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Before we start.....

e Focus is on “big picture” of the algorithms

e Slides on the FWAMZ2 website have an
annotated bibliography at the end.



Recap on Markov Chain Monte Carlo

Known exactly

_ i@

p(%fc)da:

Hf J p(

x)dx

Intractable.

Bayesian MCMC:

p(0) = p(yl0) p(0)
[m(0)dz = [, p(y]6) p(6) d6 = p(y)

Statistical Mechanics:



Recap on Markov Chain Monte Carlo

Construct a Markov Chain X; J
stationary and ergodic againstp. :. :
e Averages over X; converge J N
to averages overp. J
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Recap on Markov Chain Monte Carlo

Metropolis-Hastings:
1. Draw a proposal for the next point
Yii1 = Q(Y|X;)
2. Accept the proposal with probabillity.
{ (Yir1)Q(Yii1|X:) }

o . P
Paccept — 1M1 ]" p(X;)Q(X;|Yii1)

3. If accepted, Xi11 =Y;11. Else, X1 = X;.
(In practice, more likely to a method like Hamiltonian
MC, no U-turn, inertial Langevin...)




1. How can check if our MCMC is converging?

2. How can we improve convergence?



Tools for MCMC Convergence

Visual inspection can tell us how well chains are

converged.
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Tools for MCMC Convergence . Welkmixed chains

e Run chains with different initial
points.

e [ statistic compares variance of each -
chain to variance of the ensemble.

O If perfeCtIy Converged’R — ]_ n Poorly-mixed chains
o If ensemble variance >> chain VTR
. A~ J W AT T WA
variance, R > 1. e |

o A good threshold is & < 1.01




Tools for MCMC Convergence

Can we quantitatively assess convergence?

How long it takes Markov

Chain to decorrelate and give
— Tvar 1 7

var (f) (f) a new “independent” sample.
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Tools for MCMC Convergence

var (f) o 25

X

1, 1o EBIUFX)-m) (f(Xo)-k))]
T=13+3 20 E[(f(Xo)—xs) (f(Xo)—4;)]

Hard to compute: variance of naive estimator diverges!

e ESS in Stan e autocorr in emcee



Tools for MCMC Convergence

Look at your autocorrelation functions!
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But why is my MCMC converging slowly?

Bad Scaling Multimodality




Fixing Bad Scaling

MCMC moves don’t match scaling for your problem.

e Reparameterize model Funnel Densiy (log scak)
o Think! )

e Scale problem so that Hessian is =
closeto Z
o Explicitly evaluate Hessian?

e Estimate covariance from Warmup
runs (automatic in Stan)

0
X[1]



Affine Invariant Sampling

Ensure MCMC chain convergence is unchanged by
stretching and translating the parameters.

The Affine Invariant Sampler
(what emcee is famous for)

O o Proposal o
O ‘
O
_ 5 andidate




Multimodality

With many modes, MCMC must |
. _ Markov chain gets
cross low probability regions. stuck easily

e Hard to solve by changing
MCMC proposals

e Change the probability
distribution instead.

e Related problem: sampling talil
probabillities.



Multimodality (A side note for the Bayesians)

Recall: Parameters (what gets sampling)

l
p(0) = p(y|0) p(0)
[m(0)dz = [,p(y|0)p(0)d6 = p(y)

If the model family contains the right model, we
should see one peak for the real parameters.

Multimodality ??? _ Model misspecification



Importance Sampling

Sample a different distribution 77 and reweight.

Target Density [ f(z)p(z)da [ f(z) p(x; m(x)dx

7 [ol)dz [ 22D () da

p(X;

R

/
_/ \/ D ~ s p(X;Z

m(X;)

...but if you choose badly, variance can be infinite.



Umbrella Sampling

Why not reweight using many states?
e [ntroduce biases v;(z)and sample biased distribution

7-‘-]. — M Determined using
(x)o(x)dx overlaps between
fl%( )p( ) biased states.

Hard to sample Easy to sample
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Replica Exchange

US biases don’t have to be spatial:  m;(z) = p(z)"

B =1

B3 =0.1

But if we sample these distributions, 3; still won’t converge.



Replica Exchange

Idea: Use other T >< ><
orobability distributions =X

as route to jump " ><
between modes. . mronsh s i

¢ Run one Markov chain in each state 7.
e Periodically attempt swaps between states.
o If done correctly, marginal in each state is 7.
e Should generally be done along with US reweighting.



What if | don’t know the density?
Krewnr-exaety unknown

[ f(z)p(z)dz
Hf = [ p(z)d

-

Sometimes distribution is only implicitly defined
e Output of a simulation
e Unknown stationary distribution of a known
Markov Chain
One solution: Sequential Monte Carlo



Sequential Monte Carlo

We want the effect of
iImportance sampling, but

can’'t change the MCMC i
update.

Time t

M 4
\ >

1. Run a swarm of MCMC chains.

2. Split / kill chains
a. Split chains moving towards good regions.
b. Kill chains moving towards bad regions.



Conclusions

Bad MCMC convergence: often bad scaling and
multimodality.

For bad scaling, try For multimodality, try
e Reparameterization e Importance Sampling
e Calculating the Hessian ¢ Umbrella Sampling
e Ensemble Methods e Replica Exchange

If density is unknown, try Sequential MCMC.



A highly non-exhaustive
bibliography.
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