Hamiltonian formulation: Anderson impurity model

Conduction electron host (``bath’’, environment)

Single-level ``atom’’

Transfers electrons between bath
and atom – Hybridization, tunneling



Integrate out the bath: Effective action

Effective `bare propagator’.

Shyb =

Z �

0
d⌧

Z �

0
d⌧ 0

X

�

d+� (⌧)�(⌧ � ⌧ 0)d�(⌧
0)
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``No Hamiltonian so incredibly 
simple has ever previously done 

such violence to the literature and 
to national science budgets’’

Attributed to Harry Suhl by P.W. Anderson 
in his 1978 Nobel lecture
[Rev Mod Phys 50 (1978) 191 p. 195]

[Although the Ising model is surely a serious competitor…]



Isolated `atom’

Level crossings:
- Between |n=0> and |n=1> at ε = 0
- Between |n=1> and |n=2> at ε = - U



Occupancy of the isolated atom :

``Coulomb staircase’’:
Blocking of charge by 
repulsive interactions, 
Except at points of 
level-crossing 
(charge degeneracy) 

-U 0

ß kT à

Local moment 
regime ``Mixed 

valent’’
regime

<nd>/2

εd



LM regime

Spectroscopy of the isolated atom
One-particle spectral function, at T=0:

and, at finite temperature:

0



Exact solution for a single site in the bath:

Conserved quantum 
numbers:
N, S, Sz

1+4+6+4+1=16 states



Focus on N=2 (ground-state) sector in LM regime:

Symmetric case εd=-U/2

Energy in SINGLET SECTOR is lowered by virtual hops
Double occupancy in intermediate state à energy denominator ~ U



Ground-state wave-function:

Key points:

- The atomic limit V=0 is SINGULAR in the LM regime
- A non-zero V lifts the ground-state degeneracy

- The ground-state becomes a singlet: the impurity moment is 
``screened’’ by binding w/ a conduction electron



Spectral function for 
1site in the bath, 
½ filling

E.Lange
Mod Phys Lett B 12, 915 (1998)
arXiv:9810208
See also Appendix in 
Alex Hewson’s book



The simplest ED solver for DMFT:
1-bath site approximation ~ Gutzwiller/BR

Focuses on quasiparticles only
M.Potthoff PRB 64, 165114 (2001) 



Gap at large-U
approximation:
Hubbard-like 

ignore Kondo-like 
processes/

quasiparticles



A ``Hubbard satellite’’ is nothing but
an atomic transition 

(broadened by the solid-state environment)

Imagine a simplified atom with a single atomic level

Energy

U: Coulomb energy 
For placing 2 electrons
on same level



General many-body theory and 
(local) Fermi-liquid considerations

Focus on dynamics of impurity orbital: integrate out conduction electrons
à Effective action for impurity orbital:

also reads:
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Feynman rules associated with this action (involving only time):
- A vertex U (local in time)
- A `bare’ propagator (retarded):

The interaction leads to a self-energy for the d-orbital:

(Local) Fermi-liquid form of self-energy, at T=0:

First non-trivial diagram O(U2):



d-level spectral function, wide bandwidth limit, Fermi-liquid considerations:

Hence, at low-frequency:

Resonance with renormalized level position and width, overall spectral weight Z:

In particular, in particle-hole symmetric case (LM regime) 

Width, Weight ~ Z
Height unchanged !



Numerical Renormalization Group (NRG) calculation
T.Costi and A.Hewson, J. Phys Cond Mat 6 (1994) 2519

~ -U/2 ~ +U/2

Γ ZΓ

Low energy associated with 
the resonance and quasiparticle excitations:



The actual k-integrated spectral function 
has both Hubbard bands and low-energy quasiparticles 

Hubbard 
``bands’’

QP band
Reduced 
width ~ZD

à Low-energy quasiparticles and incoherent Hubbard bands 
Coexist in one-particle spectrum of correlated metal

Value of 
A(ω=0) 
is pinned 
at U=0
value 
due to 
Luttinger 
theorem



End of slides on AIM



Putting the DMFT ansatz directly to the test 
from high-resolution ARPES: Sr2RuO4 

A.Tamai et al. Phys Rev X 9, 021048 (2019)

The `fruit-fly’ of Transition-Metal Oxides!

Large clean single-crystals

Simple Structure

à Investigated with basically all techniques 
in the experimentalist’s toolbox

A.Mackenzie, Y.Maeno Rev Mod Phys 75, 657 (2003) 



Self-Energy: The DMFT ansatz
For a multi-band/multi-orbital material
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|�k
mi : A set of localized orbitals with many-body 

interactions Um1m2m3m4 are added: correlated Hilbert space

The (usually larger) set of Bloch bands (e.g. Kohn-Sham states) 
describing the material (larger Hilbert space)

Self-energy 
`upfolded’ to 
the whole system 
(k-dependent)

Local self-energy 
`upfolded’ to 
the whole system 
(k-independent)

Orbital content 
of Bloch states 
(k-dep)



DMFT prediction (Pavarini et al PRL 2016; Kim et al. PRL 2018): 
Effective enhancement 𝛥𝜆 of SOC à Confirmed by experiments!

Orbital Content of Quasiparticle States 
is strongly angular dependent due to spin-orbit



From ARPES MDC data: 
Extract self-energy 

for each angle 𝜃



~ In orbital basis: Collapse of data corresponding to 
different angles ! 

à DMFT `Locality ansatz’ is a good approximation  

In contrast: strong angular 
dependence in band basis! 



Comparison to LDA+DMFT self-energies

Kink 
(electronic 
origin
at ~ 100meV)



Comparing DMFT to ARPES
(Dots: ARPES MDCs. Colors: DMFT spectral intensity)



Sr2RuO4 is a member of the big 
and happy family of `Hund Metals’

• Iron-Based Superconductors
• Oxides of 4d Transition Metals
• In the case of Sr2RuO4, proximity to van Hove singularity 

also plays an important role, cf. comparison to Sr2MoO4 
Karp et al. 125, 166401 (2020)

• Hund Metals: Haule and Kotliar New J. Phys. 11, 025021 (2009); 
Werner, Gull, Troyer and Millis, PRL 101, 166405 (2008); Mravlje et al. 
PRL106, 096401 (2011); Yin, Haule and Kotliar Nat Mat 10, 932 (2011); 
de’Medici et al. PRL 107, 256401 (2011); AG, de’Medici and Mravlje, Ann 
Rev Cond. Mat. Phys Vol 4 (2013), and many more…



Hund Metals: A distinct route to 
strong electronic correlations

Strong
Correlations

Proximity to a
Mott insulator

Heavy 
Fermions

Hund
Metals



3d oxides: U/D ~ 4;  4d oxides: U/D ~ 2 ; D: ½ bandwidth

4d Transition-Metal Oxides: 
Strong Correlations Far From The Mott Transition

Hund 
MetalsHund 

Metals



TorbTspin

Fermi
Liquid

~ 1000K

Metal with fluctuating spins
No orbital fluctuations

Now beautifully understood from a Renormalization Group 
perspective, cf. recent work by von Delft, Lee, Weichselbaum et al., 
Aron, Kotliar et al., Horvat, Žitko, Mravlje, Kugler et al., 
à See Gabi’s talk

Hallmark of Hundness: Coherence of 
Spin and Orbital Degrees of Freedom 

Occurs at Distinct Scales

Incoherent



HOP!

HOP!

HOP!

Sr2RuO4 t2g atomic shell: Spin S=1
Orbital moment L=1 



Atomic configurations/Multiplets
Intra-shell interactions+crystal fields

This is very much how we 
think about materials 
In DMFT: 
Start from local atomic 
configurations
and follow the flow down  
into collective behaviour
Initially, spatial correlations
are short-range 
At lower energy, spatial 
correlations build up
àNeed to go beyond 
single-site DMFT

?



Including Spatial Fluctuations: 
Beyond Single-Site DMFT

Cluster 
Extensions 
of DMFT:
CDMFT, DCA,…

Including 
Long-wavelength fluctuations 
w/ vertex: D𝛤A, TRILEX, 
Dual Fermions/Bosons,…

EDMFT,
GW+DMFT…



Embedding Methods Are Controlled
Cluster extensions of single-site DMFT

à `Molecular’ mean-field 
(cf. Bethe-Peierls, Kikuchi)

Several flavors, e.g. DCA: Patching momentum-space, 
cluster used to calculate self-energy at cluster momenta. 
Self-energy approximated as piecewise constant 
in momentum space:

⌃(k,!) ' ⌃(K,!) (k 2 PK) Antinode
Node



Numerous works by several groups 
in the last ~ 20 years

For reviews see:

Cincinatti/Baton Rouge (Jarrell et al.), Rutgers (Kotliar, Haule et al.), 
Sherbrooke (Tremblay, Senechal et al., Kyung, Sordi ), Columbia (Millis et 
al.)., Michigan (Gull et al.) Oak Ridge (Maier et al.), Tokyo (Imada, Sakai et 
al.) Hamburg(Lichtenstein et al.), Rome (Capone et al.)  Paris/Saclay/Orsay 
(Parcollet, Ferrero, AG, Civelli et al.), Stuttgart (Gunnarsson) etc… 



To quote only one achievement: 
These approaches have established 

that the Pseudogap 
in the doped 2D Hubbard model 
is caused by spin correlations

(not pair or CDW fluctuations)

Many groups and authors 2005 à 2020 
See e.g. PRX 8, 021048 for references 

Recent `handshake’: 
- With Tensor Network Methods (MEETS) 

Wietek et al. PRX 11, 031007 (2021)
- With diagrammatic Mont Carlo (CDET)

Wu et al. PRB 96, 041105R, 2017; Simkovic et al. arXiv:2209.09237



• For U/t=5.6 , t’/t=-0.3 and doping p=0.04 
(reference `Wei point’ J)

• CONVERGE the self energy at T=0.2t with two 
independent methods:

• DCA w/ convergence in cluster size
• Diagrammatic Monte Carlo on the Infinite Lattice
• Recently significant improvements to the DiagMC method (RDET) 

have allowed to reach T/t=0.1 Rossi,Simkovic, Ferrero EPL 132 (2020) 
11001 

Wei Wu, Ferrero, AG, Kozik PRB 96, 041105R (2017) 

Controlled results, converged to infinite cluster size, 
are possible in part of the PG regime



DCA and DiagMC: quantitative agreement
à Computational solution of the 2D Hubbard model in this regime !

ImΣ becomes 
LARGE

at antinode ! °3 °2 °1 0 1 2 3
Kx

°3

°2

°1
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2

3

K
y

0.030

0.084

0.138

0.192

0.246

0.300

0.354

0.408

0.462

0.516

Nodal/Antinodal 
Dichotomy



`Fluctuation Diagnostics’

Antinode Node

Antinode Node

Wei et al. (2017) - DiagMC 

DCA Gunnarsson et al



Conclusion
Outlook 

Perspectives
…



Shakespeare’s anticipation of DMFT:
Correlation effects `in a nutshell’

"O God! I could be bounded in a nutshell, 
and count myself king of infinite space, 
were it not that I have bad dreams !"  

William Shakespeare (in: Hamlet)



In	theory,	the	big	news	is	the	DMFT	(dynamic	mean-field	
theory)	which	gives	us	a	systematic	way	to	deal	with	the	
major	effects	of	strong	correlations.	
After	nearly	50	years,	we	are	finally	able	to	understand	
the	Mott	transition,	for	instance,	at	least	in	three	
dimensions,	and	to	model	the	Kondo	volume	collapse	in	
cerium.

In:	``The	Future	lies	ahead''	Proc.	Intl.	Conf	on	``Recent	Progress	
in	Many-Body	Theories''	Santa	Fe,	2004	(World	Scientific	2006)	
Reprinted	in	``More	and	different.	Notes	from	a	thoughtful	
curmudgeon''	

P.W. Anderson on DMFT:



Take-Home Message

Dynamical Mean-Field Theory (DMFT), 
combined with electronic structure methods, 

has transformed our ability to 
understand, calculate and predict 

the properties of materials 
with strong electronic correlations

Numerous opportunities for further developments…



Looking Ahead…
• Looking forward to the next big advance 

on `impurity solvers’. Promising candidates: 
Inchworm, Real-time (quasi)MC, Fork Tensor 
Product States, METTS,…

• Long-range interactions and spatial 
correlations: GW+DMFT, Making vertex-based 
extensions more efficient, Combinations with 
lattice DiagMC,…

• Designing new embedding schemes: `full-
cell’ embedding, SEET,…



Computational Methods: Handshake!

T/t
Te

m
pe

ra
tu

re

Coupling
U/t

`Embedding’ Methods: DMFT and extensions 
(cluster DMFT etc.) Organizing Principle: Locality

T=0 Methods: DMRG, Tensor Networks, MPS
Organizing principle: Entanglement. 
Recently: Neural Quantum States

Handshake: current 
frontier /recent progress !

Monte Carlo 
Methods: 
DiagMC/CDET
AFQMC
…

Finite-T extensions (e.g. METTS)



A heartfelt ‘THANK YOU!’ to collaborators and 
friends over the years, and especially to:

Igor Abrikosov, Markus Aichhorn, Oscar Akerlund, Bernard Amadon, Ole K. Andersen, Ryotaro 
Arita, Ferdi Aryasetiawan, Dmitri Basov, Felix Baumberger, Sophie Beck, Jean-Sebastien Bernier, 
Christophe Berthod, Silke Biermann, Jean-Philippe Brantut, Stuart Brown, Sebastien Burdin, 
Massimo Capone, Iacopo Carusotto, Sara Catalano, Andrea Cavalleri, Maximilien Cazayous, 
Peter Cha, Johan Chang, Shubhayu Chatterjee, Marcello Civelli, Dorothee Colson, Pablo 
Cornaglia, Theo Costi, Luca de’Medici, Tung-Lam Dao, Jean Dalibard, Lorenzo De Leo, Xiaoyu 
Deng, Claribel Dominguez, Philipp Dumitrescu, Martin Eckstein, Claude Ederer, Olle Eriksson, 
Michel Ferrero, Matthew Fishman, Serge Florens, Jennifer Fowlie, Atsushi Fujimori, Yann Gallais, 
Alexandru Georgescu, Thierry Giamarchi, Marta Gibert, Daniel Grempel, Marco Grioni, Charles 
Grenier,  Paco Guinea,  Emanuel Gull, Alexander Hampel, Philipp Hansmann, Syed Hassan, 
Kristjan Haule, Karsten Held, Masatoshi Imada, Didier Jaccard, Dieter Jaksch, Denis Jerome, 
Mikhail Katsnelson, Eun-Ah Kim, Minjae Kim, Michael Köhl, Corinna Kollath, Gabriel Kotliar, 
Evgeny Kozik, Werner Krauth,  Hulikal Krishnamurthy, Fabian Kugler, Mathieu Le Tacon, Giacomo 
Mazza, Andy Millis, Jernej Mravlje, Laurent Laloux, Frank Lechermann, Ivan Leonov, Sasha 
Lichtenstein, Peter Lunts, Andy Mackenzie, Roman Mankowsky, Yigal Meir, Takashi 
Miyake,Jocienne Nelson,  Yusuke Nomura, Olivier Parcollet, Indranil Paul, Eva Pavarini, Oleg Peil, 
Luca Perfetti, Lode Pollet, Dario Poletti, Sasha Poteryaev, Leonid Pourovskii, Cyril Proust, Malte 
Rösner, Javier Robledo-Moreno, Marcelo Rozenberg, Angel Rubio, Alexander Rubtsov, Subir 
Sachdev, Alain Sacuto, Tanusri Saha-Dasgupta, Shiro Sakai, Christophe Salomon, Vito Scarola, 
Thomas Schäfer, Mathias Scheurer, Darrell Schlom, Anirvan Sengupta, Michael Sentef, Sriram 
Shastry, Kyle Shen, Qimiao Si, Nicola Spaldin, Tudor Stanescu, Miles Stoudenmire, Hugo Strand, 
Damien Stricker,  Alaska Subedi, Louis Taillefer, Anna Tamai, Ciro Taranto, Jeremie Teyssier, Jan 
Tomczak, Yoshi Tokura, Alessandro Toschi, André-Marie Tremblay, Jean-Marc Triscone, Alexei 
Tsvelik, Veronica Vildosola, Dirk van der Marel, Jan von Delft, Cedric Weber, Tim Wehling, Nils 
Wentzell, Felix Werner, Philipp Werner,  Alexander Wietek, Steve White, Wei Wu, Pavel Wzietek,  
Manuel Zingl, Rok Žitko Apologies to those I didn’t to mention for lack of space or by mistake…!



Strong electron 
correlations

Topological
materials

Non-equilibrium
steady states

Transition-metal 
oxides

Pump-probe experiments

Two-dimensional models; 
Twisted moiré materials CCQ Core Mission:

Understanding Large interacting 
Quantum Systems

(The Quantum Many-Body Problem)

Quantum Embedding:
Dynamical Mean-Field 
Theory and extensions 

(TRIQS:  Library 
and Applications)

Tensor Networks
(ITensor Library)

Quantum
Monte Carlo

(AFQMC Software)

Electronic structure
- soliDMFT 

- Beyond DFT/GW+  code
- OCTOPUS 

(with MPI-Hamburg)

Machine Learning

The Research Ecosystem of the Center for Computational Quantum Physics of 
the Flatiron Institute, Simons Foundation, New York

Light-control

Theory, computational methods and CCQ software

Strong light-matter 
Coupling; Cavities

Quantum Materials, 
Models and Molecules

Dynamics
and Control

16 Faculty Members, 22 Postdocs



Also note: We offer some graduate student fellowships for 
students applying to the Columbia, NYU, CUNY/CCNY 

graduatess chools (also soon: SISSA, Trieste) 


