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General setting: Inverse problems

“An inverse problem in science is the process of calculating from a set of 
observations the causal factors that produced them.” (Wikipedia)

▷ Forward problem : get y from x

▷ Inverse problem : get x from y
▷ Perfect “recovery”, invertible function
▷ Imperfect/partial recovery if information lost by forward model

Today: Incorporate prior knowledge on the signal to help reconstruction
1. Sparsity 
2. Neural networks
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→

known
more or less well
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Examples: Linear Inverse problems
Mathematical formulation:

Challenges: 
• poor signal-to-noise ratio (SNR)
• overdetermined / underdetermined
• non-invertible / badly conditioned A

▷ Genomics:
- i-th row of A gene sequence of an individual
- yi indicator of healthy / sick patient
- x indicator of relevant loci in the genome to the disease

▷ Image processing: deblurring
- A convolution with a translation inv. Gaussian kernel
- y blurred image
- x original image
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Examples: Non-Linear Inverse problems
Mathematical formulation: 

Challenges: 
• “well-posedness”
• non-convexity
• …

▷ Seismology 
- x density profile
- perturbation + wave propagation
- y waves reflected at the surface

▷ Phase retrieval for instance in imaging (coherence diffraction, astronomy)
- A Fourier operator (oversampled)
- y noisy CCD measurements
- x specimen of interest
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y = f(x, n) PDE solution, quadratic system etc…  
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image E. Candès

x
<latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit><latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit><latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit><latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit>

y

<latexit sha1_base64="db8DWe8DLZVN0XFn/d7BERfsoF4=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclaQUdFlw47KCfWAbymR60w6dTMLMRCihf+HGhSJu/Rt3/o2TNgttPTBwOOde5twTJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdJ1Sax/LBzBL0IzqWPOSMGis9DiJqJkGYzebDStWtuQuQdeIVpAoFWsPK12AUszRCaZigWvc9NzF+RpXhTOC8PEg1JpRN6Rj7lkoaofazReI5ubTKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLYleKsnr5NOveY1ao37RrVZL+oowTlcwBV4cA1NuIMWtIGBhGd4hTdHOy/Ou/OxHN1wip0z+APn8wf8NJEU</latexit>

<latexit sha1_base64="+AT4Nnpg4WCPNbsdMEWIrwnYhb8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBahgpREFF0W3LisYB/QhjKZTtqhk0mYmagl9lPcuFDErV/izr9x0mahrQcGDufcyz1z/JgzpR3n2yqsrK6tbxQ3S1vbO7t7dnm/paJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/fJ357XsqFYvEnZ7E1AvxULCAEayN1LfLQRX1QqxHfpA+Tk+ROOnbFafmzICWiZuTCuRo9O2v3iAiSUiFJhwr1XWdWHsplpoRTqelXqJojMkYD2nXUIFDqrx0Fn2Kjo0yQEEkzRMazdTfGykOlZqEvpnMUqpFLxP/87qJDq68lIk40VSQ+aEg4UhHKOsBDZikRPOJIZhIZrIiMsISE23aKpkS3MUvL5PWWc29qDm355W6k9dRhEM4giq4cAl1uIEGNIHAAzzDK7xZT9aL9W59zEcLVr5zAH9gff4A8JqTFg==</latexit>

f(x, n)



SPARSITY

4



Sparse representation
… with respect to a basis

▷ Directly in natural basis of the problem:
▷ Genomics example 
▷ Interfaces in the seismology example

▷ In a specifically chosen basis:
▷ Fourier analysis
▷ Orthonormal wavelet

▻ mother wavelet
▻ translations m, scaling factor ℓ , rotations

5

<latexit sha1_base64="vuPx0qoslDAlR1vPEhB2ZcFCx7o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPBi8cK9gPaUDbbSbt0s4m7G7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqzUJt1E88rTWa9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5PmedW7rLp3F+Wam8dRgGM4gQp4cAU1uIU6NICBgGd4hTfnwXlx3p2PeeuKk88cwR84nz8bvY9N</latexit>

 (x)

<latexit sha1_base64="oIMI0PyI/wLjZ7pjcL9TYrKy7jg=">AAACG3icbVDLSgMxFM3UV62vUZdugkVoF60zg6IboeDGZQX7gE47ZNK0DU1mhiQjLUP/w42/4saFIq4EF/6NmbaCth64cHLOveTe40eMSmVZX0ZmZXVtfSO7mdva3tndM/cP6jKMBSY1HLJQNH0kCaMBqSmqGGlGgiDuM9Lwh9ep37gnQtIwuFPjiLQ56ge0RzFSWvJMB7qRpIVRseMSxjwOr6DTSUrp49SZzMwfYTKCJciLnpm3ytYUcJnYc5IHc1Q988PthjjmJFCYISlbthWpdoKEopiRSc6NJYkQHqI+aWkaIE5kO5neNoEnWunCXih0BQpO1d8TCeJSjrmvOzlSA7nopeJ/XitWvct2QoMoViTAs496MYMqhGlQsEsFwYqNNUFYUL0rxAMkEFY6zpwOwV48eZnUnbJ9XrZuz/IVax5HFhyBY1AANrgAFXADqqAGMHgAT+AFvBqPxrPxZrzPWjPGfOYQ/IHx+Q3rvJ7K</latexit>

 (x)`m = 2�`/2 (2�`x�m)

<latexit sha1_base64="vuPx0qoslDAlR1vPEhB2ZcFCx7o=">AAAB73icbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPBi8cK9gPaUDbbSbt0s4m7G7GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHst7M07Qj+hA8pAzaqzUJt1E88rTWa9UdqvuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx274ScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5PmedW7rLp3F+Wam8dRgGM4gQp4cAU1uIU6NICBgGd4hTfnwXlx3p2PeeuKk88cwR84nz8bvY9N</latexit>

 (x)

[Mallat 1989, Image from G. Peyré]

⇥

y

x

<latexit sha1_base64="KuvauMYCnzEoBrGkNmDBKni5/6s=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPFi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuO2XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6V1W3cVmpuXkcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBjsWMtw==</latexit>
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Leveraging sparsity: Constrained optimization
(Linear inverse problems )
“Sparse regression”

NP hard problem – No efficient (polynomial time) algorithm in general!

Very very active research topic in signal processing in general, 
many many different methods

• Greedy algorithms

• Bayesian methods

• Convex relaxation methods 

6

<latexit sha1_base64="QUu4I56og7Ki8G7GwkVvD7YX0p0="></latexit>

x⇤ = argmin
x

{ky �Axk2 ; kxk0  K}

ℓ0-norm counting
non-zero coefficients

→

assumed sparsity→

let’s focus here→
x

<latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit><latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit><latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit><latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit>

y

<latexit sha1_base64="db8DWe8DLZVN0XFn/d7BERfsoF4=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclaQUdFlw47KCfWAbymR60w6dTMLMRCihf+HGhSJu/Rt3/o2TNgttPTBwOOde5twTJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdJ1Sax/LBzBL0IzqWPOSMGis9DiJqJkGYzebDStWtuQuQdeIVpAoFWsPK12AUszRCaZigWvc9NzF+RpXhTOC8PEg1JpRN6Rj7lkoaofazReI5ubTKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLYleKsnr5NOveY1ao37RrVZL+oowTlcwBV4cA1NuIMWtIGBhGd4hTdHOy/Ou/OxHN1wip0z+APn8wf8NJEU</latexit>

<latexit sha1_base64="/xABdPRUkpyVU6du6OvtKzJFk8s=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEQSiJKLqsuHFZwT6gDWUynbRDJ5MwD7GGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtOt+O4WV1bX1jeJmaWt7Z7dc2dtvqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2MbzK//UClYrG415OE+hEeChYygrWV+pXydS/CehSE6eMUnSKrVN2aOwNaJl5OqpCj0a989QYxMREVmnCsVNdzE+2nWGpGOJ2WekbRBJMxHtKupQJHVPnpLPgUHVtlgMJY2ic0mqm/N1IcKTWJAjuZpVSLXib+53WNDq/8lInEaCrI/FBoONIxylpAAyYp0XxiCSaS2ayIjLDERNuuSrYEb/HLy6R1VvMuau7debXu5nUU4RCO4AQ8uIQ63EIDmkDAwDO8wpvz5Lw4787HfLTg5DsH8AfO5w/qqZKL</latexit>

Ax+ n

observation 
fidelity term

→



Leveraging sparsity: Constrained optimization
(Linear inverse problems)
Example: Image denoising with wavelets

Algorithm: - Decompose y over the wavelet basis
- Keep the K wavelets with largest coefficients

7

[Image from G. Peyré]
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<latexit sha1_base64="lACpxzKlkrjYqispZDEpvJAjYb0=">AAACBnicbVDLSsNAFL3xWeur6lKEwSIIQklE0Y1QceOygn1AG8pkOmmHTiZhZiKWkJUbf8WNC0Xc+g3u/BsnbQRtPTBw5px7ufceL+JMadv+submFxaXlgsrxdW19Y3N0tZ2Q4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8Crzm3dUKhaKWz2KqBvgvmA+I1gbqVva6wRYDzw/GaXoAl2in+99io6Q8ct2xR4DzRInJ2XIUeuWPju9kMQBFZpwrFTbsSPtJlhqRjhNi51Y0QiTIe7TtqECB1S5yfiMFB0YpYf8UJonNBqrvzsSHCg1CjxTmW2ppr1M/M9rx9o/dxMmolhTQSaD/JgjHaIsE9RjkhLNR4ZgIpnZFZEBlphok1zRhOBMnzxLGscV57Ri35yUq3YeRwF2YR8OwYEzqMI11KAOBB7gCV7g1Xq0nq03631SOmflPTvwB9bHN75Gl/M=</latexit>

y = Ax+ n
<latexit sha1_base64="qgYn/CbBIqjUpnYvg4aG1+O9Cs4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoheh4sVjBWsL7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMCxPBjcX42yutrK6tb5Q3K1vbO7t71f2DRxOnmrIWjUWsOyExTHDFWpZbwTqJZkSGgrXD8W3ut5+YNjxWD3aSsECSoeIRp8Tm0g26Rv1qDdfxDGiZ+AWpQYFmv/rVG8Q0lUxZKogxXR8nNsiItpwKNq30UsMSQsdkyLqOKiKZCbLZrVN04pQBimLtSlk0U39PZEQaM5Gh65TEjsyil4v/ed3URldBxlWSWqbofFGUCmRjlD+OBlwzasXEEUI1d7ciOiKaUOviqbgQ/MWXl8njWd2/qOP781oDF3GU4QiO4RR8uIQG3EETWkBhBM/wCm+e9F68d+9j3lryiplD+APv8we8Oo1S</latexit>

A =
<latexit sha1_base64="PgWWu3EhbRroLuX4yLyxiFKIvn0=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRlRdCMU3LisYB/QDiWT3mlDM5kxyRTL0O9w40IRt36MO//GTNuFth4IHM65l3tygkRwbVz321lZXVvf2CxsFbd3dvf2SweHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMb3O/OUKleSwfzDhBP6J9yUPOqLGS34moGQRh9jQhN6RbKrsVdwqyTLw5KcMctW7pq9OLWRqhNExQrduemxg/o8pwJnBS7KQaE8qGtI9tSyWNUPvZNPSEnFqlR8JY2ScNmaq/NzIaaT2OAjuZh9SLXi7+57VTE177GZdJalCy2aEwFcTEJG+A9LhCZsTYEsoUt1kJG1BFmbE9FW0J3uKXl0njvOJdVtz7i3LVnddRgGM4gTPw4AqqcAc1qAODR3iGV3hzRs6L8+58zEZXnPnOEfyB8/kDMtKRqQ==</latexit>x =

wavelet orthonormal basis
wavelet components coef.



Leveraging sparsity: Constrained optimization
(Linear inverse problems )
“Sparse regression”

NP hard problem – No efficient (polynomial time) algorithm in general!

Very active research topic in signal processing in general, 
many different methods

▻ Greedy algorithms

▻ Bayesian methods

▻ Convex relaxation methods 

8

<latexit sha1_base64="QUu4I56og7Ki8G7GwkVvD7YX0p0="></latexit>

x⇤ = argmin
x

{ky �Axk2 ; kxk0  K}

ℓ0-norm counting
non-zero coefficients

→

assumed sparsity→

let’s focus here→
x

<latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit><latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit><latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit><latexit sha1_base64="mWE5J8aOSebtz9oAJbys/42ybqI=">AAAB8HicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWMLbYlrLZbtqlm03YfRFL6L/w4kHFqz/Hm//GTZuDtg4sDDPvsfMmSKQw6LrfTmlldW19o7xZ2dre2d2r7h/cmzjVjPsslrFuB9RwKRT3UaDk7URzGgWSt4Lxde63Hrk2IlZ3OEl4L6JDJULBKFrpoRtRHAVh9jTtV2tu3Z2BLBOvIDUo0OxXv7qDmKURV8gkNabjuQn2MqpRMMmnlW5qeELZmA55x1JFI2562SzxlJxYZUDCWNunkMzU3xsZjYyZRIGdzBOaRS8X//M6KYaXvUyoJEWu2PyjMJUEY5KfTwZCc4ZyYgllWtishI2opgxtSRVbgrd48jLxz+pXde/2vNZwizbKcATHcAoeXEADbqAJPjBQ8Ayv8OYY58V5dz7moyWn2DmEP3A+fwBiZpDe</latexit>

y

<latexit sha1_base64="db8DWe8DLZVN0XFn/d7BERfsoF4=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclaQUdFlw47KCfWAbymR60w6dTMLMRCihf+HGhSJu/Rt3/o2TNgttPTBwOOde5twTJIJr47rfzsbm1vbObmmvvH9weHRcOTnt6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6m/vdJ1Sax/LBzBL0IzqWPOSMGis9DiJqJkGYzebDStWtuQuQdeIVpAoFWsPK12AUszRCaZigWvc9NzF+RpXhTOC8PEg1JpRN6Rj7lkoaofazReI5ubTKiISxsk8aslB/b2Q00noWBXYyT6hXvVz8z+unJrzxMy6T1KBky4/CVBATk/x8MuIKmREzSyhT3GYlbEIVZcaWVLYleKsnr5NOveY1ao37RrVZL+oowTlcwBV4cA1NuIMWtIGBhGd4hTdHOy/Ou/OxHN1wip0z+APn8wf8NJEU</latexit>

<latexit sha1_base64="/xABdPRUkpyVU6du6OvtKzJFk8s=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEQSiJKLqsuHFZwT6gDWUynbRDJ5MwD7GGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtOt+O4WV1bX1jeJmaWt7Z7dc2dtvqdhIQpsk5rHsBFhRzgRtaqY57SSS4ijgtB2MbzK//UClYrG415OE+hEeChYygrWV+pXydS/CehSE6eMUnSKrVN2aOwNaJl5OqpCj0a989QYxMREVmnCsVNdzE+2nWGpGOJ2WekbRBJMxHtKupQJHVPnpLPgUHVtlgMJY2ic0mqm/N1IcKTWJAjuZpVSLXib+53WNDq/8lInEaCrI/FBoONIxylpAAyYp0XxiCSaS2ayIjLDERNuuSrYEb/HLy6R1VvMuau7debXu5nUU4RCO4AQ8uIQ63EIDmkDAwDO8wpvz5Lw4787HfLTg5DsH8AfO5w/qqZKL</latexit>

Ax+ n

observation 
fidelity term

→



Definition:
For a vector ,

examples: , , 

1-balls for the different norms: 

ℓp-norms
9

p = 0

<latexit sha1_base64="hwLOzyrhivrzuQGcHybW1ixj57c="></latexit>

kxkp =

 
NX

i=1

xp
i

!1/p

p = 1/2 p = 1 p = 3/2 p = 2

<latexit sha1_base64="vcRzwzYgKELw5rFGr2HLgzz1ZrU=">AAACBXicbVC7TsMwFL0pr1JeAUYYLCokpipBIBgrsTChguhDakPluE5r1XEi20FUURYWfoWFAYRY+Qc2/ga3zQAtR7J0fM69uvceP+ZMacf5tgoLi0vLK8XV0tr6xuaWvb3TUFEiCa2TiEey5WNFORO0rpnmtBVLikOf06Y/vBj7zXsqFYvErR7F1AtxX7CAEayN1LX3USfEeuAH6UOGOkzkXz+9ye6uunbZqTgToHni5qQMOWpd+6vTi0gSUqEJx0q1XSfWXoqlZoTTrNRJFI0xGeI+bRsqcEiVl06uyNChUXooiKR5QqOJ+rsjxaFSo9A3leMd1aw3Fv/z2okOzr2UiTjRVJDpoCDhSEdoHAnqMUmJ5iNDMJHM7IrIAEtMtAmuZEJwZ0+eJ43jintaca5PylUnj6MIe3AAR+DCGVThEmpQBwKP8Ayv8GY9WS/Wu/UxLS1Yec8u/IH1+QMdwphG</latexit>

x 2 RN

concave sets convex sets

spiky not spiky

<latexit sha1_base64="u7cefW8U/ug2pz/q+gt4oMiC41Y=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBbBU0lE0WPBi8cK9gOaEjbbSbt0s4m7G7GEnr34V7x4UMSrv8Cb/8ZNm4O2Phh4vDfDzLwg4Uxpx/m2SkvLK6tr5fXKxubW9o69u9dScSopNGnMY9kJiALOBDQ10xw6iQQSBRzawegq99v3IBWLxa0eJ9CLyECwkFGijeTbhx5vgdTYi4geBmH2MMGezBU/wR6HO+z6dtWpOVPgReIWpIoKNHz7y+vHNI1AaMqJUl3XSXQvI1IzymFS8VIFCaEjMoCuoYJEoHrZ9JUJPjZKH4exNCU0nqq/JzISKTWOAtOZX6zmvVz8z+umOrzsZUwkqQZBZ4vClGMd4zwX3GcSqOZjQwiVzNyK6ZBIQrVJr2JCcOdfXiSt05p7XnNuzqp1p4ijjA7QETpBLrpAdXSNGqiJKHpEz+gVvVlP1ov1bn3MWktWMbOP/sD6/AGQ6pob</latexit>

kxkp  1

<latexit sha1_base64="9ofX/joW1xdpgUyZ0nSGQawtxOs=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCpzAril6EgBePEcwDsssyO5lNhsw+mOkVw5KTF3/FiwdFvPoN3vwbZ5McNLGgoajqprsrSKXQQMi3VVpaXlldK69XNja3tnfs3b2WTjLFeJMlMlGdgGouRcybIEDyTqo4jQLJ28HwuvDb91xpkcR3MEq5F9F+LELBKBjJtw9d2eIKsBtRGARh/jDGrioUn+Ar7NtVUiMT4EXizEgVzdDw7S+3l7As4jEwSbXuOiQFL6cKBJN8XHEzzVPKhrTPu4bGNOLayydvjPGxUXo4TJSpGPBE/T2R00jrURSYzuJaPe8V4n9eN4Pw0stFnGbAYzZdFGYSQ4KLTHBPKM5AjgyhTAlzK2YDqigDk1zFhODMv7xIWqc157xGbs+qdTKLo4wO0BE6QQ66QHV0gxqoiRh6RM/oFb1ZT9aL9W59TFtL1mxmH/2B9fkDCjmYIQ==</latexit>

kxk0 =

<latexit sha1_base64="oN+6MgcVjWjzjdUlAI1QHW2/No8=">AAACJXicbVDLSsNAFJ34rPUVdelmsAiuSiKKLiwU3LiSCvYBTQyT6aQdOpmEmUlpCf0ZN/6KGxcWEVz5K07SLLT1wMDhnHO5c48fMyqVZX0ZK6tr6xubpa3y9s7u3r55cNiSUSIwaeKIRaLjI0kY5aSpqGKkEwuCQp+Rtj+8zfz2iAhJI/6oJjFxQ9TnNKAYKS155o3DWkQo6IRIDfwgHU+hIzLFs2ENOjIJvZTW7OnTPXTYKEuOPaojOfXMilW1csBlYhekAgo0PHPm9CKchIQrzJCUXduKlZsioShmZFp2EklihIeoT7qachQS6ab5lVN4qpUeDCKhH1cwV39PpCiUchL6OpkdIxe9TPzP6yYquHZTyuNEEY7ni4KEQRXBrDLYo4JgxSaaICyo/ivEAyQQVrrYsi7BXjx5mbTOq/Zl1Xq4qNStoo4SOAYn4AzY4ArUwR1ogCbA4Bm8gncwM16MN+PD+JxHV4xi5gj8gfH9A8SupLs=</latexit>

kxk1 =
NX

i=1

|xi|# of non-zero
<latexit sha1_base64="IGELfo+J/QDsq1A/XSMHZIsGohE="></latexit>

kxk2 =
qPN

i=1 x
2
i



Convex sets intersections

LASSO (Tibshirani ’96), Basis pursuit (Chen et al. ‘98)

▻ under structural assumptions on A returns the same as ℓ0 norm
▻ still harder than ℓ2 because ℓ1 non-differentiable
▻ but a lot easier than ℓ0
▻ finding efficient algorithms very active direction of research

ℓ1-constraint or ℓ1-regularization 
10

<latexit sha1_base64="B28hn7EZ5HNkglbbh+mDuEUORPg="></latexit>

x⇤ = argmin
x

{ky �Axk2 ; kxk1  K}
<latexit sha1_base64="9YwI4DWxDsfOIMorCbJiGswwqdQ="></latexit>

x⇤ = argmin
x

{ky �Axk2 + � kxk1}or

<latexit sha1_base64="D3xb4MQxAQvgrA+Nv11pSKaSajA=">AAACCnicdVDLSgNBEJz1bXytevQyGgRPYSaoiTfBi+BFwTwgu4TZSa8Ozj6cmRXDkrMXf8WLB0W8+gXe/BtnkwgqWtBQVHXT3RWkUmhDyIczMTk1PTM7N19aWFxaXnFX15o6yRSHBk9kotoB0yBFDA0jjIR2qoBFgYRWcHVU+K0bUFok8bnpp+BH7CIWoeDMWKnrbnqyCcpgL2LmMgjz2wH2VKF0q9iTcI1Pum6ZVAghlFJcEFrbJ5YcHNSrtI5pYVmU0RinXffd6yU8iyA2XDKtO5Skxs+ZMoJLGJS8TEPK+BW7gI6lMYtA+/nwlQHetkoPh4myFRs8VL9P5CzSuh8FtrO4WP/2CvEvr5OZsO7nIk4zAzEfLQoziU2Ci1xwTyjgRvYtYVwJeyvml0wxbmx6JRvC16f4f9KsVuhehZztlg/JOI45tIG20A6iqIYO0TE6RQ3E0R16QE/o2bl3Hp0X53XUOuGMZ9bRDzhvn6Wemi0=</latexit>

kxk2  K
<latexit sha1_base64="yawSArcFzlB2AerOWj92tNuGb4M=">AAACCnicdVA9SwNBEN2LXzF+nVrarAbBKuwGNUkXsBFsFEwUckfY28zp4t6Hu3tiOFLb+FdsLBSx9RfY+W/c0wgq+mDg8d4MM/OCVAptCHlzShOTU9Mz5dnK3PzC4pK7vNLVSaY4dHgiE3UaMA1SxNAxwkg4TRWwKJBwElzsFf7JFSgtkvjYDFPwI3YWi1BwZqzUd9c92QVlsBcxcx6E+fUIe6pQ+hR7Ei7xQd+tkhohhFKKC0Ibu8SSVqtZp01MC8uiisY47Luv3iDhWQSx4ZJp3aMkNX7OlBFcwqjiZRpSxi/YGfQsjVkE2s8/XhnhTasMcJgoW7HBH+r3iZxFWg+jwHYWF+vfXiH+5fUyEzb9XMRpZiDmn4vCTGKT4CIXPBAKuJFDSxhXwt6K+TlTjBubXsWG8PUp/p906zW6UyNH29U2GcdRRmtoA20hihqojfbRIeogjm7QHXpAj86tc+88Oc+frSVnPLOKfsB5eQekE5os</latexit>

kxk1  K

<latexit sha1_base64="KUaw7y0KC1viPYrPilYBuiWoERk="></latexit>ky �Axk2  ✏

<latexit sha1_base64="BqaAoTk2t2GMrmSRdjTtpeYkWTc=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIsgLsqMKLosuHFZwT6gM5ZMmmlDM5mQZMQy9DfcuFDErT/jzr8x085CWw8EDufcyz05oeRMG9f9dkorq2vrG+XNytb2zu5edf+grZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vsn9ziNVmiXi3kwkDWI8FCxiBBsr+X6MzSiMsqfpw1m/WnPr7gxomXgFqUGBZr/65Q8SksZUGMKx1j3PlSbIsDKMcDqt+KmmEpMxHtKepQLHVAfZLPMUnVhlgKJE2ScMmqm/NzIcaz2JQzuZZ9SLXi7+5/VSE10HGRMyNVSQ+aEo5cgkKC8ADZiixPCJJZgoZrMiMsIKE2NrqtgSvMUvL5P2ed27rLt3F7WGW9RRhiM4hlPw4AoacAtNaAEBCc/wCm9O6rw4787HfLTkFDuH8AfO5w8aJ5Gq</latexit>

x⇤

<latexit sha1_base64="KUaw7y0KC1viPYrPilYBuiWoERk="></latexit>ky �Axk2  ✏<latexit sha1_base64="BqaAoTk2t2GMrmSRdjTtpeYkWTc=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIsgLsqMKLosuHFZwT6gM5ZMmmlDM5mQZMQy9DfcuFDErT/jzr8x085CWw8EDufcyz05oeRMG9f9dkorq2vrG+XNytb2zu5edf+grZNUEdoiCU9UN8SaciZoyzDDaVcqiuOQ0044vsn9ziNVmiXi3kwkDWI8FCxiBBsr+X6MzSiMsqfpw1m/WnPr7gxomXgFqUGBZr/65Q8SksZUGMKx1j3PlSbIsDKMcDqt+KmmEpMxHtKepQLHVAfZLPMUnVhlgKJE2ScMmqm/NzIcaz2JQzuZZ9SLXi7+5/VSE10HGRMyNVSQ+aEo5cgkKC8ADZiixPCJJZgoZrMiMsIKE2NrqtgSvMUvL5P2ed27rLt3F7WGW9RRhiM4hlPw4AoacAtNaAEBCc/wCm9O6rw4787HfLTkFDuH8AfO5w8aJ5Gq</latexit>

x⇤

<latexit sha1_base64="AkJFvRJbhfGhhJr2EAserzWnFCc="></latexit>

min
x

{ky �Axk2} s.t. kxk1  K
<latexit sha1_base64="p7ip1K/YGstVSCDHxheD/h5QIlc="></latexit>

min
x

{ky �Axk2} s.t. kxk2  K

ℓ1-constraint
ℓ2-constraint



Compressive sensing
Idea: 
▷ Signals which admit sparse representations are compressible
▷ Design an acquisition of the signal already compressed

Implementation:
▻ Sub Nyquist sampling: Number of measurements proportional to sparsity

▻ Reconstruction from the observations: sparse regression (discussed above)

▻ Measurement matrix design:
- a lot of theoretical work on guarantees for M vs K depending on properties of A
- randomness particularly efficient: 

e.g. Gaussian random i.i.di, randomly subsampled Fourier

11

⇥

y

x

M ⇥NM

N

noise

M << N

sparse

few observations

[Donoho, Candès, Romberg, and Tao in early 2000s]

<latexit sha1_base64="F6ZdVYzufLkGh/WCiWS2vL8t/bI="></latexit>

A

short and wide matrix

<latexit sha1_base64="1D20INF5r/xClPbTHtALaXdl90k=">AAAB7XicbZDLSgMxFIbP1EtrvVVdugkWQVDKjCC6s+BGXFWwF2iHkkkzbTSTDElGKUPfwY0Lpbj1fdz5DO7danpZaOsPgY//P4ecc4KYM21c98PJLCwuLWdzK/nVtfWNzcLWdk3LRBFaJZJL1QiwppwJWjXMcNqIFcVRwGk9uLsY5fV7qjST4sb0Y+pHuCtYyAg21qodotYREu1C0S25Y6F58KZQPP8afn9mrx4q7cJ7qyNJElFhCMdaNz03Nn6KlWGE00G+lWgaY3KHu7RpUeCIaj8dTztA+9bpoFAq+4RBY/d3R4ojrftRYCsjbHp6NhuZ/2XNxIRnfspEnBgqyOSjMOHISDRaHXWYosTwvgVMFLOzItLDChNjD5S3R/BmV56H2nHJOym5116x7MJEOdiFPTgAD06hDJdQgSoQuIVHeIYXRzpPztB5nZRmnGnPDvyR8/YDEmSSiQ==</latexit>

+n

<latexit sha1_base64="Xi5fNaQ7IsO4APvfujO7i8Od2x4=">AAAB6HicdZDLSgMxFIYzXmu91cvOTbAIrobMWNu6suBCwU0L9gLtUDJppo3NXEgyQh36BG5cKOLWB3Dlk7hz6ZuYaRVU9IfAz/efQ845bsSZVAi9GTOzc/MLi5ml7PLK6tp6bmOzIcNYEFonIQ9Fy8WSchbQumKK01YkKPZdTpvu8CTNm1dUSBYGF2oUUcfH/YB5jGClUe28m8sj86hctAtFiEyESpZtpcYuFQ4K0NIkVf745fr99Hk7qXZzr51eSGKfBopwLGXbQpFyEiwUI5yOs51Y0giTIe7TtrYB9ql0ksmgY7inSQ96odAvUHBCv3ck2Jdy5Lu60sdqIH9nKfwra8fKKzsJC6JY0YBMP/JiDlUI061hjwlKFB9pg4lgelZIBlhgovRtsvoIX5vC/03DNq1DE9WsfAWBqTJgB+yCfWCBEqiAM1AFdUAABTfgDtwbl8at8WA8TktnjM+eLfBDxtMHIjyQ0g==</latexit>

K

→

→



Applications of compressed sensing

Expensive and/or time-consuming measurements

12

[A Systematic Review of Compressive Sensing: Concepts, Implementations and Applications, Rani et al 2018]



Sparsity and Beyond

What we have seen:

▻ Exploiting sparsity really had a tremendous impact 

▻ Focused on linear inverse problems: but intuition similar for non-linear inverse problems

Nice reference to start these topics/algorithms:

Now:
▻ Neural networks as more sophisticated models of signals

▻ How to use them in inverse problems

13

[websites by G. Peyré]



NEURAL NETWORK PRIORS

14



Learning Data representation with 
Generative models

Idea:
Use expressivity of neural networks to model 
non-trivial high dimensional data distributions

▷ Sampling - Architectures 
▷ Restricted Boltzmann Machines

▷ Deep generative model

▷ Unsupervised learning – Training procedures
▷ Maximum likelihood

▷ Adversarial training

15



Restricted Boltzmann Machine (RBM)

Definition: RBM are energy based models

Unsupervised learning:

Applications:

pairwise interactions input-hidden units 

x
<latexit sha1_base64="Yj47K6ex6fq11c3JduS9vxJbfFM=">AAAB8HicbVBNS8NAFHzxs9avqkcvi0XwVJIiqLeCF48VjC22oWy2m3bpZhN2X8QS+i+8eFDx6s/x5r9x2+agrQMLw8x77LwJUykMuu63s7K6tr6xWdoqb+/s7u1XDg7vTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlF3OE55ENOBEpFgFK300I0pDsMof5r0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgnyWekFOr9EmUaPsUkpn6eyOnsTHjOLST04Rm0ZuK/3mdDKPLIBcqzZArNv8oyiTBhEzPJ32hOUM5toQyLWxWwoZUU4a2pLItwVs8eZn49dpVzbs9rzbqRRslOIYTOAMPLqABN9AEHxgoeIZXeHOM8+K8Ox/z0RWn2DmCP3A+fwBjAJDg</latexit><latexit sha1_base64="Yj47K6ex6fq11c3JduS9vxJbfFM=">AAAB8HicbVBNS8NAFHzxs9avqkcvi0XwVJIiqLeCF48VjC22oWy2m3bpZhN2X8QS+i+8eFDx6s/x5r9x2+agrQMLw8x77LwJUykMuu63s7K6tr6xWdoqb+/s7u1XDg7vTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlF3OE55ENOBEpFgFK300I0pDsMof5r0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgnyWekFOr9EmUaPsUkpn6eyOnsTHjOLST04Rm0ZuK/3mdDKPLIBcqzZArNv8oyiTBhEzPJ32hOUM5toQyLWxWwoZUU4a2pLItwVs8eZn49dpVzbs9rzbqRRslOIYTOAMPLqABN9AEHxgoeIZXeHOM8+K8Ox/z0RWn2DmCP3A+fwBjAJDg</latexit><latexit sha1_base64="Yj47K6ex6fq11c3JduS9vxJbfFM=">AAAB8HicbVBNS8NAFHzxs9avqkcvi0XwVJIiqLeCF48VjC22oWy2m3bpZhN2X8QS+i+8eFDx6s/x5r9x2+agrQMLw8x77LwJUykMuu63s7K6tr6xWdoqb+/s7u1XDg7vTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlF3OE55ENOBEpFgFK300I0pDsMof5r0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgnyWekFOr9EmUaPsUkpn6eyOnsTHjOLST04Rm0ZuK/3mdDKPLIBcqzZArNv8oyiTBhEzPJ32hOUM5toQyLWxWwoZUU4a2pLItwVs8eZn49dpVzbs9rzbqRRslOIYTOAMPLqABN9AEHxgoeIZXeHOM8+K8Ox/z0RWn2DmCP3A+fwBjAJDg</latexit><latexit sha1_base64="Yj47K6ex6fq11c3JduS9vxJbfFM=">AAAB8HicbVBNS8NAFHzxs9avqkcvi0XwVJIiqLeCF48VjC22oWy2m3bpZhN2X8QS+i+8eFDx6s/x5r9x2+agrQMLw8x77LwJUykMuu63s7K6tr6xWdoqb+/s7u1XDg7vTZJpxn2WyES3Q2q4FIr7KFDydqo5jUPJW+Hoeuq3Hrk2IlF3OE55ENOBEpFgFK300I0pDsMof5r0KlW35s5AlolXkCoUaPYqX91+wrKYK2SSGtPx3BSDnGoUTPJJuZsZnlI2ogPesVTRmJsgnyWekFOr9EmUaPsUkpn6eyOnsTHjOLST04Rm0ZuK/3mdDKPLIBcqzZArNv8oyiTBhEzPJ32hOUM5toQyLWxWwoZUU4a2pLItwVs8eZn49dpVzbs9rzbqRRslOIYTOAMPLqABN9AEHxgoeIZXeHOM8+K8Ox/z0RWn2DmCP3A+fwBjAJDg</latexit>

W1
<latexit sha1_base64="+4aZkK91Xd1dfzPV9VTJoVnUoeE=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdOsNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BobONgw==</latexit><latexit sha1_base64="+4aZkK91Xd1dfzPV9VTJoVnUoeE=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdOsNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BobONgw==</latexit><latexit sha1_base64="+4aZkK91Xd1dfzPV9VTJoVnUoeE=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdOsNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BobONgw==</latexit><latexit sha1_base64="+4aZkK91Xd1dfzPV9VTJoVnUoeE=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdOsNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BobONgw==</latexit>

W2
<latexit sha1_base64="rQ77wjdxh6MK4IjXFbOr2z4qjAc=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdusNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BozaNhA==</latexit><latexit sha1_base64="rQ77wjdxh6MK4IjXFbOr2z4qjAc=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdusNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BozaNhA==</latexit><latexit sha1_base64="rQ77wjdxh6MK4IjXFbOr2z4qjAc=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdusNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BozaNhA==</latexit><latexit sha1_base64="rQ77wjdxh6MK4IjXFbOr2z4qjAc=">AAAB6XicdVDLSsNAFJ3UV62vqks3g0VwFSYx9LEruHFZ0dhCG8pkOmmHTiZhZiKU0E9w40LFrX/kzr9x0lZQ0QMXDufcy733hClnSiP0YZXW1jc2t8rblZ3dvf2D6uHRnUoySahPEp7IXogV5UxQXzPNaS+VFMchp91weln43XsqFUvErZ6lNIjxWLCIEayNdNMdusNqDdmtZt316hDZCDUc1ymI2/AuPOgYpUANrNAZVt8Ho4RkMRWacKxU30GpDnIsNSOcziuDTNEUkyke076hAsdUBfni1Dk8M8oIRok0JTRcqN8nchwrNYtD0xljPVG/vUL8y+tnOmoGORNppqkgy0VRxqFOYPE3HDFJieYzQzCRzNwKyQRLTLRJp2JC+PoU/k98127ZzrVXa6NVGmVwAk7BOXBAA7TBFegAHxAwBg/gCTxb3Hq0XqzXZWvJWs0cgx+w3j4BozaNhA==</latexit>

W3
<latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="Ay1zz7l+AAv/HMrSd3IBTAdYSM0=">AAAB3nicbZDNSgMxFIXv+Ftr1erWTbAIrsqMLtSd4MZlRccW2qFk0jttaCYzJHeEUvoIblyo+FjufBvTn4W2Hgh8nJOQe0+cK2nJ97+9tfWNza3t0k55t7K3f1A9rDzZrDACQ5GpzLRiblFJjSFJUtjKDfI0VtiMh7fTvPmMxspMP9IoxyjlfS0TKTg566HZvehWa37dn4mtQrCAGizU6Fa/Or1MFClqEopb2w78nKIxNySFwkm5U1jMuRjyPrYdap6ijcazUSfs1Dk9lmTGHU1s5v5+MeaptaM0djdTTgO7nE3N/7J2QclVNJY6Lwi1mH+UFIpRxqZ7s540KEiNHHBhpJuViQE3XJBrp+xKCJZXXoXwvH5dD+59KMExnMAZBHAJN3AHDQhBQB9e4A3ePeW9eh/ztta8RW1H8Efe5w8yQYwB</latexit><latexit sha1_base64="szipQDLvZoaclYRnfqjVPszYLbk=">AAAB3nicdZBPS8MwGMbf+nfOqdOrl+AQPJW2G/tzE7x4nGjdYCsjzdItLE1Lkgqj7CN48aDix/LmtzHdJqjoA4GH35OQ933ClDOlHefD2tjc2t7ZLe2V9ysHh0fV48q9SjJJqE8Snsh+iBXlTFBfM81pP5UUxyGnvXB2VeS9ByoVS8Sdnqc0iPFEsIgRrA267Y3qo2rNsTvtptdoIsd2nJbruYXxWo16A7mGFKrBWt1R9X04TkgWU6EJx0oNXCfVQY6lZoTTRXmYKZpiMsMTOjBW4JiqIF+OukDnhoxRlEhzhEZL+v1FjmOl5nFobsZYT9XvrIB/ZYNMR+0gZyLNNBVk9VGUcaQTVOyNxkxSovncGEwkM7MiMsUSE23aKZsSvjZF/xvfszu2e+NACU7hDC7AhRZcwjV0wQcCE3iEZ3ixuPVkva7a2rDWtZ3AD1lvn484jEM=</latexit><latexit sha1_base64="PMPj/aj0PHtU3ix7juE6YH1ZJmI=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8LbObkMct4MVjRNcEkiXMTmaTIbMPZmaFEPIJXjyoePWPvPk3ziYRVLSgoajqprsrSAVXGuMPa219Y3Nru7BT3N3bPzgsHR3fqSSTlHk0EYnsBkQxwWPmaa4F66aSkSgQrBNMLnO/c8+k4kl8q6cp8yMyinnIKdFGuukMKoNSGdvNRs2t1hC2Ma47rpMTt16tVJFjlBxlWKE9KL33hwnNIhZrKohSPQen2p8RqTkVbF7sZ4qlhE7IiPUMjUnElD9bnDpH50YZojCRpmKNFur3iRmJlJpGgemMiB6r314u/uX1Mh02/BmP00yzmC4XhZlAOkH532jIJaNaTA0hVHJzK6JjIgnVJp2iCeHrU/Q/8Vy7aTvXuNzCqzQKcApncAEO1KEFV9AGDyiM4AGe4NkS1qP1Yr0uW9es1cwJ/ID19gmjeY2B</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit><latexit sha1_base64="+ilfryobXcZSJ//yfR09HhtQb7M=">AAAB6XicdVDLSsNAFJ34rPVVdelmsAiuwiQNfewKblxWNLbQhjKZTtqhk0mYmQgl9BPcuFBx6x+582+ctBVU9MCFwzn3cu89YcqZ0gh9WGvrG5tb26Wd8u7e/sFh5ej4TiWZJNQnCU9kL8SKciaor5nmtJdKiuOQ0244vSz87j2ViiXiVs9SGsR4LFjECNZGuukOa8NKFdmtZt316hDZCDUc1ymI2/BqHnSMUqAKVugMK++DUUKymApNOFaq76BUBzmWmhFO5+VBpmiKyRSPad9QgWOqgnxx6hyeG2UEo0SaEhou1O8TOY6VmsWh6YyxnqjfXiH+5fUzHTWDnIk001SQ5aIo41AnsPgbjpikRPOZIZhIZm6FZIIlJtqkUzYhfH0K/ye+a7ds59qrttEqjRI4BWfgAjigAdrgCnSADwgYgwfwBJ4tbj1aL9brsnXNWs2cgB+w3j4BpLmNhQ==</latexit>

t1
<latexit sha1_base64="lFRxDb9CwuKJZXw1sTaL8/fCIB8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFNy4r2Ae0Q8mkmTY0kxmTO4Uy9DvcuFDErR/jzr8x03ahrQcCh3Pu5Z6cIJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M73K/PeHaiFg94jThfkSHSoSCUbSS34sojoIww1nfK/XLFbfqzkHWibckFVii0S9/9QYxSyOukElqTNdzE/QzqlEwyWelXmp4QtmYDnnXUkUjbvxsHnpGLqwyIGGs7VNI5urvjYxGxkyjwE7mIc2ql4v/ed0Uw1s/EypJkSu2OBSmkmBM8gbIQGjOUE4toUwLm5WwEdWUoe0pL8Fb/fI6adWq3lW19nBdqdeWdRThDM7hEjy4gTrcQwOawOAJnuEV3pyJ8+K8Ox+L0YKz3DmFP3A+fwBZrpHE</latexit>

t2
<latexit sha1_base64="yrWzCf8cm6Sby/bjpqD/rcWpOus=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVZIo6LLgxmUF+4A2lMl00g6dTOLMTaGEfocbF4q49WPc+TdO2iy09cDA4Zx7uWdOkAiu0XG+rdLG5tb2Tnm3srd/cHhUPT5p6zhVlLVoLGLVDYhmgkvWQo6CdRPFSBQI1gkmd7nfmTKleSwfcZYwPyIjyUNOCRrJ70cEx0GY4XzgVQbVmlN3FrDXiVuQGhRoDqpf/WFM04hJpIJo3XOdBP2MKORUsHmln2qWEDohI9YzVJKIaT9bhJ7bF0YZ2mGszJNoL9TfGxmJtJ5FgZnMQ+pVLxf/83ophrd+xmWSIpN0eShMhY2xnTdgD7liFMXMEEIVN1ltOiaKUDQ95SW4q19eJ22v7l7VvYfrWsMr6ijDGZzDJbhwAw24hya0gMITPMMrvFlT68V6tz6WoyWr2DmFP7A+fwBbM5HF</latexit>

effective interactions all orders

maximum likelihood 
learning 

⇠ p(x)
<latexit sha1_base64="3DwEyQUb66m1cI5TR10Fqa1yPMg=">AAAB+3icbVBNS8NAFHypX7V+xXr0sliEeilJFfRY8OKxgm2FJpTNdtMu3U3C7kZaQv+KFw+KePWPePPfuGlz0NaBhWHmPd7sBAlnSjvOt1Xa2Nza3invVvb2Dw6P7ONqV8WpJLRDYh7LxwAryllEO5ppTh8TSbEIOO0Fk9vc7z1RqVgcPehZQn2BRxELGcHaSAO76ikmUFL3BNbjIMym84uBXXMazgJonbgFqUGB9sD+8oYxSQWNNOFYqb7rJNrPsNSMcDqveKmiCSYTPKJ9QyMsqPKzRfY5OjfKEIWxNC/SaKH+3siwUGomAjOZR1SrXi7+5/VTHd74GYuSVNOILA+FKUc6RnkRaMgkJZrPDMFEMpMVkTGWmGhTV8WU4K5+eZ10mw33stG8v6q1mkUdZTiFM6iDC9fQgjtoQwcITOEZXuHNmlsv1rv1sRwtWcXOCfyB9fkDk2KUFw==</latexit>

Markov Chain
sampling

Pretraining of deep networks Biophysics models

Quantum physics

D = {x(k)}Pk=1
<latexit sha1_base64="lTzpiDGi0a03RRufd4MSvKj1ruE=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSLUTUmqoJtCQRcuK9gHNGmYTCft0MmDmYlYhvyCG3/FjQtF3Lpz5984SbPQ1gMDZ865l3vv8WJKuDDNb620srq2vlHerGxt7+zu6fsHXR4lDOEOimjE+h7kmJIQdwQRFPdjhmHgUdzzpleZ37vHjJMovBOzGDsBHIfEJwgKJbl6zQ6gmCBI5XXatGX+83z5kA5lbXqa2umw7cpp00pdvW rWzRzGMrEKUgUF2q7+ZY8ilAQ4FIhCzgeWGQtHQiYIojit2AnHMURTOMYDRUMYYO7I/KLUOFHKyPAjpl4ojFz93SFhwPks8FRltjFf9DLxP2+QCP/SkSSME4FDNB/kJ9QQkZHFY4wIw0jQmSIQMaJ2NdAEMoiECrGiQrAWT14m3UbdOqs3bs+rLbOIowyOwDGoAQtcgBa4AW3QAQg8gmfwCt60J+1Fe9c+5qUlreg5BH+gff4AFBedug==</latexit>

MNIST 
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x(0)

t(0) t(1)

x(1)

t(k)

x(k)

<latexit sha1_base64="c4KJ3OBrs1XYPxwHd+m2i+QLq6U=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSYxtnVXcOOyBfuANpTJdNKOnUzCzEQooV/gxoUibv0kd/6Nk7aCih64cDjnXu69J0g4UxqhD6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpte5372nUrFY3OpZQv0IjwULGcHaSK3usFxB9lW96npViGyEao7r5MSteRcedIySowJWaA7L74NRTNKICk04VqrvoET7GZaaEU7npUGqaILJFI9p31CBI6r8bHHoHJ4ZZQTDWJoSGi7U7xMZjpSaRYHpjLCeqN9eLv7l9VMd1v2MiSTVVJDlojDlUMcw/xqOmKRE85khmEhmboVkgiUm2mRTMiF8fQr/Jx3Xdi5t1PIqDbSKowhOwCk4Bw6ogQa4AU3QBgRQ8ACewLN1Zz1aL9brsrVgrWaOwQ9Yb58QO40P</latexit>

W

<latexit sha1_base64="pdwzSnm793uXMvmT0OcDEnCx1TY="></latexit>

p(x, t) =
1

Z e

NP
i=1

bx,ixi+
MP

↵=1
bt,↵t↵+

P
↵,i

Wi↵xit↵

<latexit sha1_base64="7Hb3qU7uH0Me1xo3eOAnbNsChhw=">AAACL3icbVBbS8MwGE3nbc5b1UdfgkPYQEYrioIIA0F8nOAusJaRZukWll5IUnGU/iNf/Ct7EVHEV/+FaVdxbh4IHM75PnK+44SMCmkYr1phaXllda24XtrY3Nre0Xf3WiKIOCZNHLCAdxwkCKM+aUoqGemEnCDPYaTtjK5Tv/1AuKCBfy/HIbE9NPCpSzGSSurpN2HF8pAcOm78mFThFbSoL2EmcS/uJz+mTKB1CWeHj3+tKuzpZaNmZICLxMxJGeRo9PSJ1Q9w5BFfYoaE6JpGKO0YcUkxI0nJigQJER6hAekq6iOPCDvO7k3gkVL60A24eiptps5uxMgTYuw5ajLNKOa9VPzP60bSvbBj6oeRJD6efuRGDMoApuXBPuUESzZWBGFOVVaIh4gjLFXFJVWCOX/yImmd1MyzmnF3Wq4beR1FcAAOQQWY4BzUwS1ogCbA4AlMwBt41561F+1D+5yOFrR8Zx/8gfb1DcDCqXM=</latexit>

p(x) =

Z
dt p(x, t) →

→

<latexit sha1_base64="+/koi1BvJ+63VvNS+EX241Vd4t4=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE8SMmKoheh4MVjBfuB7VKyabYNzWaXJCuWpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zMCxIpjCXkGy0tr6yurRc2iptb2zu7pb39holTzXidxTLWrYAaLoXidSus5K1EcxoFkjeD4c3Ebz5ybUSs7u0o4X5E+0qEglHrpIenrsDXmJxir1sqkwqZAi8SLydlyFHrlr46vZilEVeWSWpM2yOJ9TOqrWCSj4ud1PCEsiHt87ajikbc+Nn04jE+dkoPh7F2pSyeqr8nMhoZM4oC1xlROzDz3kT8z2unNrzyM6GS1HLFZovCVGIb48n7uCc0Z1aOHKFMC3crZgOqKbMupKILwZt/eZE0zireRYXcnZerJI+jAIdwBCfgwSVU4RZqUAcGCp7hFd6QQS/oHX3MWpdQPnMAf4A+fwAvCI86</latexit>

xi = 0, 1

<latexit sha1_base64="K4CzFwTOWTpE4gPzpgAOylqxOk8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg5SNKHoRCl48VrAf0IYw2W7apZtN2N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeWEquDaEfDsrq2vrG5ulrfL2zu5exd0/aOkkU5Q1aSIS1QlBM8ElaxpuBOukikEcCtYOR7dTv/3IlOaJfDDjlPkxDCSPOAVjpcCtmKAHIh0CvsHkDHuBWyU1MgNeJl5BqqhAI3C/ev2EZjGThgrQuuuR1Pg5KMOpYJNyL9MsBTqCAetaKiFm2s9nh0/wiVX6OEqULWnwTP09kUOs9TgObWcMZqgXvan4n9fNTHTt51ymmWGSzhdFmcAmwdMUcJ8rRo0YWwJUcXsrpkNQQI3NqmxD8BZfXiat85p3WSP3F9U6KeIooSN0jE6Rh65QHd2hBmoiijL0jF7Rm/PkvDjvzse8dcUpZg7RHzifP27VkZI=</latexit>

t↵ = 0, 1

<latexit sha1_base64="MJxsuFEaOhbQ+U6IktiErP+9sLE=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoseCF48VbCu2oWy2L+3SzSbsbsQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrG6D6hGwSW2DDcC7xOFNAoEdoLxde53HlFpHss7M0nQj+hQ8pAzaqz00IuoGQVh9jTtV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGVn3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+reRd29Pa813KKOMhzBMZyCB5fQgBtoQgsYSHiGV3hztPPivDsf89GSU+wcwh84nz/5IZEO</latexit>x
<latexit sha1_base64="UtNkLw8xy8q52akoS+QhOG8y0uk=">AAAB8nicbVBNS8NAFHypX7V+VT16CRbBU0lE0WPBi8cKthbSUDbbTbt0sxt2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmSgU36HnfTmVtfWNzq7pd29nd2z+oHx51jco0ZR2qhNK9iBgmuGQd5ChYL9WMJJFgj9HktvAfn5g2XMkHnKYsTMhI8phTglYK+gnBcRTnOKsN6g2v6c3hrhK/JA0o0R7Uv/pDRbOESaSCGBP4XophTjRyKtis1s8MSwmdkBELLJUkYSbM55Fn7plVhm6stH0S3bn6eyMniTHTJLKTRUSz7BXif16QYXwT5lymGTJJFx/FmXBRucX97pBrRlFMLSFUc5vVpWOiCUXbUlGCv3zyKuleNP2rpnd/2Wh5ZR1VOIFTOAcfrqEFd9CGDlBQ8Ayv8Oag8+K8Ox+L0YpT7hzDHzifPyt0kR4=</latexit>

t

<latexit sha1_base64="pwsu5xGWvWDKFR4aLywaMBlk3YA="></latexit>

max
W,bx,bt

PY

k=1

p(x(k))
<latexit sha1_base64="xxqNPW6SD5ZvEGWjmVtOQXT0Sn4="></latexit>

✓ = {bx, bt, W}



Generative priors for inverse problems:
First example Compressed Sensing

sparse signal
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K << N
<latexit sha1_base64="pocMzT1rZltdwWiQQrektNuSMnI=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXw8x0aCt0UXAjCFLBPqAdSibNtLGZZEgyQin9BzcuFHHr/7jzb8y0FVT0wIXDOfdy7z1hwqjSjvNhrayurW9s5rby2zu7e/uFg8OWEqnEpIkFE7ITIkUY5aSpqWakk0iC4pCRdji+yPz2PZGKCn6rJwkJYjTkNKIYaSO1rmCtBq/7haJjn1fLnl+Gju04FddzM+JV/JIPXaNkKIIlGv3Ce28gcBoTrjFDSnVdJ9HBFElNMSOzfC9VJEF4jIakayhHMVHBdH7tDJ4aZQAjIU1xDefq94kpipWaxKHpjJEeqd9eJv7ldVMdVYMp5UmqCceLRVHKoBYwex0OqCRYs4khCEtqboV4hCTC2gSUNyF8fQr/Jy3Pdku2d+MX694yjhw4BifgDLigAurgEjRAE2BwBx7AE3i2hPVovVivi9YVazlzBH7AevsER6KOPQ==</latexit>

CS algorithm:
AMP

Æ
=

0.
02

5

non-i.i.d. BRBM GRBM

Æ
=

0.
05

0
Æ

=
0.

07
5

Æ
=

0.
10

0
Æ

=
0.

12
5

100
<latexit sha1_base64="U7NivmglaBOVxegVuZW4ILBW+pM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY0X5AG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR5wk3I/oUIlQMIpWevBct1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophjd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5ltXZ/Valf5HEU4QRO4Rw8uIY63EEDmsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdROI0X</latexit>

80
<latexit sha1_base64="PkV7sSMYm6mU7uQX7oS/heLp4WM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJJUwR4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO//YRK81g+mkmCfkSHkoecUWOlh5rbL5XdijsHWSVeTsqQo9EvffUGMUsjlIYJqnXXcxPjZ1QZzgROi71UY0LZmA6xa6mkEWo/m186JedWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSENT/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HCKNgRv+eVV0qpWvKtK9f66XL/M4yjAKZzBBXhwA3W4gwY0gUEIz/AKb87YeXHenY9F65qTz5zAHzifP+3FjOQ=</latexit>

60
<latexit sha1_base64="v+ba/nIpKp0f3AWXH8/AAcJ7YgE=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJJUUY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj26nfekKleSwfzThBP6IDyUPOqLHSw5XbK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m106IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEN37GZZIalGy+KEwFMTGZvk36XCEzYmwJZYrbWwkbUkWZseEUbQje4svLpFmteBeV6v1luXaex1GAYziBM/DgGmpwB3VoAIMQnuEV3pyR8+K8Ox/z1hUnnzmCP3A+fwDqu4zi</latexit>

40
<latexit sha1_base64="jm+RfK8eXzS3hMIqdOEvYcs2Mjw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJLUgh4LXjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrPdTcfqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOEUbQje8surpFWteFeV6n2tXL/M4yjAKZzBBXhwDXW4gwY0gUEIz/AKb87YeXHenY9F65qTz5zAHzifP+exjOA=</latexit>

20
<latexit sha1_base64="+/ClaDHa8FXwtt1NLFMWvnizvIE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosePFY0X5AG8pmu2mXbjZhdyKU0p/gxYMiXv1F3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJv57SeujYjVI04S7kd0qEQoGEUrPdTcUr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0J9SjYJJPiv1UsMTysZ0yLuWKhpx40/np87ImVUGJIy1LYVkrv6emNLImEkU2M6I4sgse5n4n9dNMbzxp0IlKXLFFovCVBKMSfY3GQjNGcqJJZRpYW8lbEQ1ZWjTyULwll9eJa1a1bus1u6vKvWLPI4inMApnIMH11CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gAZJozy</latexit>

M
<latexit sha1_base64="wwl0ljFjIvFymgvBmrze49O9UuI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4kJJUQY8FL16EKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdvmoK0PBh7vzTAzL0ikMOi6387K6tr6xmZhq7i9s7u3Xzo4bJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjdTv/XEtRGxesRxwv2IDpQIBaNopYe7Yq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZpRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmb5N+kJzhnJsCWVa2FsJG1JNGdpwpiF4iy8vk2a14l1UqveX5dp5HkcBjuEEzsCDK6jBLdShAQxCeIZXeHNGzovz7nzMW1ecfOYI/sD5/AHUFozT</latexit>

N = 784 pixels
<latexit sha1_base64="2DHFJMynFkglt+r9Bmyz51tSQGk=">AAAB/3icbVBNS0JBFJ3Xp9mXFbRpMyRBi5D3TNBNILRpFQb5ASoyb7zq4LwPZu4L5eWiv9KmRRFt+xvt+jeN+halHbhwOOde7r3HDaXQaNvf1srq2vrGZmorvb2zu7efOTis6SBSHKo8kIFquEyDFD5UUaCERqiAea6Euju8nvr1B1BaBP49jkNoe6zvi57gDI3UyRzf0itaLBVoC2GEMQ3FCKSedDJZO2fPQJeJk5AsSVDpZL5a3YBHHvjIJdO66dghtmOmUHAJk3Qr0hAyPmR9aBrqMw90O57dP6FnRunSXqBM+Uhn6u+JmHlajz3XdHoMB3rRm4r/ec0Ie6V2LPwwQvD5fFEvkhQDOg2DdoUCjnJsCONKmFspHzDFOJrI0iYEZ/HlZVLL55zLXP6ukC1fJHGkyAk5JefEIUVSJjekQqqEk0fyTF7Jm/VkvVjv1se8dcVKZo7IH1ifPxTWlNE=</latexit>

+ 
RBM AMP

[E. Tramel et al. JSTAT 2016, E. Tramel, A. Manoel, F Caltagirone, M.Gabrié, & F. Krzakala ITW 2016]

train RBM

x t
<latexit sha1_base64="RPztTlUxxxXTh1f02zpTPgck27U=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiRV0GXBjcsK9gFtKJPppB06mYSZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhfkTHSoSCUbRSfxBRnARhhvPKsFpz6+4CZJ14BalBgdaw+jUYxSyNuEImqTF9z03Qz6hGwSSfVwap4QllUzrmfUsVjbjxs0XkObmwyoiEsbZPIVmovzcyGhkziwI7mUc0q14u/uf1Uwxv/UyoJEWu2PKjMJUEY5LfT0ZCc4ZyZgllWtishE2opgxtS3kJ3urJ66TTqHtX9cbDda3ZKOoowxmcwyV4cANNuIcWtIFBDM/wCm8OOi/Ou/OxHC05xc4p/IHz+QMsCpEg</latexit>

▻ Exploit prior information to get x from y
typical signals

expected sparsity
K = 150

<latexit sha1_base64="JarXVL4bXyhqsBYia+DBhxWemZY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9CIUvAheKtgPaEPZbDft0s0m7E6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjsrq2vrG5uFreL2zu7efungsGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1O/dYT10bE6hHHCfcjOlAiFIyilVr35IZ4l26vVHYr7gxkmXg5KUOOeq/01e3HLI24QiapMR3PTdDPqEbBJJ8Uu6nhCWUjOuAdSxWNuPGz2bkTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZn+TvpCc4ZybAllWthbCRtSTRnahIo2BG/x5WXSrFa880r14aJcq+ZxFOAYTuAMPLiCGtxBHRrAYATP8ApvTuK8OO/Ox7x1xclnjuAPnM8fIT+OEg==</latexit>
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M << Nfew observations
<latexit sha1_base64="F6ZdVYzufLkGh/WCiWS2vL8t/bI="></latexit>

A▻ Recall

sparse
prior 

binary
RBM 

real-
valued
RBM 

▻ RBM learns spatial correlations
greatly improves reconstruction

▻ « Neural networks are the new sparsity ? » 

observations y
+



Deep Generative Models
Definition:

Unsupervised learning:
▷ Minimum KL /maximum log-likelihood or

Variational auto-encoders (VAEs)

▷ Adversarial training
Generative Adversarial networks (GANs)

Applications:
• Can include some convolutions 
• First generative models able to generate sharp images of great complexity
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<latexit sha1_base64="t4+tZrB7LCkpPtjnQ5U3pe3pKfY=">AAACCnicbZBPS8MwGMbT+W/Of1WPXqJDmJfRDkWPAy8eJ7hNWEtJs3QLS9KSpMIsO3vxq3jxoIhXP4E3v43pVlA3Hwj8eN73Je/7hAmjSjvOl1VaWl5ZXSuvVzY2t7Z37N29jopTiUkbxyyWtyFShFFB2ppqRm4TSRAPGemGo8u83r0jUtFY3OhxQnyOBoJGFCNtrMA+9DjSwzDK7ifQU5TDJDBY+3FPArvq1J2p4CK4BVRBoVZgf3r9GKecCI0ZUqrnOon2MyQ1xYxMKl6qSILwCA1Iz6BAnCg/m54ygcfG6cMoluYJDafu74kMcaXGPDSd+Ypqvpab/9V6qY4u/IyKJNVE4NlHUcqgjmGeC+xTSbBmYwMIS2p2hXiIJMLapFcxIbjzJy9Cp1F3z+rO9Wm12SjiKIMDcARqwAXnoAmuQAu0AQYP4Am8gFfr0Xq23qz3WWvJKmb2wR9ZH9+/SZrg</latexit>

z ⇠ pz(z)
<latexit sha1_base64="f1DHlnIYE0Ilm+3+mYjomI1Ael8=">AAACCnicbVDLSgNBEJyNrxhfqx69jAYhXsJuUPQiBDzoMYJ5QBLC7GQ2GTL7YKZXjMuevfgrXjwo4tUv8ObfOJusoIkFDUVVN91dTii4Asv6MnILi0vLK/nVwtr6xuaWub3TUEEkKavTQASy5RDFBPdZHTgI1golI54jWNMZXaR+85ZJxQP/BsYh63pk4HOXUwJa6pn7HY/A0HHjuwSf48teB4YMSOlHvU+OembRKlsT4HliZ6SIMtR65menH9DIYz5QQZRq21YI3ZhI4FSwpNCJFAsJHZEBa2vqE4+pbjx5JcGHWuljN5C6fMAT9fdETDylxp6jO9MT1ayXiv957Qjcs27M/TAC5tPpIjcSGAKc5oL7XDIKYqwJoZLrWzEdEkko6PQKOgR79uV50qiU7ZOydX1crFayOPJoDx2gErLRKaqiK1RDdUTRA3pCL+jVeDSejTfjfdqaM7KZXfQHxsc31aaaTQ==</latexit>

x = G✓(z)

latent distribution
Generator

prob of being fake 
prob of being genuine 

DCGAN

<latexit sha1_base64="SXteKlsiZ+PXBHmy/RCGDF1Pr1w=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUpSFF0WdOGygn1AE8JkOmmHTiZhZiKWkJ0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufceP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vsr97j0Rkkb8Tk1i4oZoyGlAMVJa8szDay914hHNak6I1MgP0ofsBDqUw751arueWbXq1hRwkdgFqYICLc/8cgYRTkLCFWZIyr5txcpNkVAUM5JVnESSGOExGpK+phyFRLrp9I8MHmtlAINI6OIKTtXfEykKpZyEvu7Mj5XzXi7+5/UTFVy6KeVxogjHs0VBwqCKYB4KHFBBsGITTRAWVN8K8QgJhJWOrqJDsOdfXiSdRt0+r1u3Z9Vmo4ijDA7AEagBG1yAJrgBLdAGGDyCZ/AK3own48V4Nz5mrSWjmNkHf2B8/gBktZhK</latexit>

D�(x) 2 [0, 1]

Discriminator

[Goodfellow et al, Neurips 2014; Kigma & Welling Neurips 2014; Radford et al ICLR 2016;  Karras et al CVPR 2019 ]

<latexit sha1_base64="URpw1YiMBkoSqiPb0ACMq2aYOH8="></latexit>

min
✓

KL(pd(x)||p✓(x))
<latexit sha1_base64="J+7evzBN5JRIXcd2IrplVFKd/Aw="></latexit>

max
✓

PX

k=1

ln p✓(x
(k))

D = {x(k)}Pk=1
<latexit sha1_base64="lTzpiDGi0a03RRufd4MSvKj1ruE=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSLUTUmqoJtCQRcuK9gHNGmYTCft0MmDmYlYhvyCG3/FjQtF3Lpz5984SbPQ1gMDZ865l3vv8WJKuDDNb620srq2vlHerGxt7+zu6fsHXR4lDOEOimjE+h7kmJIQdwQRFPdjhmHgUdzzpleZ37vHjJMovBOzGDsBHIfEJwgKJbl6zQ6gmCBI5XXatGX+83z5kA5lbXqa2umw7cpp00pdvWrWzRzGMrEKUgUF2q7+ZY8ilAQ4FIhCzgeWGQtHQiYIojit2AnHMURTOMYDRUMYYO7I/KLUOFHKyPAjpl4ojFz93SFhwPks8FRltjFf9DLxP2+QCP/SkSSME4FDNB/kJ9QQkZHFY4wIw0jQmSIQMaJ2NdAEMoiECrGiQrAWT14m3UbdOqs3bs+rLbOIowyOwDGoAQtcgBa4AW3QAQg8gmfwCt60J+1Fe9c+5qUlreg5BH+gff4AFBedug==</latexit>

→ →

<latexit sha1_base64="h++TbTIdpZr3IAtQ2DFsxwrwtjI="></latexit>

min
✓

max
�

⇥
Epd [lnD�(x)] + Epz [ln(1�D�(G✓(z)))]

⇤



Intuition of the smaller dimensional manifold

Low dimensional manifold

→ learning low dimensional embedding

19

[Donahue et al, ICLR 2018] 

Interpolating in the latent space

<latexit sha1_base64="t4+tZrB7LCkpPtjnQ5U3pe3pKfY=">AAACCnicbZBPS8MwGMbT+W/Of1WPXqJDmJfRDkWPAy8eJ7hNWEtJs3QLS9KSpMIsO3vxq3jxoIhXP4E3v43pVlA3Hwj8eN73Je/7hAmjSjvOl1VaWl5ZXSuvVzY2t7Z37N29jopTiUkbxyyWtyFShFFB2ppqRm4TSRAPGemGo8u83r0jUtFY3OhxQnyOBoJGFCNtrMA+9DjSwzDK7ifQU5TDJDBY+3FPArvq1J2p4CK4BVRBoVZgf3r9GKecCI0ZUqrnOon2MyQ1xYxMKl6qSILwCA1Iz6BAnCg/m54ygcfG6cMoluYJDafu74kMcaXGPDSd+Ypqvpab/9V6qY4u/IyKJNVE4NlHUcqgjmGeC+xTSbBmYwMIS2p2hXiIJMLapFcxIbjzJy9Cp1F3z+rO9Wm12SjiKIMDcARqwAXnoAmuQAu0AQYP4Am8gFfr0Xq23qz3WWvJKmb2wR9ZH9+/SZrg</latexit>

z ⇠ pz(z)
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x = G✓(z)

latent distribution
Generator



▷ Find image in the range of the generator
▷ In accordance with the observations

Compressed sensing on faces images 20

[Bora et al, ICML 2017] 

Generator
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x = G✓(z
⇤)

<latexit sha1_base64="J+4D6ubxLfJjFrIFu7UsMmuO13Q="></latexit>

z⇤ = argmin
z

ky �AG✓(z)k2

Gradient descent
(Pytorch or Tensorflow)

→

N = 12288  pixels, M = 2500 measures

⇥

y

x

M ⇥NM

N
M << N

<latexit sha1_base64="F6ZdVYzufLkGh/WCiWS2vL8t/bI="></latexit>

A



General Strategy : Inverse problem solving 
with Deep Generative models

21

▷ Original problem:

▷ New strategy
▷ Train a generative model on typical signals

▷ Solve inverse problem in the range of generative model

▷ What can go wrong?
▷ Representation error 

▷ Generalization out of the training set

▷ Access to a training set

<latexit sha1_base64="199Op7ZwOxAuL1kOsWuww91WR5c="></latexit>

x⇤ = argmin
x

ky � f(x, n)k2

<latexit sha1_base64="R4QrW3JLUvHl9g/jD6AN0CmdT+I="></latexit>

z⇤ = argmin
x

ky � f(G✓(z), n)k2

<latexit sha1_base64="ywxWjecCTlngBnwJi0rs+VpPdBc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREFF0WXOiygn1AE8JkOmmHTh7M3AhtKP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjp8IrsCyvo3Syura+kZ5s7K1vbO7Z+4ftFWcSspaNBax7PpEMcEj1gIOgnUTyUjoC9bxRze533lkUvE4eoBxwtyQDCIecEpAS555dOs5MGRAak5IYOgH2WR65plVq27NgJeJXZAqKtD0zC+nH9M0ZBFQQZTq2VYCbkYkcCrYtOKkiiWEjsiA9TSNSMiUm83ST/GpVvo4iKV+EeCZ+nsjI6FS49DXk3lEtejl4n9eL4Xg2s14lKTAIjo/FKQCQ4zzKnCfS0ZBjDUhVHKdFdMhkYSCLqyiS7AXv7xM2ud1+7Ju3V9UG1ZRRxkdoxNUQza6Qg10h5qohSiaoGf0it6MJ+PFeDc+5qMlo9g5RH9gfP4AR2KVDg==</latexit>

G✓(z)



Invertible Models can perform particularly well on out-of-
distribution examples

m = 2, 500
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Figure 37: Compressed sensing (m = 2500 ¥ 20% of n) visual comparisons on out-of-distribution images. We
compare the recoveries under Glow (trained on CelebA) prior, DCGAN (trained on CelebA) prior, LASSO-WVT, and
LASSO-DCT at a noise level


EÎ÷Î2 = 0.1. In each case, we choose values of the penalization parameter “ to yield

the best performance. We use “ = 0 for both DCGAN, and Glow prior and and optimize “ for each recovery using
LASSO-WVT, and LASSO-DCT.

33
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Figure 37: Compressed sensing (m = 2500 ¥ 20% of n) visual comparisons on out-of-distribution images. We
compare the recoveries under Glow (trained on CelebA) prior, DCGAN (trained on CelebA) prior, LASSO-WVT, and
LASSO-DCT at a noise level


EÎ÷Î2 = 0.1. In each case, we choose values of the penalization parameter “ to yield

the best performance. We use “ = 0 for both DCGAN, and Glow prior and and optimize “ for each recovery using
LASSO-WVT, and LASSO-DCT.
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Undersampling Ratio: 20% ( m = 2500 / n = 12288 )

Limitations of the strategy

Representation error:

Generalization out of sample:

22

celebA training data
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x = G✓(z
⇤)

<latexit sha1_base64="Vv5crYlm2BFRdTgAZTwY0hTsLPw="></latexit>

z⇤ = argmin
z

kxd �G✓(z)k2
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N = 12288  pixels, M = 2500 measures

⇥

y

x

M ⇥NM

N
M << N

<latexit sha1_base64="F6ZdVYzufLkGh/WCiWS2vL8t/bI="></latexit>

A

[Bora et al, ICML 2017] 

[Asim et al, ICML 2019]



▷ Bijective networks:

Compressing example:
▷ Zero representation error

Invertible Models can perform particularly well on out-of-
distribution examples

m = 2, 500
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Figure 37: Compressed sensing (m = 2500 ¥ 20% of n) visual comparisons on out-of-distribution images. We
compare the recoveries under Glow (trained on CelebA) prior, DCGAN (trained on CelebA) prior, LASSO-WVT, and
LASSO-DCT at a noise level


EÎ÷Î2 = 0.1. In each case, we choose values of the penalization parameter “ to yield

the best performance. We use “ = 0 for both DCGAN, and Glow prior and and optimize “ for each recovery using
LASSO-WVT, and LASSO-DCT.
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Figure 37: Compressed sensing (m = 2500 ¥ 20% of n) visual comparisons on out-of-distribution images. We
compare the recoveries under Glow (trained on CelebA) prior, DCGAN (trained on CelebA) prior, LASSO-WVT, and
LASSO-DCT at a noise level


EÎ÷Î2 = 0.1. In each case, we choose values of the penalization parameter “ to yield

the best performance. We use “ = 0 for both DCGAN, and Glow prior and and optimize “ for each recovery using
LASSO-WVT, and LASSO-DCT.
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Undersampling Ratio: 20% ( m = 2500 / n = 12288 )

Another kind of generative models:
Normalizing flows
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z = G�1
✓ (x)
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z ⇠ pz(z)
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x = G✓(z)

invertible 
transformations

▷ Maximum likelihood training

tractable expression

… even, very out-of-distribution examples!

m = 2, 500

T
r
u

t
h

D
C

T
W

V
T

D
C

G
A

N
G

L
O

W
T

r
u

t
h

D
C

T
W

V
T

D
C

G
A

N
G

L
O

W

Figure 37: Compressed sensing (m = 2500 ¥ 20% of n) visual comparisons on out-of-distribution images. We
compare the recoveries under Glow (trained on CelebA) prior, DCGAN (trained on CelebA) prior, LASSO-WVT, and
LASSO-DCT at a noise level


EÎ÷Î2 = 0.1. In each case, we choose values of the penalization parameter “ to yield

the best performance. We use “ = 0 for both DCGAN, and Glow prior and and optimize “ for each recovery using
LASSO-WVT, and LASSO-DCT.
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Figure 37: Compressed sensing (m = 2500 ¥ 20% of n) visual comparisons on out-of-distribution images. We
compare the recoveries under Glow (trained on CelebA) prior, DCGAN (trained on CelebA) prior, LASSO-WVT, and
LASSO-DCT at a noise level


EÎ÷Î2 = 0.1. In each case, we choose values of the penalization parameter “ to yield

the best performance. We use “ = 0 for both DCGAN, and Glow prior and and optimize “ for each recovery using
LASSO-WVT, and LASSO-DCT.
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Invertible Models can perform particularly well on out-of-
distribution examples

Undersampling Ratio: 20% ( m = 2500 / n = 12288 )

[Asim et al, ICML 2019]

<latexit sha1_base64="5JQuMQvglN/mSNArYhjZhmtDR1s="></latexit>

max
✓

KX

k=1

ln p✓(x
k)

N = 12288  pixels, M = 2500 measures

▷ Generalizes out of sample

⇥

y

x

M ⇥NM

N
M << N
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General Strategy : Inverse problem solving 
with Deep Generative models

24

▷ Original problem:

▷ New strategy
▷ Train a generative model on typical signals

▷ Solve inverse problem in the range of generative model

▷ What can go wrong?
▷ Representation error 

▷ Generalization out of the training set

▷ Access to a training set

<latexit sha1_base64="199Op7ZwOxAuL1kOsWuww91WR5c="></latexit>

x⇤ = argmin
x

ky � f(x, n)k2

<latexit sha1_base64="R4QrW3JLUvHl9g/jD6AN0CmdT+I="></latexit>

z⇤ = argmin
x

ky � f(G✓(z), n)k2

Normalizing flows 
part of the answer

→

→



Untrained image priors 

▷ Trained model

▷ Data-set free strategy

▷ Promising for experimental applications! 
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[Deep Image Prior, Lempitsky et al CVPR 2018; Deep Decoder, Heckle et al ICML 2019]

<latexit sha1_base64="R4QrW3JLUvHl9g/jD6AN0CmdT+I="></latexit>

z⇤ = argmin
x

ky � f(G✓(z), n)k2

Generator
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✓⇤ = argmin
✓

ky � f(G✓(z), n)k2

D = {x(k)}Pk=1
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z ⇠ pz(z)

Let’s see 2 examples: CDI and MRI →
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x⇤ = G✓⇤(z)

1. draw (random) z

fixed!

2. adjust parameters of the 
generator to fit one observation  y 3. apply adjusted G to get x

neural network architecture
(convolutions) biases reconstruction 

to natural images !

→



▷ CDI: Imaging technique for nanoscale X-ray imaging

▷ Holography: Add a known reference in the beam to help the reconstruction

▷ Noiseless forward model 

▷ Low-photon regime

Applications example I: 
Coherent Diffraction Imaging (CDI) 
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Np = photons/pixel

<latexit sha1_base64="XFjO6cJFroVMJ2SnwLhne7m3ZRU="></latexit>

I(x) = |F(x+ r)� b|2

reference r

→

specimen x→
beamstop mask b→

<latexit sha1_base64="kzEm6yhlVQFmrdSMxkB8oOG1XkQ="></latexit>

yij ⇠ Poisson

✓
Np

Iij(x)

kI(x)k1

◆



Holographic phase retrieval: Proposed strategy
27

[H. Lawrence, D. Bramherzig, H. Li, M. Eickenberg, M. Gabrié (submitted)]

▷ Incorporate forward model in objective
(Poisson likelihood ≠ squared loss)

▷ Reconstruction with an untrained prior (Deep Decoder)

▷ Optimization using deep learning packages such as PyTorch

→ package for Fourier Phase Retrieval on 2D images to be released 

<latexit sha1_base64="kmMnW1wLWmNvcrwOM6Syud3kAiI="></latexit>

✓⇤ = argmax
✓

X

ij|bij=1

yij log Iij(G✓(z))� Iij(G✓(z))
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yij ⇠ Poisson

✓
Np

Iij(x)

kI(x)k1

◆
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I(x) = |F(x+ r)� b|2
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x⇤ = G✓⇤(z)

forward model:
-

-



Holographic CDI: Robustness to noise
28

benchmark algorithms
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[H. Lawrence, D. Bramherzig, H. Li, M. Eickenberg, M. Gabrié (submitted)]
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Holographic CDI: Compensating for beamstop
29

relative detector area
under beamstop
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0.1%

▷ Practical tool under challenging experimental conditions 
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[H. Lawrence, D. Bramherzig, H. Li, M. Eickenberg, M. Gabrié (submitted)]



Application example II:
Accelerated Magnetic Resonance Imaging (MRI)
▷ FastMRI dataset (https://fastmri.org/) 

▻ Experimental data 
▻ Entire dataset with “ground truth”

▷ Untrained prior here as good as trained ML methods
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[Zalbagi Darestani & Heckle, 2020]
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Summary: A set of tools for inverse problems

▷ Sparsity 
- A wide literature on using sparse representation in inverse problems

▷ Compressive sensing 
- Designing measurements to acquire compressed signal

▷ Generative neural nets 
- A more sophisticated way to characterize typical signals

▷ For images: Dataset free - Untrained image priors
- A dataset free strategy exploiting neural networks architectures
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More ways to incorporate machine learning 
in inverse problems 

▷ Learn directly the inverse map y to x
▷ Use denoising neural networks within other iterative algorithms

▷ Many other variants: 

[Deep Learning Techniques for Inverse Problems in Imaging, Ongie et al 2020]
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Summary: A set of tools for inverse problems

▷ Sparsity 
- A wide literature on using sparse representation in inverse problems

▷ Compressive sensing 
- Designing measurements to acquire compressed signal

▷ Generative neural nets 
- A more sophisticated way to characterize typical signals

▷ For images: Dataset free - Untrained image priors
- A dataset free strategy exploiting neural networks architectures
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