q- FLATIRON

tttttttttttttttttttttt
aaaaaaaaaaa

Fast algorithms for hierarchical matrices
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Suppose A € CM¥ and,v e CV
« Matvec A-v: OW?
« Inversion A~l: OW?

« Determinants detA: OW?)

For a given task, an algorithm is fast if it’s runtime beats the asymptotic complexity
The dream: O(N log’ N)
Examples

« Sparse matrices, matvecs in O(kN), if well-conditioned, inverse in O(kN)

 FFT matrices, matvecs in O(N log N), inverse analytically known, and inverse
application in O(N log N)

« FMM matrices, matvecs in O(N)



Dense matrices # Data dense

Sk
Aj,k = 5j,k + COS(fj — ) S 00 @ @ e 00 esee 8 e e e e oM O
= &;; + cos(1;)cos(s;) + sin(z)sin(s;) t]
« Matvec b=A-v: OWN?
Step 1: Step 2:
N N
Wl — Z COS(Sk)Vk . W2 — Z Sin(Sk)Vk b] — Vj + COS(Z})Wl + Sin(l}-)Wz O(N)!
k=1 k=1
cos(f,) sin(t) cos(s;) sin(s;)

cos(t,) sin(z,)

A=+ UV, U= . | Cy= COS.(SZ) sm.(sz)

_cos.(tN) sin.(tN)_ _cos.(sN) sin&sN)_

« Inversion A~l: OW?

Sherman Morrison Woodbury formula: A~! =1 - U, + VIU) VT O(N)!
e Determinants detA: OW)

Slyvester formula formula: detA = det (I, + V'U) O(N)!



Two-point boundary value problems

Given p(x), g(x), f(x),a, p, find u(x) which satisfies G(x, yo)

u'(x) + pxu'(x) + gxux) =fx) 0<x<l1.
uO)=a, u(l)=4. 0 y 1

u — u(x) —a— (f — a)x satisfies

u"(x) + pOu'(x) + gux) = f(x) 0<x<1.
w0)=0, wu(l)=0.
G(x,y) : Green's function for

x(1 —y) 0<x<y<1
y(l —x) O0<y<x<<l

u”(x)=5y O<x<l1.

G(x,y) = {
uw@) =0, wul)=0.

|

Integral formulation:  u(x) =J G(x,y)o(y), o unknown density
0

« Boundary conditions v/

 ODE vyields following integral equation

oG ! N
o(x) +p(x)J g(x, y)o(y)dy + q(x)J G, y)o(y)dy=f, 0<x<1
0

0



Structure of off-diagonal blocks

| 1

oG -
o(x) +p(X)J a—(x, y)o(y)dy + q(x)J G(x,y)o(y)dy = Po = f
0o OX 0 X y
[P aa P AB] UA] _ _fA_ 0 A B .
Pgy Pgp| |°B _fB_

x(1 —vy) 0<x<y<l
y(1 —x) 0<y<x<<l

G(x,y) = {

(I =y)o(y)dy + g(x) - x[ (I =y)o(y)dy

P,pop = P(X)J
B

B

Pyp = (p(0) + q(x) -x)J (I—y)-*dy Rank 1
B

T
Uy Vp




Structure of off-diagonal blocks

| 1

0G 3
o(x) +p(X)J a—(x, Vo (y)dy + q(x)J Gx,y)o(y)dy = Po = f
o 0X 0 y X
[P an P AB] UA] _ _fA_ 0 A B I
Pgy Ppg| [°B B . C(x(1—y) 0<x<y<l
(.y) = {y(l—x) 0<y<x<<I
P,pop = p(x)J (I =y)o(y)dy + g(x) - x[ (1 —y)o(y)dy
B B
Pip = (p(x) + g(x) -X)J (I—-y)-*dy Rank 1
B
Uy Vg

yo(y)dy + q(x) - (1 — X)J yo(y) dy

Pppoy = — P(X)J
A

A

Pyg = (—p@) +qx) - (1 —x))J y-*dy Rank 1
A

Up VZ



Faster? Matvec and inverse A

- 7 "~ T 0 | 1
P4 MAVg FA] Ia
_“BV,Z Ppp

Matvec

Step 1:
T

Compute ugvic,,uviop  ON)




Faster? Matvec and inverse A

- T "~ T 0 | 1
P4 MA"; FA] Ia
_“BV,Z Ppp

Matvec

Step 1: Step 2:

Compute ugvic,,uviop  ON) Compute P,,6,,Pgs05 O(N?/2)




Faster? Matvec and inverse

A B
- 3 vh 0 | 1
Pyy ugvg [GA] _ Ja .
_“BV,Z Ppp %B /B |
0O A | B 1
Matvec
Step 1: Step 2:
Compute ugvic,,uviop  ON) Compute P,,6,,Pgs05 O(N?/2)
Inverse D uv?t
_PAA uAvg_ _ [PAA 0 Lt O] _vf 0
_MBVIZ PBB_ O PBB O uB _O VT_
Nx2 2XN
vl By o 1( [vpyl o 1) [ir o
u Vv u Vv
P_1= AA » . AAYA » 12+ At AAYA o AT AA o 0(N3/4)

D-'— D 'ug+Vvip-lu)-'vip-!



Structure of off-diagonal blocks

Psa Pap Pac Pap| [o,] Ja
P P PP ~ A B C D
BA BB 'BCc TBD| |%B| _ /B : ; :
Pcy Pcp Pec Pep| |9C fe 0 1
Py, Ppg Ppe Pppl| LOD ~
' “pa 'pB 'pCc DD _fD_
All off-diagonal blocks are rank 1
i T T T ] e
Pap  UarVBL UarVCr UarVDL| ¢ o, fa
T T T =
ugVar  Ppg Uprver UsrVpr| [og|  |[fB
T T T o-| |7
ucVar UcrVsr Pec  UcrVDL UC fe
D ~
T T T 7D _
UprVar UprVer UprVcr  pp _f D
up=—pO)+ A -x-qx), xel g =px)+x-qx), xel
vip=1-y, yel ViR=Y, YEI



Block separable form

Pyy “A,RVg,L uA,RVg,L ”A,Rvg,L
uB,LVZ,R Ppp uB,RVg,L uB,Rvg,L
uC,LVf{R uC,LV]g,R Pee uC,RVg,L

_uD,va{R ”D,ng,R uD,LV(];,R Ppp

u; = (UL UiR)

T
r [ ViL
vi =\ -
VIR



Block separable form

Pyy “A,RVg,L uA,RVg,L ”A,Rvg,L
uB,LVZ,R Ppp uB,RVg,L uB,Rvg,L
uC,LVf{R uC,LV]g,R Pee uC,RVg,L

_uD,va{R ”D,ng,R uD,LV(];,R Ppp

u; = (UL UiR)

T
r [ ViL
vi =\ -
VIR



A B C D

0 1
_ T
P;j = u; v,




= (VD)

E

E=D'UD, F=DOVDH,

(S + D)~!

T'-J+

A B C D
0 ]
_ T
P, ;= US; Vi

G=D!'=—DyubvIp-!



.

Matvec: O(N?/4)

Inverse: O(N>/32)

Not fast enough!

S admits a similar factorization



A B C D
Yo T
O>vg
0 _
Pi,j = uSi,jvj
0o 0o\ [O)(1 0 1 O
(0) |
0 0 0
1 0 1

1Yo 1 0 1
0

1
\0

0 1
0 O

0 1
0 O




p=u"(ye-n (...U<1>D<0> (V<1>)T+D<1>>...(V<f—1>)T+D<f—1>+) (V)" 4 D®




p=y® ( U@ ( UMD pO (Va))T n D(l)) (V@))T n D<2>> <V<3>>T + p®

Pl = E® ( EQ ( EVGO ( F(l))T n G<1>) ( F<2>)T n G<2>> ( F<3>)T L G®

U(3) Uy gL po V(l) DM V<2) D@ V(3) D®
H H ) H ]
EG) E@ g0 ( F)” ( F(2))T ( F®) T

All matrices except G are block diagonal



p=y® ( U@ ( UMD pO (Va))T n D(l)) (V@))T n D<2>> <V<3>>T + p®

U(3) U® U po V(l) DO V<2> V(3) D(3)

e e,

--'-.__ —I Matvec: O(N)




Sparse embedding of HBS form of P - inversion

pl=E® ( E? ( EVGO ( F(l))T n G(1)> ( F(2>)T n G<2>> ( F(3))T L+ G®

| Gaussian

T e B

Inversion: O(N)



Sparse embedding of HBS form of P - inversion

pl=E® ( E? ( EVGO ( F(l))T n G(1)> ( F(2>)T n G<2>> ( F(3))T L+ G®

| Gaussian

-"-__ —1 elim E y

Inversion: O(N)



Higher dimensions?

Given f(x), find u(x) which satisfies

Au(x) =0 xeQ.
ulx)=fx), xel. Q

G(x,y) : Green's function for

Au(x) = 5y

1
G(x,y) = —z—ﬂloglx—yl

Integral formulation: u(x) = J EG(X’ yo(y) x €, ounknown density
I

e PDE v

 Boundary conditions yields following integral equation

0
ox) + zLa_yG("’ y)o(y) dS, = 2f(x) Po=f

P is also HBS compressible!



Off-diagonal blocks

Psa Pap Pac Pap| [0, Ja
Py Pgg Ppc Ppp| |08 B fB
Pcy Pcg Pcc Pep| || fe
Pps Ppp Ppc Ppp °D_ fr

Xx
Xx
xxxxxxx
XXX X
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxx
XX

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Singular values of matrix : [Pz, 0 Pye Pgp

)

_ T
P. .= ul-Si,jv.

l,] ]
U;, Vi, NOW rank-k matrices

How to compute u;, v,?
Option 1: Use analytical FMM expansions —
matrix no longer HBS then, but 372

Option 2: Use numerical compression
techniques, like SVD, ID



Suppose Po = Z K(x,y)o; . x;€B ;€ By\B /l
Tf = J K, )f)dy , T:L*(By\B) — L*B) with )
B

|K(x,y)|2dxdy <00 M /,
[ By\B J B f’f

O,
00000009

p
Then, K(x,y) = 2 u(x)s,v(y) + O(e).
i=1

Computing the functional SVD can be numerically intensive, particularly beyond
d=2,3

Costs can be amortized for translationally invariant kernels K(|x — y|) and/or
homogeneous kernels K(ix,Ay) = A"K(x,y)

Computational savings if kernel satisfies Green'’s identities (Proxy surfaces)

FMM-like translation operators through SVDs for recompressing S



Low rank approximations - Randomized algorithms

Psa Pap Pac Pap| [0, Ja 1—1B

Ppa Pgg Ppe Ppp| | 0B _ /B

Pcy Pcp Pcc Pep| |©C fe F

Ppy Ppg Ppc P °D ~

pa fpe I'pc fpp| L - fn C
P B

[PAB 0 Pcp PDB] = Up [VgA 0 Vlgc VED]
pXN kXN kXp

Randomized algorithms:
W = R¥<&+)  random Gaussian matrix, FFT matrix

Y =PyW Y € RpXk+1) Sample range of matrix
Y=OR Orthogonalize sampled range
T = Q*Py T € R&+xp Change of basis

T = [JSVT SVD of reduced matrix

P, ~ QUSVT



Randomized algorithms - error analysis and performance
Py
[Pag O Pcg Ppg| = Uy |[VEh, 0 Vi V5
pXN kXN kXp

Randomized algorithms:

W = R¥<&+)  random Gaussian matrix, FFT matrix

Y = P,W Y € RPXk+r) Sample range of matrix ON - (k+r)-p)
Y = OR Orthogonalize sampled range O(p - (k+ r)2)

T = Q*Py T € R&+nIXN Change of basis ON-(k+r)-p)
T=UsvT SVD of reduced matrix O((k+r )2 - N)

P, ~ QUSVT
1Pg — QUSVT|| = ||Pg — QT|| = ||Py — QQ* Py
1P, — Q0*P,| < (1 + c\/ﬁ) 5., Wwith probability 1 — 67"

Issues:
Cost of compressing one block of rows: O(N - (k+r) - p)
N such factorizations needed —> cost of factorization: O(N?)

Lack of interpretability of S at next layer



Interpolative Decomposition (ID)
P, Z

|Pg — PBZH <1+ \/k(n — k))Si41
1Z,l <1

Combinatorial search, exponential cost

1Py — PpZI|l < (1 ++/k(n — k))sp4y
| Zijl <2

IH™ 5=

LOYV rank apprommatlon that uses columns In practice, rank revealing QR works fine
of input matrix

e o I
7

LE

Q

Inherit the structure of columns from
ID of approximated range

Randomized approach for computing ID



Interpolative Decomposition (ID)

e o [Tl
o

| \

Inherit the structure of columns from
Randomized approach for computing ID

ID of approximated range

Issues:
Cost of compressing one block of rows: O(N - (k+7r) - p)
N such factorizations needed =—> cost of factorization: O(N?)

Entries of S are sub-blocks of the original matrix



Psa Pap Pac Pap| [0, Ja
Py Pgg Ppc Ppp| |08 B fB i
Pcy Pcg Pcc Pep| || fe
Pps Ppp Ppc Ppp °D_ fr

Instead of compressing P,,compress | sr, B,Fproxy]
p X (nproxy + "near)

Works when matrix entries from Kernel satisfying Green’s identity
General idea: identify smaller collection of columns which approximate bulk of matrix

Entries of S are sub-blocks of the original matrix



The zoo of matrix factorizations

HODLR/HSS matrices FMM/9? matrices

Nested basis
No Yes
Strong HODLR HSS

Weak [

Low-rank structure

Butterfly/FFT matrices




Hierarchical matrices in Neural Networks

A multiscale neural network based on hierarchical nested bases

Using %7 in layers of locally connected networks
Yuwei Fan* Jordi Feliu-Fabal Lin Lin! Lexing Ying? Leonardo Zepeda-Nunez¥

A multiscale neural network based on hierarchical matrices ] i
Using # in layers of locally connected networks

Yuwei Fan* Lin Lin{ Lexing Ying? Leonardo Zepeda-Nufez?

(i—)s+w o«

Cc’,i:¢ Z ZWC’,c;i,jgc,j+bc’,i ) ’izl,...,Né, C’:l,,,,,a/

<um j=(i—1)s+1c

LCl-linear

‘ e (= G(WE +b)

pSum
>
Affords fewer number of parameters
) in Neural net representation and
—_— N fast application of the forward
éAdJacen} ? t=1L network
Reshape TRepIicate R ig i

LCR-linear

Replicate




Software
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(XN | N = U] Updated installsh file 3 months ago
2 READMEmd
(B README.md
FLAM (Fast Linear Algebra in MATLAB)
This MATLARB library implements various fast algorithms for certain classes of matrices with hierarchical low-rank block
structure. Such matrices commonly arise in physical problems, including many classical integral and differential
equations, and have appeared in the literature under an assortment of related names (e.g., H-, H2-, FMM, HODLR, HSS,
HBS). Other application domains include multivariate statistics and uncertainty quantification (covariance matrices).
The primary purpose of this library is for personal prototyping, though it has been recognized that others may find it <HODLRIib
useful as well. Consequently, the algorithms do not contain all the latest features, but they can be considered reasonably
complete; for example, most codes support full adaptivity.
language (G | buil |passing coverage [958
Itis also worth noting that we mainly use the ir q ion (ID) for low-rank i This is by no (===
means the only choice, but we find it especially convenient due to its P ing and numerical i
roperties.
prep
Currently implemented algorithms include:
* core routines:
© tree construction
© interpolative decomposition -
o fast spectral norm estimation
* dense matrix routines: fross Toatirminior |
© interpolative fast multipole method
+ recursive skeletonization HODLRIib Is a lexble library for performing marix operations like matrs-vector products, soving and determinant
ity computation n near-linear complexityfor matrces that resemble a HODLR structure). The salver has aiso been

extended to matrices not necessarily arising out of kernels and alsa to higher dimensions. Further, the solver has
=_sparse extension (solve, least squares) been optimized and the running time of the solver is now massively (a few orders of magnitude) faster than the

m S . running times reported in the original articles[1][2]. Low-rank approximation of the appropriate blocks are obtained
! OAY A n { R using the rook pivating algorithm. The domain is sub-divided based on a KDTree. The solver is fairly general, works
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mle Adrianna Gil ChenhanYu Hierarchical, W xiv, sivaramamb, Kiho/FLA Fast Algori 8 Mark Tygert. fastalgorith..

Hierarchical Matrices Cnonentle | upoaies | rinarie

Hierarchical Matrices: HLib...

. & oneiim name crange Latest commit 445551 on Feb 4
HLib Package
= bin added bin 3 months ago
HLib What is HLib? o cleaning up the repo 3 months ago
Literature
FAQs N i include name change 3 months ago
Patches HLib is a program hmry for hierarchical matrices and H*-matrices. It pﬂ)VldES i src removed more save statements, and prin statements. 3 months ago
Contact + routines for the construction of hierarchical matrix structures (i.c.,of cluster trees, block cluster trees, low-rank matrices and block matrices), st it commit 6 months ago
o discretization functions that fill these structures by approximations of FEM or BEM operators, o o e sded o S manthe ago
o arithmetic that perform ‘matrix like addition. and inversion,
o conversion routines that turn sparse matrices and dense matrices into H-matrices and H-matrices or H’-matrices into H>-matrices and B License Add LICENSE 3 months ago
® scrvice functions that display matrix structures, perform numerical quadrature or handle files. Makefile small edit makefile 3 months ago
. [E) README.md readme 3 months ago
Requirements
o size.txt editined 3 months ago
The library is written in the ¢ programming language and requires BLAS and LAPACK to perform lower-level algebraic ions (like ing dense matrix-matrix multiplications or solving F— R
cigenvalue problems). = m 4
On Unix-type systems, we use Autoconf, Automake and Libtool in order to provide the user with a fully automatic build process.
If GTK+, OpenGL and GTKGLArea are installed, a visualization program for surface meshes and cluster trees is provided that can be quite useful for debugging BEM applications. We are currently . . .
working on a comprehensive GUI that will offer the more interesting functions of the library. Interpolative Decomposition Library
Licensing This is a fork of the ID library
Since HLib was developed (at least partially) at the Max-Planck-Institut Leipzig, we cannot use an open source license and turn it into free software. But we can give it away for free to scientist + P. Martinsson, V. Rokhlin, Y. Shkolnisky, M. Tygert, ID: a software package for low-rank approximation of matrices
interested in doing research if they sign an appropriate license agreement. via i i itions, http://tygert html

Original distribution readme
Steffen Borm and Lars Grasedyck

Max-Planck-Institut fiir ik in den Natur
Inselstrasse 22-26, 04103 Leipzig, Germany

Please see the documentation in subdirectory doc of this id_dist directory.

At the minimum, please read Subsection 2.1 and Section 3 in the documentation, and beware that the N.B.'s in the
source code comments highlight important information about the routines -- N.5. stands for nota_bene (Latin for "note

well").
Sal  ®mEE TE

https://github.com/fastalgorithms/libid

http://www.hlib.org
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oo P E 4 th hitp|  httpsi//andv. gunnar mart WhatsApp Portiand Tra. interpolativ ! s Yuwei Fan victorminde... Finding the i Introduction.

gunnar mart WhatsApp jand Tra. interpolatiy. victorminde. Finding the i Introduction... O

Pullrequests Issues Marketplace Explore
arch or jump to. Pull requests Issues Marketplace Explore I

victorminden / GPMLE ©Watch~ 1 Hrstar 1 YFork 4
ChenhanYu / hmlp OWatch~ | 8 | | kstar | 6 | | YFork |6 orked from asdamle/GPMLE
Code Issues 19 Pull requests o Projects & & Wiki Insights <> Code Pull requests o Projects o Wiki Insights
Introduction to GOFMM Code implementing the methodology in arXiv:1603:08057 for maximum likelihood estimation for parameter-fitting given observations
Chenhan D. Yu edited this page on Jul 20, 2017 - 7 revisions from a kernelized Gaussian process in two spatial dimensions.
D 4 commits 1 branch © 0 releases 22 2 contributors. o MIT
GOFMM stands for Geometry-Oblivious Fast Multipole Method, which is a novel method that + Pages @
creates a hi low-rank imation, or ion,” of an arbitrary dense : .
symmetric positive denite (SPD) matrix. For many applications, GOFMM enables an approximate Bronchmastercs) |ahewpullrequnst Createncw filcslaeload flesy | Find File
matrix-vector multiplication (MATVEC) in O(NIogN) or even O(N) time, where N is the matrix i branchis 1 ¢ behind asdamemast. ol 5 BE
is branch is 1 commit behind asdamle:master. ull request ompare
size. Compression requires N log N storage and work. In general, our scheme belongs to the Home i o
family of hierarchical matrix approximation methods. In particular, it generalizes the fast Introduction to GKMX ictormindentyps Latest commit 5629912 on Apr 19, 2016
multipole method (FMM) to a purely algebraic setting by only requiring the ability to sample Introduction to GOFMM
matrix entries. Neither geometric (i.e., point nor of how the ex typo 3 years ago
matrix entries have been generated is required, thus the term “geometry-oblivious.” Introduction to GSKNN Kernels cleaned up 3yearsago
Introduction to GSKS opt_rskelf commit 3 years ago
Compress (Constructing an H-Matrix) Introduction to STRASSEN
peel ccommit 3 years ago
N . . Introduction to TREE i it 3
Evaluate (Matrix-Vector Multiplication) verihy_error commi years ago
Microkernels
9 LICENSE.md Update LICENSE.md 3 years ago
;. . .. " RUNTIME and
Factorize (H-Matrix Factorization for Fast Solvers) COMMUNICATOR ) README.md commit 3 years ago
example.m commit 3 years ago

Use Strassen
Solve (Solve a Shifted Linear System) B startup.m o SIoeED
Clone this wiki locally

https://github. con/Chenha | E EE README.md

HMLP is currently not an open source project. Do not distribute!!

- HO00OEBN  KREE THO

README

- HEOOOBEBN"  REE THO

https://github.com/ChenhanYu/hmlp/wiki/

Introduction-to-GOFMM https://github.com/victorminden/GPMLE

» Video lectures by Gunnar - https://www.youtube.com/playlist?
ist=PLPDZ9rclfxyOrlpcu_D1PRcyK-o2iofwW

 Excellent review article on randomized methods for low rank approximations -
Finding structure with randomness: Probabilistic algorithms for constructing
approximate matrix decompositions: https://arxiv.org/pdf/0909.4061.pdf

« Some of the illustrations courtesy: Sivaram Ambikasaran, Per-Gunnar Martinsson,
Ken Ho, Lesliie Greengard, Lexing Ying, Adrianna Gillman


https://arxiv.org/pdf/0909.4061.pdf
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