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graphs. Our results on error of free energies are compared
against mean-field methods, including the naïve mean-field
(NMF), Thouless-Anderson-Palmer equations (TAP),
belief propagation, and the neural-network-based varia-
tional autoregressive networks (VAN). On the 2D lattice
without the external field, the graph is planar, so there are
exact solutions [30]. Whereas on the other graphs, we adopt
the exact (carefully designed) exponential algorithms [31]
(in a reasonable time) to compute exact free energy values
for the evaluations.
The results are shown in Fig. 4. We can see that, in all

experiments, our method outperforms all mean-field meth-
ods and the neural-network-based methods, to a large
margin. In regular random graphs, small world networks,
and the Sherrington-Kirkpatrick model, our accuracy is
only limited by the machine precisions (10−16). In the
experiments, we choose D̂ ¼ 50 and χ̂ ¼ 500, and the
computational time on each instance is of a few seconds.
Empirically, our method is faster than the mean-field
methods and the neural-network-based methods. More
results about the dependence of the bond dimensions
and the computational time can be found in the
Supplemental Material [18]. Moreover, it is worth noting
that combining with the autodifferential for tensor networks
[32] immediately gives our method an ability to perform
learning tasks using graphical models. In the Supplemental
Material [18], we give an example of using our method to
learn a generative model [33–43] on hand-written digits of
the MNIST dataset [44].
Application to quantum circuit simulations.—The prob-

lem of computing free energy of graphical models is similar
to the problem of computing single amplitude estimates of
a superconducting quantum circuit [45], which can be
treated as a graphical model with complex couplings.
Classical simulation of quantum circuits is important for

verifying and evaluating the computational advances of
quantum computers [20,22–24,46,47]. However, the near-
term noisy intermediate-scale quantum circuits (including
Google’s recently announced “supremacy circuit” [48]) are
not perfect: each operation of them contains a small error.
Thus, an important open question is whether approximate
simulations of quantum circuits could beat the noisy
quantum device. Answering this question apparently
requires advanced studies of approximate algorithms for
simulating quantum circuits.
Our method directly applies to approximate single-

amplitude simulation of quantum circuits with any kind
of connectivities, such as two-dimensional lattice [23,24]
and random regular graphs, as considered in the quantum
approximate optimization algorithm [49], after converting
the initial state, the measurement qubit string, and the gates
into tensors. The key difference between our method and
existing methods for quantum circuit simulation is that, by
detecting low-rank structures in the circuit, our method
heavily reduces the computational complexity. Although
this introduces SVD truncation errors, we will illustrate
that, at least in the shallow circuits, the error is almost
negligible. We perform experiments using standard random
circuits on two-dimensional lattices [22–24], which iter-
atively apply single-qubit gates and two-qubit controlled Z
gates to the initial j0; 0;…; 0i state, and finally measure the
amplitude of a specific qubit string. The generation pro-
tocol is described in detail in the Supplemental Material
[18]. We evaluate the performance of our method against
the recently developed state-of-the-art exact tensor con-
traction method [24], which has a precisely predictable
space and time complexity. With depth d ¼ 8, our algo-
rithm can handle circuits with at most 40 × 40 ¼ 1600
qubits with SVD accumulated truncation error ϵSVD ≤
10−12 on a workstation with 64 GB memory in an hour.
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FIG. 4. Relative errors of the free energy to exact solutions obtained by different methods on various models. Insets: illustrations of the
underlying connectivity graph with smaller sizes. (a) Ferromagnetic Ising model on a 16 × 16 square lattice; the exact solutions are
given by [30], and the vertical dashed line represents the phase transition of an infinite system. (b) Ising spin glass model on random
regular graphs of 80 nodes with degree k ¼ 3; couplings Jij are drawn from normal distribution with zero mean and unit variance.
(c) Ising spin glass model on the Watts-Strogatz graphs of 70 nodes with average degree c ¼ 4 and rewiring probability p ¼ 0.4. The
exact solutions are given by enumerating all configurations of feedback set of graphs [31]. (d) The Sherrington-Kirkpatrick model with
n ¼ 20 spins; exact solutions are given by enumerating 2n configurations. Data points are averaged over 10 random instances.

PHYSICAL REVIEW LETTERS 125, 060503 (2020)

060503-4
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What is a tensor? 
Where do tensors occur?

Introduction to Tensors



What is a Tensor?

At a practical level – and for the purpose of this talk – 
a tensor is a multi-dimensional array 

A generalization of a vector or a matrix
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Figure 1.3: A block matrix and its representation as a 4th-order tensor,
created by reshaping (or a projection) of blocks in the rows into lateral slices
of 3rd-order tensors.
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Figure 1.4: Graphical representation of multiway array (tensor) data of
increasing structural complexity and “Volume” (see [155] for more detail).

the multitude of indices involved. To this end, in this monograph,
we grossly simplify the description of tensors and their mathematical
operations through diagrammatic representations borrowed from physics
and quantum chemistry (see [156] and references therein). In this way,
tensors are represented graphically by nodes of any geometrical shapes
(e.g., circles, squares, dots), while each outgoing line (“edge”, “leg”,“arm”)
from a node represents the indices of a specific mode (see Figure 1.5(a)).
In our adopted notation, each scalar (zero-order tensor), vector (first-order
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What is a Tensor?

The modern definition of a tensor is:  
       a multi-linear function of vectors
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T (x,y,v,w) ! R
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T (ax1 + bx2,y,v,w) = a T (x1,y,v,w) + b T (x2,y,v,w)

and similar for each argument

Tensor taking N vectors are "order-N" tensors

Jeevanjee. "An introduction to tensors and group theory for physicists". Birkhäuser, 2011



What is a Tensor?

Connection to multi-dim. array through 
plugging in standard basis vectors:

<latexit sha1_base64="glz3HgpRGiyjdb5lqYYrlPUqMBk="></latexit>

M(v,w) order-2 tensor
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M

Can view an order-2 tensor as a matrix 
as long as basis is understood
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Matrix sufficient to specify        through linearity
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Where do Tensors Occur?

Multi-Dimensional Data

r,g,b value

x coord

y coord

Figure 4: (Left) Eight ILSVRC-2010 test images and the five labels considered most probable by our model.
The correct label is written under each image, and the probability assigned to the correct label is also shown
with a red bar (if it happens to be in the top 5). (Right) Five ILSVRC-2010 test images in the first column. The
remaining columns show the six training images that produce feature vectors in the last hidden layer with the
smallest Euclidean distance from the feature vector for the test image.

In the left panel of Figure 4 we qualitatively assess what the network has learned by computing its
top-5 predictions on eight test images. Notice that even off-center objects, such as the mite in the
top-left, can be recognized by the net. Most of the top-5 labels appear reasonable. For example,
only other types of cat are considered plausible labels for the leopard. In some cases (grille, cherry)
there is genuine ambiguity about the intended focus of the photograph.

Another way to probe the network’s visual knowledge is to consider the feature activations induced
by an image at the last, 4096-dimensional hidden layer. If two images produce feature activation
vectors with a small Euclidean separation, we can say that the higher levels of the neural network
consider them to be similar. Figure 4 shows five images from the test set and the six images from
the training set that are most similar to each of them according to this measure. Notice that at the
pixel level, the retrieved training images are generally not close in L2 to the query images in the first
column. For example, the retrieved dogs and elephants appear in a variety of poses. We present the
results for many more test images in the supplementary material.

Computing similarity by using Euclidean distance between two 4096-dimensional, real-valued vec-
tors is inefficient, but it could be made efficient by training an auto-encoder to compress these vectors
to short binary codes. This should produce a much better image retrieval method than applying auto-
encoders to the raw pixels [14], which does not make use of image labels and hence has a tendency
to retrieve images with similar patterns of edges, whether or not they are semantically similar.

7 Discussion

Our results show that a large, deep convolutional neural network is capable of achieving record-
breaking results on a highly challenging dataset using purely supervised learning. It is notable
that our network’s performance degrades if a single convolutional layer is removed. For example,
removing any of the middle layers results in a loss of about 2% for the top-1 performance of the
network. So the depth really is important for achieving our results.

To simplify our experiments, we did not use any unsupervised pre-training even though we expect
that it will help, especially if we obtain enough computational power to significantly increase the
size of the network without obtaining a corresponding increase in the amount of labeled data. Thus
far, our results have improved as we have made our network larger and trained it longer but we still
have many orders of magnitude to go in order to match the infero-temporal pathway of the human
visual system. Ultimately we would like to use very large and deep convolutional nets on video
sequences where the temporal structure provides very helpful information that is missing or far less
obvious in static images.
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Where do Tensors Occur?

Discretization of functions

<latexit sha1_base64="3EI3mYQFMB1MKebhYIWVam2XOcU="></latexit>

Tnmpq = f(xn, xm, xp, xq)

Image credit: Wolfram Language System Documentation: The Numerical Method of Lines

<latexit sha1_base64="qvaAEJNQtt2jHvncIJ2cqdarWHA="></latexit>xn = n · a

Note: this is how tensors come up in quantum physics, as 
discretizations of probability* distribution functions or 
"wavefunctions"

*technically amplitudes which square to probabilities



The Curse of Dimensionality

Tensors beyond a few indices become 
exponentially costly to store and manipulate
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nj = 1, 2, ..., 10

entries
<latexit sha1_base64="aUmEWqgtuE6FSCkPE0PeeYrfzYU="></latexit>

106

<latexit sha1_base64="uvoL/MwJtAV7OyAqWiIFsRF1s2c="></latexit>

Tn1n2n3···nN has         entries, exponential in 
<latexit sha1_base64="402HFHXt/HZZRo+ZqfSK2h9/ODQ="></latexit>

10N
<latexit sha1_base64="PaempRY58gR3HzImSxlKbmZ4oCA="></latexit>

N

<latexit sha1_base64="zTEhqfzWQvNAjpS1kRINrJDmQSo="></latexit> {



The Curse of Dimensionality

Tensors beyond a few indices become 
hard to visualize
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Figure 1.6: Graphical representations and symbols for higher-order block
tensors. Each block represents either a 3rd-order tensor or a 2nd-order
tensor. The outer circle indicates a global structure of the block tensor (e.g.
a vector, a matrix, a 3rd-order block tensor), while the inner circle reflects
the structure of each element within the block tensor. For example, in the
top diagram a vector of 3rd order tensors is represented by an outer circle
with one edge (a vector) which surrounds an inner circle with three edges (a
3rd order tensor), so that the whole structure designates a 4th-order tensor.

of tensors, which is a summation of products over a common index (see
Figure 1.5(b) and Section 2).

Block tensors, where each entry (e.g., of a matrix or a vector) is an
individual subtensor, can be represented in a similar graphical form, as
illustrated in Figure 1.6. Hierarchical (multilevel block) matrices are also
naturally represented by tensors and vice versa, as illustrated in Figure 1.7
for 4th-, 5th- and 6th-order tensors. All mathematical operations on tensors
can be therefore equally performed on block matrices.

In this monograph, we make extensive use of tensor network
diagrams as an intuitive and visual way to efficiently represent tensor
decompositions. Such graphical notations are of great help in studying and
implementing sophisticated tensor operations. We highlight the significant
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for 4th-, 5th- and 6th-order tensors. All mathematical operations on tensors
can be therefore equally performed on block matrices.

In this monograph, we make extensive use of tensor network
diagrams as an intuitive and visual way to efficiently represent tensor
decompositions. Such graphical notations are of great help in studying and
implementing sophisticated tensor operations. We highlight the significant
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4th-order tensor

. . . =

5th-order tensors
...

...

... ...... = =

6th-order tensor

=

Figure 1.6: Graphical representations and symbols for higher-order block
tensors. Each block represents either a 3rd-order tensor or a 2nd-order
tensor. The outer circle indicates a global structure of the block tensor (e.g.
a vector, a matrix, a 3rd-order block tensor), while the inner circle reflects
the structure of each element within the block tensor. For example, in the
top diagram a vector of 3rd order tensors is represented by an outer circle
with one edge (a vector) which surrounds an inner circle with three edges (a
3rd order tensor), so that the whole structure designates a 4th-order tensor.
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individual subtensor, can be represented in a similar graphical form, as
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naturally represented by tensors and vice versa, as illustrated in Figure 1.7
for 4th-, 5th- and 6th-order tensors. All mathematical operations on tensors
can be therefore equally performed on block matrices.

In this monograph, we make extensive use of tensor network
diagrams as an intuitive and visual way to efficiently represent tensor
decompositions. Such graphical notations are of great help in studying and
implementing sophisticated tensor operations. We highlight the significant

12

Figure credit: Cichocki et al., "Low-Rank Tensor Networks...", arxiv:1609.00893



The Curse of Dimensionality

Complicated expressions like
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difficult for traditional index notation



Tensor Diagram Notation

Fortunately there is a way out!
Roger Penrose

N-index tensor = shape with N lines

s1 s2 s3 s4 sN

T s1s2s3···sN =
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vj

j

Mij

ji

Tijk

j

i k

Low-order tensor examples:



Joining lines implies contraction, can omit names

X

j

Mijvj
ji

AijBji = Tr[AB]

Tensor Diagram Notation
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Tensor Diagram Notation

Complicated expressions like

much clearer in diagram notation
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Breaking the curse of dimensionality

Tensor Networks



s1 s2 s3 s4 sN

T s1s2s3···sN =
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Key problem: 
cannot store or manipulate tensor with N indices

Some ways out: 

• sparsity, if applicable 

• sampling 

• low-rank structure



Uncovering low-rank structure 
straightforward for matrices

Low-rank Structure
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Uncovering low-rank structure 
straightforward for matrices

Low-rank Structure
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B

Solved by singular value decomposition (SVD)

runs over r values, rank(M) = r
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Review: Singular Value Decomposition (SVD)

Given rectangular (4x3) matrix M

0.435839   0.223707    0.10 
0.435839   0.223707   -0.10 
0.223707   0.435839    0.10 
0.223707   0.435839   -0.10

M =

Can factorize as

1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0       0.300    0 
  0        0         0.200  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0                   0           1



1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0       0.300    0 
  0        0         0.200  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1

U S VT

Matrices U and V have orthonormal columns:

UTU
VTV

= 1
= 1



1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0       0.300    0 
  0        0         0.200  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1

S diagonal = "singular values" 
Elements of S always: 
   1) Real 
   2) Non-negative 
   3) Decreasing

U S VT

Matrices U and V have orthonormal columns:

UTU
VTV

= 1
= 1



1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0        0.300   0 
  0        0          0.200  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1

Keep fewer and fewer elements of S:

= M =
0.435839   0.223707    0.10 
0.435839   0.223707   -0.10 
0.223707   0.435839    0.10 
0.223707   0.435839   -0.10

||M �M ||2 = 0

U S VT



1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0        0.300   0 
  0        0          0  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1

0.435839   0.223707    0 
0.435839   0.223707    0 
0.223707   0.435839    0 
0.223707   0.435839    0

= M2 =

0.200  

||M �M ||2 = 0
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1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0        0.300   0 
  0        0          0  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1

0.435839   0.223707    0 
0.435839   0.223707    0 
0.223707   0.435839    0 
0.223707   0.435839    0

= M2 =

||M2 �M ||2 = 0.04 = (0.2)2

U S VT
Keep fewer and fewer elements of S:



1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0        0          0 
  0        0          0  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1

0.329773   0.329773    0 
0.329773   0.329773    0 
0.329773   0.329773    0 
0.329773   0.329773    0

= M3 =

0.300  

||M2 �M ||2 = 0.04 = (0.2)2
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1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0        0          0 
  0        0          0  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1

0.329773   0.329773    0 
0.329773   0.329773    0 
0.329773   0.329773    0 
0.329773   0.329773    0

= M3 =

||M3 �M ||2 = 0.13 = (0.3)2 + (0.2)2
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1/2   -1/2    1/2 
1/2   -1/2   -1/2 
1/2    1/2    1/2 
1/2    1/2   -1/2

0.933   0          0 
  0        0          0 
  0        0          0  

 0.707107   0.707107    0 
-0.707107   0.707107    0 
  0        0           0           1

0.329773   0.329773    0 
0.329773   0.329773    0 
0.329773   0.329773    0 
0.329773   0.329773    0

= M3 =
Truncating SVD = 

Controlled 
approximation for M

||M3 �M ||2 = 0.13 = (0.3)2 + (0.2)2

U S VT
Keep fewer and fewer elements of S:



If matrix M approximately low-rank, 
truncating singular values of SVD gives optimal approximation

Low-rank Structure

<latexit sha1_base64="MbXGjSNbIOpG/NMlJPjh3WrK10A="></latexit>

M
<latexit sha1_base64="Ngjb1qozfxKuJaQtY0gr+NBxrZM="></latexit>

U

=

<latexit sha1_base64="dbbyo4hKEj7ZschESCZoaWiPyxk="></latexit>

S̃

<latexit sha1_base64="Z8ElbkcA2BxAYS7q3zXZFYNJmcY="></latexit>⇡

<latexit sha1_base64="KL2FlhFbyZxVK1zMG1or7Yp8nl0="></latexit>

Ã
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Reshape as a matrix:

Let's apply SVD to a tensor - how?



Reshape as a matrix:
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Reshape as a matrix:

Let's apply SVD to a tensor - how?



Reshape as a matrix:

Reshaping            as a matrix means  
treating as a 2x8 matrix M, where:

1 1
1
1 = M11

1 2
1
1 = M12

1 1
2
1 = M13

1 2
2
1 = M14 etc.

Let's apply SVD to a tensor - how?



How to generalize SVD to tensors?

Reshape as a matrix:

SVD

U S VT



How to generalize SVD to tensors?

Other partitions:

SVD

U S VT



SVD

U S VT

How to generalize SVD to tensors?

Other partitions:



From now on, reshaping steps are 
implicit:

SVD

U S VT



SVD

U S VT

From now on, reshaping steps are 
implicit:



Could reshape as 2 x 2N-1 matrix and SVD

M

=

U S V

N-index tensor:

For N-index tensor, which partition to choose?



Or reshape to 22 x 2N-2 matrix and SVD

M U S V

For N-index tensor, which partition to choose?

N-index tensor:

=



Or reshape to 23 x 2N-3 matrix and SVD

M U S V

For N-index tensor, which partition to choose?

N-index tensor:

=



Or reshape to 24 x 2N-4 matrix and SVD

M U S V

For N-index tensor, which partition to choose?

N-index tensor:

=



{
<latexit sha1_base64="qbLttOFd1gDNa32QblbEIG40Fbc="></latexit>

Can combine all SVD's simultaneously 
Result known as matrix product state (MPS)

MPS = vast generalization of SVD for tensors

also known as tensor train (TT) in math literature



=

Matrix product state (MPS) tensor network

Can view as multi-SVD of a tensor 

Or special class or subspace of tensors 
(low-rank subspace)



Name matrix product state refers to retrieving elements:
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Name matrix product state refers to retrieving elements:
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Name matrix product state refers to retrieving elements:

0 1 1 0 1

=
=

=

=

=

≈ T 01101



=

Hyper-parameter of matrix product state (MPS) is 
bond dimension 

If modest        yields good approximation, 
obtain massive compression:

χ

χ χ χ χ χ χ χ χ χ

d d d d d d d d d d d d d d d d d d d d

χ

N N d χ2d



Can efficiently sum MPS in compressed form:

Or multiply by other networks:

+ =

=

Typical cost       ,   memory usage   
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More detailed tensor network algorithm

Inner product of two MPS tensors
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More detailed tensor network algorithm

Inner product of two MPS tensors
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Inner product of two MPS tensors
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If each MPS represents tensor with 40 indices of dimension 2

Then above algorithm computes dot product of two 'vectors' 
of a trillion entries each

Takes ~ 10ms for bond dimension
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There are other tensor networks too, 
with their own algorithms and degrees of expressive power

MPS / TT

tree tensor network 
/ hierarchical Tucker

PEPS / tensor grid



Applications of Tensor Networks



Compressing Neural Network Weight Layers

}
≈

View weight layer (size 2N x 2N) 
as tensor with 2N indices (each of dimension 2)

Novikov et al., "Tensorizing Neural Networks", NeurIPS 28 (2015)

=

Training through tensor-network approx. of weight layer 
yields state-of-art performance while giving 80x 
compression (only 1% decrease on CIFAR-10)

Garipov et al., "Ultimate Tensorization...", NeurIPS (2016) arxiv:1611.03214



Solving PDE's with Tensor Networks

<latexit sha1_base64="jtgpePEIL3vpG/zd1EQbtIb0LdM="></latexit>

i
@

@t
 ({r}, t) = H ({r}, t)

Schrödinger equation, quantum mechanics

Discretize H and      by introducing a basis set
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FIG. 2. Electronic density in the y � z plane of a linear
chain of 10 hydrogen atoms, equally spaced at a near neighbor
distance R = 2.4 a.u., calculated in a sliced cc-pVDZ basis
(with No = 4). A dimerization pattern is visible, induced
by the open ends of the chain, but representing the strong
tendency to dimerize into H2 molecules.

“z” direction we use a grid. This grid direction is cho-
sen to be the direction over which the molecule extends
furthest. At each grid point, the remaining transverse
dimensions, x and y, are captured by a small number
of basis functions derived from standard Gaussian basis
sets, making what we call a “slice”—see Fig. 1. The total
number of DMRG “sites” is therefore Nb = NzNo, where
Nz is the number of grid points, and No is the number
of transverse functions (“orbitals”) per grid point. The
DMRG path progresses through all orbitals on a slice,
then moves to the next. This approach has several ma-
jor advantages. First, all interaction terms Vijkl where i
and l are not on the same slice are zero, and similarly for
j and k. Thus the number of terms scales as N2

z . Sec-
ond, the remaining interactions can be compressed very
e�ciently, making the dominant part of the calculation
time linear in Nz. Third, since there is no spatial extent
of the basis functions in the z direction, there is no extra
entanglement due to nonlocality, potentially reducing the
number of states m needed for a given accuracy.

We demonstrate our method by simulating linear
chains of hydrogen atoms. Although these are three-
dimensional systems, their linear nature makes them es-
pecially well suited for both SBDMRG and QCDMRG.
They also exhibit strong correlation, and can be quite
challenging for electronic structure methods. The elec-
tronic density in a plane through the nuclei for a typical
calculation is presented in Fig. 2.

To define the sliced basis approach in detail, consider
the electronic structure Hamiltonian for fixed nuclei in
atomic units

Ĥel =

Z

r
 ̂†

�(r)


�1

2
r2 + v(r)

�
 ̂�(r)

+
1

2

Z

r,r0

1

|r � r0|  ̂
†
�(r) ̂†

�0(r0) ̂�0(r0) ̂�(r) . (2)

Summation over spin labels � is implied above and in
what follows, and v(r) is the single particle potential gen-
erated by the nuclei.

Along the z direction, we make a grid approximation
by taking zn = n ·a with n an integer and a a small
grid spacing. Then on each slice n, we introduce a
finite, orthonormal basis of functions {�j(x, y)} where
j = 1, 2, . . . , No. For simplicity, we use the same No and

functions {�j(x, y)} on every slice n. At a later stage
one can perform a change of basis to adapt the basis for
each slice, possibly reducing the number of functions. We
introduce discrete operators ĉ†

nj� and ĉnj� which create
and destroy electrons in a slice orbital. In terms of these
operators, the discretized Hamiltonian takes the form

Ĥ =
1

2

X

nn0

X

ij

tnn0

ij ĉ†
ni� ĉn0j� (3)

+
1

2

X

nn0

X

ijkl

V nn0

ijkl ĉ
†
ni� ĉ†

n0j�0 ĉn0k�0 ĉnl� . (4)

Introducing the notation ⇢ = (x, y) for convenience, the
interaction integrals are defined as

V nn0

ijkl =

Z

⇢,⇢0

�i(⇢)�j(⇢0)�k(⇢0)�l(⇢)p
|⇢ � ⇢0|2 + (zn � zn0)2

. (5)

Note that the i, j, k, l indices only run over the small num-
ber of functions No on each slice. Thus, the Hamiltonian
is defined by just N2

z N4
o interaction integrals. The single-

particle couplings are defined to be

tnn0

ij = �nn0

Z

⇢
�i(⇢)


�1

2
r2

⇢ + v(⇢, zn)

�
�j(⇢) (6)

� �ij
1

2a2
�nn0 . (7)

Our discrete Hamiltonian treats the z-direction ki-
netic energy terms Eq. (7) on a di↵erent footing than
the “integral” terms. For the z-direction kinetic energy,
we treat the basis functions as being smooth functions
of z, and think of the slices as sampling those func-
tions. Thus we use standard finite di↵erence formulas,
defined via �nn0 . One could take a second order ap-
proximation for �, with nonzero terms �nn = �2 and
�n,n+1 = �n+1,n = 1. However, to reduce the grid er-
ror to a4 we use a fourth-order approximation. For the
“integral” terms, we think of the basis functions as being
completely localized and nonoverlapping between slices,
i.e. 'nj(r) = �

1
2 (z � zn)�j(x, y). This corresponds to

taking

ĉnj� =
p

a

Z

x,y
�j(x, y)  ̂n�(x, y, zn) . (8)

and then transforming Eq. (2) accordingly. The distinct
treatments of the terms means that the results are not
strictly variational at finite a. However, we find finite-a
errors for hydrogen chains of only about 0.1 mH per atom
for a = 0.1, and in the limit of a ! 0, the results are
variational.

In what follows, we construct the transverse basis func-
tions on a slice {�j(x, y)} out of standard atom-centered
Gaussian basis sets. We assume all the atoms are identi-
cal. In going from the spherical symmetry used in stan-
dard Gaussians to slices, we switch to cylindrical sym-
metry. Thus, an S-function becomes a � function, P -
functions become ⇡ functions, etc. Whereas there are

Stationary solution for 1000's of Hydrogen atoms:

Stoudenmire, White, PRL 119, 046401 (2017)

CCQ



the contraction, using approaches analogous to the
density matrix renormalization group (DMRG) [11], until
the final result, a scalar Z, is obtained. We show
applications of our method in graphical models, where
Z represents the normalization factor of the joint dis-
tribution of a large number of random variables (i.e., the
partition function in physics), and applications in quan-
tum circuit simulations, where Z represents a single
amplitude of the quantum circuit.
Contracting arbitrary tensor networks.—Our method

relies on two ideas: (1) representing every tensor in the
network by a matrix product state in the canonical form and
(2) performing low-rank approximations based on the MPS
representations during contraction. The matrix product
state, also known as the tensor train in mathematics
[15], is a one-dimensional tensor network composed of
three-way tensors (and matrices in the boundary). A
straightforward advantage of MPS is the parameter effi-
ciency: an n-way tensor A ∈ Cdn can be represented by a
MPS of virtual bond dimension χ with only ðn − 2Þdχ2 þ
2dχ parameters, using, e.g., the DMRG [11]. With a large
enough χ, the MPS can faithfully represent the original
tensor and hence give an exact result. With limited
computational resources, one would restrict the bond
dimensions, performed as an approximation to the under-
lying raw tensor A. Another characteristic of MPS is the
canonical form, which can be achieved using QR decom-
positions or singular value decompositions [16,17]. The
first advantage of the canonical form is fixing the gauge
degree of freedom, which eliminates the nonuniqueness in
representing a raw tensor. More importantly, in the canoni-
cal form, the sum of discarded squared singular values
corresponds to the loss of L2 norm of the whole MPS,
rather than the local three-way tensor, which allows low-
rank approximations on a global scope.
Given a tensor network composed of tensors Að1Þ…AðnÞ

and edges connecting the tensors, the high-level description
of our algorithm, MPS calculus, is processed as follows:
(1) Convert every tensor to a MPS. (2) If there are no edges
left, return; else select an edge ðijÞ according to a
contraction order. (3) “Contract” AðiÞ and AðjÞ, store as
AðiÞ; delete AðjÞ. (4) If AðiÞ connects to AðkÞ by two
edges, “merge" the edges to a single edge using “swap”
operations and low-rank approximations with singular
value decomposition (SVD); then go to step 2.
A pictorial representation of the algorithm is sketched

in Fig. 2 using a simple example of contracting a fully
connected tensor network with five tensors, as shown in
panel 1. In panel 2, every tensor that appears in 1 is
converted to a MPS in the canonical form. During steps
3–8, edges of the tensor network are contracted one
by one, finally producing a scalar in step 9. For
further details about the algorithm and order choices,
please refer to the Supplemental Material [18] and
Refs. [4,11,12,16,17,19–26].

The contract operation is processed by merging two
tensors to a single tensor by summing over the common
index (say i) of them. Since all of them are MPSs, we need
to move the common index i to the tail of the first tensor
and to the head of the second tensor, using the swap
operations. The swap operation switches the positions of
two indices in the original tensor, by swapping two adjacent
tensors in the MPS, with a similar functionality as the swap
gate in the quantum information. This operation increases
entanglements of the MPSs, and the maximum bond
dimension could increase to dχ, where χ denotes the
virtual bond dimension of the MPSs and d is the dimension
of the physical indices. If dχ is greater than χ̂, the preset
limit on the virtual bond dimension, we canonicalize the
MPS, then truncate the bond dimension to χ̂ during the
singular value decomposition. An example of swap and
contract are illustrated using tensor diagram notations in
Fig. 3, where the scissor symbol indicates truncating of the
dimension in the diagonal matrix.
After the contraction, the obtained tensor could have two

indices, say j (with bond dimension dj) and k (with bond
dimension dk) linked together to another tensor, due to
existence of a triangle with three end tensors. In this case,
we move indices j and k to adjacent positions using the
swap operations and merge the two corresponding tensors
to a three-way tensor with a larger physical bond dimension
djdk. If it exceeds D̂, the preset maximum physical bond
dimension, we canonicalize both tensors, then do SVD
together with a truncation on singular values to reduce the
bond dimension from djdk to D̂. The process is illustrated
in Fig. 3(c).
The operations swap, contraction, and merge are

repeated until the overall tensor network is finally con-
tracted to a scalar Z. Our algorithm takes two parameters,
the maximum physical bond dimension D̂ and the maxi-
mum virtual bond dimension χ̂ of the MPSs. The space
complexity of the algorithm is bounded above by OðD̂χ̂2Þ
and the time complexity is dominated by singular value

FIG. 2. Pictorial representation of our algorithm in contracting
a tensor network with five tensors; see descriptions in main text.
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Contracting Arbitrary Tensor Networks

graphs. Our results on error of free energies are compared
against mean-field methods, including the naïve mean-field
(NMF), Thouless-Anderson-Palmer equations (TAP),
belief propagation, and the neural-network-based varia-
tional autoregressive networks (VAN). On the 2D lattice
without the external field, the graph is planar, so there are
exact solutions [30]. Whereas on the other graphs, we adopt
the exact (carefully designed) exponential algorithms [31]
(in a reasonable time) to compute exact free energy values
for the evaluations.
The results are shown in Fig. 4. We can see that, in all

experiments, our method outperforms all mean-field meth-
ods and the neural-network-based methods, to a large
margin. In regular random graphs, small world networks,
and the Sherrington-Kirkpatrick model, our accuracy is
only limited by the machine precisions (10−16). In the
experiments, we choose D̂ ¼ 50 and χ̂ ¼ 500, and the
computational time on each instance is of a few seconds.
Empirically, our method is faster than the mean-field
methods and the neural-network-based methods. More
results about the dependence of the bond dimensions
and the computational time can be found in the
Supplemental Material [18]. Moreover, it is worth noting
that combining with the autodifferential for tensor networks
[32] immediately gives our method an ability to perform
learning tasks using graphical models. In the Supplemental
Material [18], we give an example of using our method to
learn a generative model [33–43] on hand-written digits of
the MNIST dataset [44].
Application to quantum circuit simulations.—The prob-

lem of computing free energy of graphical models is similar
to the problem of computing single amplitude estimates of
a superconducting quantum circuit [45], which can be
treated as a graphical model with complex couplings.
Classical simulation of quantum circuits is important for

verifying and evaluating the computational advances of
quantum computers [20,22–24,46,47]. However, the near-
term noisy intermediate-scale quantum circuits (including
Google’s recently announced “supremacy circuit” [48]) are
not perfect: each operation of them contains a small error.
Thus, an important open question is whether approximate
simulations of quantum circuits could beat the noisy
quantum device. Answering this question apparently
requires advanced studies of approximate algorithms for
simulating quantum circuits.
Our method directly applies to approximate single-

amplitude simulation of quantum circuits with any kind
of connectivities, such as two-dimensional lattice [23,24]
and random regular graphs, as considered in the quantum
approximate optimization algorithm [49], after converting
the initial state, the measurement qubit string, and the gates
into tensors. The key difference between our method and
existing methods for quantum circuit simulation is that, by
detecting low-rank structures in the circuit, our method
heavily reduces the computational complexity. Although
this introduces SVD truncation errors, we will illustrate
that, at least in the shallow circuits, the error is almost
negligible. We perform experiments using standard random
circuits on two-dimensional lattices [22–24], which iter-
atively apply single-qubit gates and two-qubit controlled Z
gates to the initial j0; 0;…; 0i state, and finally measure the
amplitude of a specific qubit string. The generation pro-
tocol is described in detail in the Supplemental Material
[18]. We evaluate the performance of our method against
the recently developed state-of-the-art exact tensor con-
traction method [24], which has a precisely predictable
space and time complexity. With depth d ¼ 8, our algo-
rithm can handle circuits with at most 40 × 40 ¼ 1600
qubits with SVD accumulated truncation error ϵSVD ≤
10−12 on a workstation with 64 GB memory in an hour.

(a) (b) (c) (d)

FIG. 4. Relative errors of the free energy to exact solutions obtained by different methods on various models. Insets: illustrations of the
underlying connectivity graph with smaller sizes. (a) Ferromagnetic Ising model on a 16 × 16 square lattice; the exact solutions are
given by [30], and the vertical dashed line represents the phase transition of an infinite system. (b) Ising spin glass model on random
regular graphs of 80 nodes with degree k ¼ 3; couplings Jij are drawn from normal distribution with zero mean and unit variance.
(c) Ising spin glass model on the Watts-Strogatz graphs of 70 nodes with average degree c ¼ 4 and rewiring probability p ¼ 0.4. The
exact solutions are given by enumerating all configurations of feedback set of graphs [31]. (d) The Sherrington-Kirkpatrick model with
n ¼ 20 spins; exact solutions are given by enumerating 2n configurations. Data points are averaged over 10 random instances.
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Pan, Zhou, Li, Zhang, Phys. Rev. Lett. 125, 060503 (2020)

See also: Jermyn, "Automatic Contraction of Unstructured Tensor Networks", 
                SciPost Phys. 8, 005 (2020)

Application to graphical models (e.g. Ising spin glass):
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Figure 1. Supervised learning model of PEPS structure. The input
image x would be mapped to a high-dimensional vector�(x) consist-
ing of local feature maps �si

(xi). The label vetor f
`(x) come from

the contraction of �(x) and a PEPS strucure tensor network W.

networks. When compared with the standard classifier, the
Multilayer Perceptron (MLP), we find that they perform sim-
ilarly when the same input features are used, but our PEPS
based method requires much fewer parameters and is more
stable.

The rest of this paper is organized as follows: In Sec. II we
give a detailed description of the PEPS model and the corre-
sponding training algorithm. In Sec. III we evaluate our model
on the MNIST25 and the Fashion-MNIST26 datasets and com-
pared the results with other tensor network models as well as
classic machine learning models. We conclude in Sec. IV and
discuss possible future developments along the direction of
applying tensor networks to machine learning.

II. IMAGE CLASSIFICATION WITH PEPS

A. Feature map of input data

The goal of supervised learning is to learn a complex func-
tion f (x) which maps an input training (grayscale) image
x 2 RL0⇥L0 with pixels defined on a L0 ⇥ L0 grid, to a given
label y 2 {1, 2, ...,T }, where T denotes the number of pos-
sible labels. Usually, such mapping is highly nonlinear in the
original space of input data x, because nonlinearity e↵ectively
increases the dimension of the input space where features of
data are easier to capture. In this work, we consider the clas-
sifier with tensor networks, which is a linear model usually
acting at a space with a very large dimension. The motiva-
tion of working with a very large dimension is that there is not
necessary to consider nonlinearity because all features would
become linear separable as stated in the representer theorem27.
So first one needs to transform the input data x to a feature ten-

sor �(x) in a space of large dimension using a feature map.

We consider two distinct kinds of feature maps in this work.

1. Product state feature map

A simple way to increase the dimension of input space is
creating an Hilbert space for pixels. This is to levarage the
black pixel with xi = 0 and white pixel with xi = 1 as a

black state |0i =
 
1
0

!
and a white state |1i =

 
0
1

!
respectively,

then convert each gray scale pixel xi in the image x as a super
position of |0i and |1i

�(xi) = a

 
1
0

!
+ b

 
0
1

!
, (1)

where a and b are functions of xi, which for example can be
chosen as

a = cos(⇡xi/2), b = sin(⇡xi/2). (2)

For image with N = L0 ⇥ L0 pixels, the feature tensor �(x) is
then defined by the tensor product of �(xi)

�(x) = �(x1) ⌦ �(x2) ⌦ · · · ⌦ �(xN) (3)

This is probably the most straightforward feature map that
transforms every pixel in the original space RN to a product
state in the Hilbert space of dimension 2L0⇥L0 , and has been
widely used in the literatures12. We term it as the product

state feature map.

2. Convolution feature map

The simple product state feature maps introduced in the pre-
vious section are pre-determined before the classifier is ap-
plied, thus is apparently not optimal. Another option is using
an adaptive feature map with parameters learned together with
the classifier. The most famous adaptive feature map is the
convolution layers, which perform non-linear transformations
to transform input images to a feature tensor with multiple
channels 28 using two-dimensional convolutions.

The input of the convolution layer is a raw image x 2
RL0⇥L0 . After the transformation, the convolution layer out-
puts a three-order feature tensor with dimension L ⇥ L ⇥ d,
where the L⇥L refers to the output size of features with L  L0
depending on size kernels and paddings, and d denotes the
number of channels. This is to say that the output of the CNN
feature map is also a product state with components located at
a grid of size L ⇥ L, and each component is of local physical
dimension d. Thus the total space size of the feature tensor is
d

L⇥L.
In the standard convolution neural networks (CNN), the

function of convolution layers (plus pooling layers) is extract-
ing relevant features from input data. Following the con-
volution layers, a classifier, usually a multi-layer perceptron

Cheng, Wang, Zhang, "Supervised Learning with PEPS" arxiv:2009.09932

5

in Eq. 3 is used and further transferred to PEPS tensors with
2⇥ 2 blocking. This means that for 28⇥ 28 images, the PEPS
would be 14⇥14 with the dimension of physical indices equal
to 16. Each tensor handles the information of pixels within
a 2 ⇥ 2 square. In practice, we found that constrain the pa-
rameters ✓ of PEPS models to be positive would significantly
improve the stability of optimization. The CNN-PEPS shared
the 2 ⇥ 2 blocking technique and used one layer of CNN as
the feature mapping. The CNN layer has 10 convolution fil-
ters with size 5 ⇥ 5, stride 1, ReLU activation, and 2 ⇥ 2 max
pooling. Under this feature map, the positive constraint of the
parameter has no significant e↵ect on the optimization result.
In both models we set bound dimension of PEPS classifier
� = 10.

To compare with the traditional learning model, we also ex-
perimented with fully connected multilayer perceptrons with
784 input neurons, nh hidden neurons and 10 output neurons.
The activation function is softmax and the cost function is
cross entropy, the same to the PEPS model. The CNN-MLP
has the similar MLP with the same CNN layer of CNN-PEPS
used for feature extractions. In our experiments, the best test
accuracy is achieved with nh = 1000 for both MLPs. For
fair comparisons, the same hyperparameters are shared by the
four models: the learning rate ↵ = 10�4, the batch size is 100,
regularization is set to 0, weight decay is 0, and we train 100
epochs in total. To compare with the one-dimensional ten-
sor networks learning model, we also experimented with the
MPS model, with parameters set to be exactly the same as in
Ref.12. The code of the MPS model is based on the open-
source project36.

A. MNIST dataset

We first test our models using the MNIST dataset25, a sim-
ple and standard dataset widely used by many supervised
learning models. The MNIST dataset consists of 55, 000 train-
ing images, 5, 000 validation images and 10, 000 test images,
each image contains 28 ⇥ 28 pixels, the content of these im-
ages are divided into 10 classes, corresponding to di↵erent
handwritten digits from 0 to 9.

As shown in Fig. 4, under the condition of the same bond
dimension D, the best test accuracy of the PEPS model is sig-
nificantly better than that of MPS, which reflects the superi-
ority of PEPS tensor networks in modeling images over one-
dimensional tensor networks. At the point of D = 5, the PEPS
model achieves its best test set accuracy 97.02%. Specifically,
one obvious that the PEPS model already performs well when
D is small. At the point of D = 2, the training accuracy of
PEPS is already very close to 100% (99.68%). With D = 3,
the training accuracy grows to 99.99%, meaning that only 4
out of 55000 labels are miss predicted. We also note that with
D = 3, PEPS and CNN-PEPS give almost the same best test
accuracy as MLP and CNN-MLP, while the number of pa-
rameters of the PEPS structure is 27.60% and 6.96% of the
corresponding MLP structure, respectively. These facts imply
the potential application of tensor networks in model com-
pression. We also found that the best test accuracy of PEPS
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Figure 4. Best test set accuracy of di↵erent models for MNIST
dataset. The dash lines refer to the best results of multilayer percep-
trons with 784� 1000� 10 neurons. The "CNN" indicates the model
applying the convolution feature map in Sec. II A 2. Due to the struc-
tural prior to images, PEPS models perform significantly better than
the one-dimensional MPS model with the same bond dimension. The
CNN-PEPS archives the state-of-the-art performance of tensor net-
works models. Meanwhile, The performance is comparable to the
MLP but has fewer parameters.

structure is stable in a wide range of learning rate(10�5 to 0.2)
and maximum value of input data(10�2 to 103), while the best
results of MLP easily deteriorated under a smaller perturba-
tions. Moreover, with the bond dimension D = 5, the CNN-
PEPS archives 99.31% test set accuracy of the MNIST dataset,
which is the state-of-the-art performance of tensor networks
models. Compared with MPS, which archive best test accu-
racy 99.03% at D = 120, the good performance at lower D

also verifies the inherent low entanglement locality of the nat-
ural image dataset itself. This inherent nature of images may
be the physical reasons for the success of machine learning
models like CNN. Moreover, the PEPS with a small D is bene-
ficial to the hardware implementation of the quantum machine
learning model.

B. Fashion-MNIST dataset

Another dataset we evaluate is the Fashion MNIST dataset,
which includes grayscale photographs of 10 classes of cloth-
ing, and is considered as a more challenging dataset than the
MNIST dataset. The test accuracy results of di↵erent models
are detailed in Table. I. We can see that with the bond dimen-
sion D = 5, the best test accuracy of PEPS-CNN could reach
91.2%, which is the current state-of-the-art result of the ten-
sor network machine learning model on the Fashion-MNIST
dataset. It’s also competitive with the AlexNet and XGBoost
models, but there is still a clear gap with the most recent ad-
vanced convolutional neural network, such as the GoogleNet
which employs many convolution layers.

neural net

Only beaten by one other model 
for FashionMNIST dataset

Wang, Roberts, Vidal, Leichenauer, "Anomaly detection with tensor networks" arxiv:2006.02516

New state-of-the-art result for 
anomaly detection task for 
tabular (heterogeneous) data

Geometrical framework for 
anomaly detection





High-Dimensional Integration with Tensor Networks

Goal to compute
<latexit sha1_base64="oy8VO0FqlbR+O7Q7WEtbrsA0Hwg="></latexit>

I =

Z

[0,1]d
f(x1, x2, .., xd)

1. approximate as sum (quadrature):
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I '
X

k

f(xk1 , xk2 , . . . , xkd)wk1wk2 · · ·wkd

2. optimize MPS to represent f   (most expensive step)
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' f(xk1 , xk2 , . . . , xkd)
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k1
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Inspired by tensor diagrams

The ITensor Software



For tensor network algorithms, 
contractions take up the majority of: 

• conceptual steps (= correctness of algorithm) 
• computational time 

j =

∑
j

AijkBmjp Cikmp=



What can go wrong? 
• contract the wrong indices 
• too much human time inputting contractions 
• take too long to compute 

∑
j

AijkBmjp

j



Conventional tensor library (not ITensor)

C = A["i,j,k,l"] * B["k,l,m"] 

• Index labels are temporary 
• Must think about index ordering 
• Possible to mistake same-size indices

k

l

i

j

m



ITensor introduces "intelligent" indices 
which recognize each other

k = Index(5,"k")
l = Index(7,"l") 
...
A = ITensor(i,j,k,l)
B = ITensor(l,m,k)
...
C = A * B

k

l

i

j

m



ITensor introduces "intelligent" indices 
which recognize each other:

Immediately rules out: 

• mental burden of index ordering 

• contraction of wrong indices

C = A * BA BC =

Only think about topology of network – 
like tensor diagrams



Adding ITensors "just works"

C = A + BA BC = +

No thinking about index ordering



To prevent indices from contracting

A A
′ 

′ 

Can put "primes" on indices and remove them after

∑
kl

AijklAi′ j′ kl R = A * prime(A,i,j)



ITensor – Summary

Tensor library with unique interface to accelerate 
development, reduce bugs

Ported in 2020 to the Julia programming language 
Delivering on speed, rapid development times

New paper to appear in SciPost Phys. Codebases:

Matt Fishman (CCQ ADS)



Further Topics

Tensor network optimization algorithms (putting numbers into a T.N. 
for some task): 

• DMRG / alternating least-squares 
• density-matrix algorithm 
• TT-cross / skeleton algorithm 
• ...

Other applications: 
• simulating quantum computers 
• large-scale PCA and other iterative methods 
• branch-and-bound spin glass algorithm 
• ...

Computational strategies 
• tensor renormalization group 
• block-sparse tensor networks 
• ...



Concluding Thoughts

With hindsight, tensor networks may be "right" way 
to do linear algebra in exponentially large spaces

Big developments in tensor-network algorithms still 
to come (e.g. analogues of matrix factorizations) 
Intimate connection to hierarchical matrices only 
beginning to be understood

Probably still under-used – many application domains 
to be explored. Yours may be next – let's discuss!



High-Dimensional Integration with ITensor
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